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PREFACE 


In our times when technological and scientific progress is made on 
a large scale it is small wonder that the demands on training and 
education, especially of the technical and scientific professions, 
become more and more exacting. Above all this applies to mathe- 
matics, the exactest of all sciences. A definite and well-grounded 
mathematical knowledge only will enable engineers, technicians, 
designers, and foremen to keep abreast with the rapid technological 
progress and to meet all requirements with mathematical accuracy. 
This calls for good courses of instruction in fundamental mathematics 
at all schools concerned. The purpose of this compilation of formulas 
is to provide the necessary educational aid. The book starts from 
secondary school mathematics and is primarily intended for students 
of technical schools, colleges and universities. It is obvious that not 
all special subjects could be included. The scope of this collection of 
formulas covers the whole field from the fundamental rules of arith- 
metic, via analytic geometry and infinitesimal calculus through to 
FounrER's series and the fundamentals of probability calculus. 
Subjects of topical interest such as matrices, statistics, linear optimi- 
zation, Boolean algebra, and LAPLACE's transforms are also included. 
Great care has been bestowed upon a clear arrangement of the text 
and a comprehensive index of subjects in order to facilitate the use 
of the book. 

A great number of examples is given to facilitate the grasping of the 
abstract mathematical formulas. Explanations give the reader an 
opportunity to consider mathematies not merely formally, but to 
master it because they induce him to reason about the problems 
thoroughly and, in addition, they are a contribution to a creative 
application of mathematics to practice. 

Author апа publishers present this new edition to the public, hoping 
that it will meet the requirements; they would be grateful if users of 
this book would send them suggestions for improving the book. 


Author and Publishers 


0. 


0.1. 


Signs 


1. Ordinal signs 


1. 


бу, аз, ..., ап 


Mathematical signs 


Read 


firstly (or: in the 
first place) 

secondly (or: in the 
second place) 

etc. 

comma, point 

Note: In English- 
speaking countries, 
the decimal point is 
placed on the line or 
raised to the centre 
or top of the body of 
the number, e.g. 
4,15, 4-15,-15(= 0-15) 
In German, the 
comma is used as 
decimal sign, e.g. 4,15 
Pay attention to the 
following usage: 
50000 (in German) 
50,000 (in English) 
and so on to 

and so on to infinity 
а sub one, а sub two, 
a sub п 


2. Equality and inequality 


14 cag 


1 
R 


zb 


МУЛ 


+ 
2 


equals or: is equal to 
is identical with 

is not equal to or: 
does not equal 

is got identical with 
is (directly) propor- 
tional to, varies (di- 
rectly) as 

is approximately 
equal to 

or: approximately 
equals 

corresponda to 


equals (in ргорог- 
tion) or: as 

is less than 

is greater than 

is less than or equal 
to 


Mathematieal Signs and Symbols 


Signs 


< 
> 


Read 


or: is not greater 
than 

is greater than or 
equal to 

or: is not less than 
is much less than 

is much greater than 


3, Fundamental operations of arithmetic 


RAR OA 
Ммм 


S45 


- 
— 


je 


ыж {> 


plus 

minus 
multiplied by 
or: times 
divided by 

or: over 

is to (in proportion) 
per cent 

per mille 
parantheses 
brackets 
braces 

angle brackets 


. Geometrical signs 


is parallel to 

is not parallel to 

is parallel to, in the 
same sense 

is parallel to, in the 
opposite sense 

is at right angles to 
or: is perpendicular 
to 

triangle 

is congruent with 
is similar to 

angle 

straight line sement 
AB 


arc AB 


5. Algebra and elements of analysis 


sign 

absolute value of z 
are z 

n factorial 


п over p 


Signs Read 

У sum 

Il product 

n 

ҮЗҮ square root of; ath 
root of 

torj imaginary unit 

т рї 

[0] matrix 

ll determinant 

or det 

Ка) 1012 

6. Limits 

оо intinite or: infinity 

(a, b) open interval ab 

{a, b] or (a, b) closed interval ab 

— approaches, appro- 
aches as a limit, 
diverges to, tends to, 
converges to 

lim limit value 


or: the limit of 
7. Differential calculus 


Af delta f 

FG) Г’), -- f prime «, f double 
prime ж, ..., јн 

fox) prime x 

v0), 10 9 dot t, p two dots t 

47,147, ..4 ym y prime, у double 
prime, ..., y ^ prime 

d difterential(sign used 
in calculus) 

dix) df of z 

e dy by dz 

ах 

ay d two y by dz 

423 squared. 

ay dny by dz to the 

ах” nth 

Íz, fy 1 with respect to т, 


f with respect to y 
д а partially 


ив, [ти f with respect to zz, 
f with respect to zy 

Туз» fuv, f with respect to yz, 
1 with respect to yy 

df(z, y) total differential of 
Hay) 

8, Integral calculus 

f integral 

J Ка) dx integral of small f. of 


тах 


0. Mathematical signs and symbols 


Signs Read 


integral from a to b 


b 
f fe) dz 
a 


in English pre- 
ferably written as 


b 
Л) dz 
a 


of small / of z dx 


F(z) b 


in English pre- 
ferably written as 


(Ре capital Р of x be- 
tween the limits а 
and b 
integral around a 
closed contour 


9. Exponential and logarithmic functions 


exp x exponential function 
of s 

log logarithm (general) 

loga logarithm to the 
base а 

lg common or Brigg- 
sian logarithm 
(having base 10) 

In natural logarithm 


10. Trigonometrical and hyperbolic func- 
tions and their inverses 


sin sine 

cos cosine 

tan tangent 

cot or: ctg cotangent 

are sin or: sin“! arc sine, inverse sine 
are cos атс cosine, inverse 
or: cos! cosine 

arc tan arc tangent, inverse 
or: tan`} tangent 

are cot *arc cotangent, 

or: cot-! inverse cotangent 
sinh hyperbolic sine 

cosh hyperbotic cosine 
tanh hyperbolic tangent 
coth hyperbolic cotangent 
arsinh inverse sinh; 

or: sinh-? area sine 

arcosh inverse cosh; 

or: cosh-! area cosine 

artanh inverse tanh; 

or: tanh! area tangent 

arcoth inverse coth; 

or: сой! area cotangent 


0.2. Symbols used in the theory of sets 


0.2. Symbols used in the theory of sets 
A= {ax} Set A consists of the n 
={@у; аа; а:;..} elements N 
01: 055 (3) ... 79) 
{ак}огаегеа ordered set (corres- x 
ponds to sequence) 
whose elements cor- 
respond to the se- N 
quence of the natural 
numbers I 
€ is an element of 
€ is not an element of K 
= equals 
{Бе empty set R 
(or: null set) 
= is a subset of (is con- С 
tained in) 
U the union of 5 
0.3. Symbols of logic 
А, >A, from A, follows А, У, +,U 
А © А, the statements A, Av A 
and A, are equi- 
valent т 
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the intersection of 
difference 

mapped onto 

sign for Cartesian 
product (or: cross 
product set) 

set of the natural 


numbers 
set of the whole 
numbers Nel 


field of the rational 
numbers Ick 
field of the real 
numbers Еск 
field of the complex 
numbers RcC 
solution set 


or 
and (also without 
calculating sign) 
logical negation 

(x cross, not 2) 


1. Arithmetic 


1.1. Set theory 


1.1.1. Fundamental notions 


When we collect all objects possessing a certain property into an 
aggregate, the aggregate is called a set provided it can be uniquely 
determined whether or not any one of these objects has the specified 


property. 
The set of the natural numbers 


N = {0;1;2;...} 
The set of the whole numbers 
I= {0;1; —1;2; —2;...} 


1 the elements of sets are points of a curve, a plane, or a space, the 
sets are also called point sets. If each element a; of set A is contained 
in set B, then A is a subset of B: 


ACB 
The following relations always hold: 


А C A (reflexive relation), Ф СА 

A C Band BC C A С С (transitive relation) 
АС BandBCASA=B 

А = A (reflexive relation) 

А = В > B = А (symmetrical relation) 

A= Band B= сэ A = О (transitive relation) 


If 4C B holds but not B C A, ie. if A + B, then A is called 
a proper subset of B. 

A set that contains at least two different elements is called a field 
if its elements can be subjected, without any restriction, to addition, 
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subtraction, multiplication, and division, the divisor 0 being ex- 
cluded. 

The field K of the rational numbers is the smallest number field that 
contains the range of the natural numbers. 


1.1.2. Set operations 


The union of two sets A U B (read: A united with B) consists of all 
elements that belong at least to one of the two sets А and B. 

The intersection of two sets А Гү В (read: A intersecting B) consists 
of all elements that belong to both set A and set B. The difference 
between two sets AN B (read: difference set between A and В) 
consists of all elements that belong to A but do not belong to B. 

The Cartesian product (or the cross product set) of two sets Ax B 
(read: A cross B) is the set of all ordered pairs of elements (a, b) 
where a € A, b € B. 


Caleulating rules 
AUB=BUA 
(AUB) UC =AU(BUC) 
ANB=BQNA 


(AN B)NC = АГ (BNC) 
(AUB)NC = (AN C)U(BN С) 
AUO-—A 
АПФ = Ф 
A N B — A N (АП B) 
(AN BNB=0 
АМ A=? 
АОВ = (А У B)U(BN A) U(AN B) 
И one of the three relations 
ACB, AUB=B, ANB=A 
holds, then the other two will also hold. 


Q* 
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1.1.3. Mappings, cardinality 


If each element x € X is put into correspondence with one or several 
elements of a set Y, according to a given specification, we speak of 
a mapping of set X onto set Y. 

The elements of set Y mapped onto by the element x are called the 
images of x. The element z is also called the original. 

Set X is called the original set or the domain of definition D; the set Y 
is the image set or the range of values R. 

If the mapping is denoted by т, we write 


о: X—Y ог х => olt) =y 


If in mapping, precisely one element of the image set is mapped 
onto by one element of the original set, then the mapping is unique 
(single-valued). If the two sets consist of mathematical objects, we 
speak of functions. If converting a unique mapping also yields a 
unique mapping, i.e. if each element of the image set corresponds to 
only one element of the original set, the mapping is biunique. Two 
sets that can be mapped onto each other biuniquely are of the same 
cardinality or equivalent to each other. 

If set A can be put into one-to-one correspondence with a proper 
subset B’ of a set B but not with set B, then A is of smaller car- 
dinality than the set B. 

Set B is said to be of a larger cardinality than set A. 


1.9. Real numbers 


1.2.1. General 


Absolute value of real numbers 


a fora c0 
—a fora < 0 


+a = |а| 


— |b| Sla +b) = Jal + 15] 


a 
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|a| — |b] = |a — b| = |a] + Ibl 


lab] = Jal - |b] 

a la| 
—|=— for b 

b 77 or b+0 


Signs (sgn) before numbers 


sgn 2 ыг! 
2 


+1 for z>0 
sgnz = 

—1 for 20 
sgn 0 = 0 


Representation of real numbers 


The set of the real numbers can be represented by points on a straight 
line. 


1.2.2. Irrational numbers 


The nth roots of nth powers of rational numbers are also rational 


numbers. 
4 


: Жэ 
(25-5: 17-3; 1/1--4 


956 4 


The nth roots of nonnegative real numbers which do not represent. 
nth powers are irrational numbers, i.e. nonperiodic decimal numbers. 
with infinitely many places. 


Rationalizing of denominators 


When operating with fractions having roots in their denominators, 
the fraction is expressed in higher terms so that the denominator 
becomes rational. 


Examples: 


m m (a — Yo) _ m(a— ҮБ) 
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1.2.3. Binomial coefficients, binomial theorem 


Binomial coefficient (a) (read: n over k) 
БЕМ; ЄК 
1ї-1-2-3-4- Е (Е factorial) 
0! = 1 [definition] 


n\ n(n — 1)(n — 2). (n—k- 1) 
()- 1.2.3... Е 


_ mn — 1) (n — 2) -- (n — k +1) 
К k! 


() 29 () = 1 [definition]; () =O0fork>n>0;n€N 
n 


Examples: 


3} 3-2-1-0-(-1) _ 
(;) = 1.2.3.4.5 — 


Pascal’s triangle for the determination of the binomial coefficients 


n=0 1 
n=1 1 1 
— 
n = 2 1 2 1 
—— — mm 
п = 3 1 3 3 1 
—— en ae! Ne a! 
n=4 1 4 6 4 1 
—— l Á 
n=5 1 5 10 10 5 1 


In this triangle В is in the (п -j- 1)th row at the (k + 1)th place. 


1.2. Real numbers - 23 


Examples; 


() = 6 is in the fifth row at the third place. 


Relations between binomial coefficients 


n n n! 
(“оне ша 


= n+1 
=) 


e 
bv 

0-2) e 
ee 

een e 
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() (3) + ( m 204 
ЈЕ) се 


Binomial theorem in which the exponent is a positive integer 


(a = ”-( | а + n Ja ал, + M а"—2}2 + () qn—3p3 
(e Dies 
(a — Б)" = (б) = (| ) ar- 3) 4- (5 Jare 2 M 3-3 3 


General binomial theorem for arbitrary exponents 


(a + by э () а" + (i а" + M an-2p? 


4 () а"-353 +... [ај > 16| 


(a + Б)" = () b^ + [| ab^ +. () аЬ" 


+ (8) 181 < |b] 
Binomial theorem for a few values of 7 
n=2: (а by = а? + аһ +b? 
п = 3: (a+ Ь)% = аз + 3a?b + 3ab? + b? 


п = 4: (а+5) = at + 40%) + 6a%b? + Aab? + bt 
n=5: (a+ b) = a5 + бай + 100302 + 100253 + 5ab4 + b5 


1.3. Imaginary or complex numbers 


1.3. Imaginary or complex numbers 


1.3.1. Imaginary numbers 
Imaginary unit 
Defining equation: j? = —1 


Powers of the imaginary unit 


ў" = +1 
апы — 4 
) ) for ПЕГ 
jm = —1 
janes = —ј 


Square root ої а negative number 

y—25 = 5j 

General: Y—a = j Ya. for а>0 
Algebraie sums of imaginary numbers 
are either imaginary or 0. 
Examples: 

4j —7j + 97 = 67 

4j — 1) + 3j = 0 
Products of imaginary numbers 


are either real or imaginary. 
Examples: 
5j.7j = 359 = —35 
5j. Tj - 8j = 28078 = —280j 
Quotients of imaginary numbers 
are always real. 


Example: 


25 


26 


imaginary axis 


2nd quadrant 


Ist quadrant 


Addition of complex numbers 
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Representation of imaginary 
numbers 


The set of the imaginary numbers 
can be represented by points on 
the imaginary axis as multiples of 
the imaginary unit 7 (line segment 
from 0 to 7). Real and imaginary 
axes are perpendicular to each 
other. 


Complex numbers in arithmetical form 


| conjugate complex numbers 


b=d 


O0Sa=0; b=0 


The set of all numbers а + bj 
forms the field of the complex 
numbers each of which corres- 
ponds to an ordered pair (a, b), i.e. 
to a Cartesian product. All of 
these Cartesian products are re- 
presented by points in the Gaus- 
sian number plane (one-to-one cor- 
respondence established between 
the set of the complex numbers 
and the set of points in the Gaus- 
sian number plane). 


-6 -6 -4 -3 -2 -1 | 474243 4445 46 
Yd real axis 
4] 
srd quadrant —3jt 4th quadrant 
-У 
1.3.2. 
z =а-+6 a,bER 
z =a + bj 
Z =a — bj 
Definition 
а + bj = c + dj Фа =c; 
especially holds: a + bj = 
The absolute value |z| = үа? + b? 
RESH) y 


(a + bj) + (c + dj) = (a + e) + (b + dj 


(а + bj) + (a — bj) = 2a 
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Subtraction of complex numbers 
(a + bj) — (c + dj) = (a — с) + (6—d)j 
(a + bj) — (a — bj) = 2bj 

Multiplication of complex numbers 
(a + bj) (c + dj) = (ac — bd) + (ad + be)j 
(a + bj) (a — bj) = а + М 


а? + b? is called norm of the complex number a + bj or a — bj. 


Division of complex numbers (rationalization of denominators) 
a+bj (a+ bj)(c—dj) ас + Бој — adj — bd}? 


cc dj (с-4)(-4) | cd 
_ (ac + bd) + (bc — ad) _ ac + bd bc — ad . 
e+ d? | @ +d! epe ) 


‘When reducing the quotient to higher terms, multiplying it by the 
complex number conjugate to the divisor, we always obtain a quotient 
whose denominator is real. 


Example: 


1+2) (1-4-20(8-7 147) 1 7, 
3—ј (3—3) (3+7) 10 10 10 


Raising complex numbers to а power 
(а + bj} = а? + 2abj + 6772 = а? + 2abj — b? 
а + bj} = a8 + 3a?bj + 3ab?j? + 5378 
= a + 34267 — 3ab? — bèj 
(a + by = аё + 4a?bj + 6a?b2j2 + 4ab95* + ир 
= at + 4435) — 6a?b? — 4003) + bt 
etc. 
Square roots of a complex number 


а=а+Ь; un—Ya2 


s wet dja f EE La VENE Ed 
2 2 (a + Va? + 63) 


мээн MON Ae 
2(a + Va? + 83) 
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1.3.3. Complex numbers in a goniometrie form 


The line segment OP having a defi- 
imaginary axis nite direction (sense) is called pointer 
r (for definition see page 34). 

Paty; y is the absolute value or modulus of 
the complex number 

gis the argument or phase of the 
complex number 


а real axis 


z = a + bj = r(cos p + j sin p) 
= r[cos (p + k - 360°) + ј sin (p + Е - 360°)] 


for КЕС and 0? € g < 360° 
In this connection, the following relations hold: 


а = r coso шидсэн” 
b =rsin р a 


(a and b determine the position of the point in the Gaussian number 
plane and, hence, g.) 


|r! =r = у 


Example: 


Convert 3 — 4j into the goniometrie form. 


= (49—65 


—4 4 
t 2-3 =; p= 306952 
an 9 3 3 9 


(The second value of is eliminated because numbers with a > 0 
and b > 0 lie in the fourth quadrant.) 


3 — 4j = 5[соз (306°52’ + k - 360°) 
-+ j sin (306*52' + k - 360°)] 
for KEG 
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Multiplication of complex numbers 


2, == тү(совфу + 7 sin gy) 

2, = fa(COS gs + j sin gs) 

2125 = Tyr_[cos (фу + Фә) + j sin (ру + 93)] 
Division of complex numbers 

21 = 7,(cos фу + j sin фу) 

25 = 72(с08 фо + 7 sin qs) 
mol 

2 


= — [eos (p, — pa) + j sin (p, — ф»)] 
257 f 


Raising complex numbers to à power 

z = r(cos o + j sin g) 

z” = "(соз np + j sin ng) (De Moivre's theorem) n € I 
Extraction of roots of complex numbers 

z = r(cos 9 + j sin g) 

үг = Vr (ot aw Ex j sin $ — “`9. X | 

т n 
k € {0, 1, 2,..., (n — 1)} 


This shows that the nth root of a number has n values. k = 0 yields 
the principal value. n € N N (0). 


Roots of the positive unit and the negative unit 


п : o 2 o 
үг сов к. 360 4 fein k - 360 
п n 


Р о ү о o » o 
Ут а 180° + Е. 360 jain 180° + k - 360 
"n п 


for k € (0, 1, 2,..., (n — 1)} 
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Examples: 
еу = 1 1 j 
i 1 => +58 
7 
е = —— + — y3 
nl pU. Үт} ъ= —1 

ME PS uetus ph 

ёз 2 "AE ёз 2 5! 


2 2 
е =1 1 А 
ез = -—ya4 Lys 
4 е =) 4 2 2 
B e, = —1 = 1 j 
= ge Bes 
ё = —) 
1 j 
= +> V – үг 
е + 2 A 
Solution of the binomial equations 
z^ =а; х = Ya үг 
Ya "€ N N (0) 


xz" = —a; æ= ya УТ 


1.3.4. Complex numbers in exponential form 
Definition of еў: 

cos р + j sin p = еі? (Euler’s formula) 
For — we have 

cos p — j sin g = e}? 
From this follows the exponential form: 

z =a + bj = r(cos p + j sin g) = ref? 


= [соз (p + 2Ёт) + j sin (p + 2kr)] = reitt for ВЕР 


1.3. Imaginary or complex numbers 


Example: 


Convert —2 + 3j into the exponential form. 


r= И—2 +3? = V13; апр == ETT 
ф = 123°41' A 2.16 rad 


—2 -+ 3) = УЗ. еј216 


Abbreviation for practical purposes in engineering calculations: 
elt = 742 (read: versor ф) 
—2 + 3j = y13 eia! — y13 712341 
Example: 
Convert 17.6797?" into the arithmetical form a + bj. 
а + bj = 17(cos 37°22’ + j sin 37? 22") 
= 17(0.795 + 7- 0.607) = 13.5 + 10.37 


Multiplication of complex numbers 
2, = reih 


А 2125 = туте ета) 
22 = те? 2 


Division of complex numbers 


z = yen А 

1 1 21, = n eiXox-91) 
25 = те? 22 ЦЭ 

Raising complex numbers to a power 


2 = re? "=" nel 


Extraction of roots of complex numbers 
z = теЌе+2Ел) 


‚ ЕЁ 


Өг уе " keN; n€N\ {0;1} 
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Special values of the factor ef? 


ё?їт — 1 
ич нй В 
‚т 2x А 
1— j— 1 j 
e 2 =j; ез =——+4-—Y}73 
j сайн 
‚ап S 
Цан j— 1 j 
e 2 ——j; € 3 = — — — — y3 
j 72109 


eiin — 1 => ет" — e? 
Period of the exponential function, hence, 2тс). 
1.3.5. Natural logarithms of complex and negative numbers 
In (a + bj) = In [rev*2*2] = In r -+ In eXet2572 
—Inr-jg-2kx) kel 
For k — 0 the principal value is obtained. 


Example: 
Calculate In (3 — 7j). 


r = V9 + 49 = V58 tang === —2.33... 
p = 293° 12’ A 5.12 rad 


In (3 — 7j) = In 758 + 15.12 + 2%) 
= 2.03022 + j(5.12 + 2k.) 
k = 0: In (3 — 7j) = 2.03022 + 5.12} 


k=1: = 2.03022 + 7(5.12 + 2x) = 2.03022 + 11.47 
k= 2: = 2.03022 + 7(5.12 + 4x) = 2.03022 + 17.687 
etc. 


Special cases 


Positive imaginary number bj (a = 0; b > 0) 


In (bj) = In [ее], where у = b and p = x 


In (5j) = In йг! =Inb+j (5 d ns) for ВЕТ 


Logarithms of positive imaginary numbers are complex numbers. 
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Negative imaginary number —bj (a = 0; b > 0) 


In (—5j) = In [те], where r= b and p = Ža 


(3 
In (—5j) = ius red] = 100 4j (>= + 2x) fork é I 


Positive real number a (a > 0; 6 = 0) 
Ina = In [те + т), where r=a and 9 = 0 
In a = In [ае0+2/=)] 
=Ina+2knj for kel 
Negative real number —a (a > 0; b = 0) 
In (—а) = In [те], where r=a and p — x 
In (--0) = In (ав тг) 
=Ina-}+j(m-+2kr) юг ВЕТ 


Similarly, we have: 


In 1 = 2krj 
In (—1) = (x + 2kn)j 
mj = (F+ 2) i for ЕЄІ 


ln (—j) = (>= 4 ns; [ 
1.3.6. Graphical methods 


Graphical addition of complex numbers imaginary axis 


Since complex numbers can be represented 
by pointers the graphical method of adding 
complex numbers can be reduced to the 
addition of these directed line segments. 
The pointer ОВ = Z, is added to the po- 
inter ОА = 2, by displacing the former 0 red! axis 


3 Bartsch, Mathematical Formulas 
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parallel to itself. The direct segmented OC — z then is the sum 
of Z, and Zz; 


Z = Z, + Zg 


imaginary axis 3 Graphical subtraction of complex 
numbers 


The difference between pointer z, and 
pointer Z, can be considered the sum of 
pointer z, plus pointer (— 2;): 


0 real axis Z, — Z = 2, + (— Za) 


To construct the difference, a pointer having a sense opposite to 
that of the directed segment z, is moved parallel to itself till its point 
of origin coincides with the point of OA = z,. 


The directed segment OC = z respresents the difference between 2, 
and Zg: 


Graphical multiplication of complex numbers 


Since the multiplication of complex numbers does not correspond 
to the formation of products in vector algebra, the line segments 
having a definite direction (sense) which represent the complex 
numbers are called pointers instead of vectors, a term still frequently 
used in this connection. 

From 2,2. = тузе) = z = rej? we obtain p = $, + фо for the 
angle and r = r,r, for the modulus. The latter equation can be 
rearranged to read r:r, = "1:1. 


imaginary axis D 


Construction 

Step 1: Draw the directed segments OA 
and OB corresponding to the 
complex numbers. 

Step 2: At the origin lay out the angle p, 
on the pointer ОВ in accordance 
with p = 9, + p2- 

Step 3: Measure off the line segment 1 
(point C) on the real axis from O. 


0 1 С — real axis Step 4: Connect C with A by a line. 
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Step 5: Construct the angle OCA = « at point В on the line seg- 
ment OB. The intersection D of the free arm of this angle 
and the free arm of angle y, determines the pointer of the 
result. 


Proof: Д ОСА ~ A OBD 


(correspondence between the angles) so that the above proportion 
Tif, = 7:1 holds. 


Graphical division of complex numbers 


From ŽL =^ uii) = z= rel we obtain Фф == фу — Pe for 
% Тт» 
the angle апа r = TL for the modulus. The latter equation can be 


т» 
rearranged to read r:r, == 1:r,. 


Construction 


imaginary axis 


Step 1: Draw the pointers OA and OB re- 
presenting the complex numbers. 


Step 2: Construct the angle y, on the 
pointer OA in the negative sense in 
accordance with p = 9, — 9s. 


Step 3: Measure off the line segment 1 
(point C) on the real axis from 0. 


Step 4: Connect B with C by a line. 


Step 5: Construct the angle OBC — x on 
the line OA at point A. 


The intersection D of the free arm of this angle and the free arm of 
the angle p, determines the pointer of the result. 


Proof: A OCB ~ A ODA 


(correspondence between the angles) so that the above proportion 
rir, = 1:7, holds. 


3* 


36 1. Arithmetic 


Graphical raising to a power of complex numbers 


This method is based on repetition of the graphical method of multi- 
plication. 


imaginary axis 3 
imoginory axis 


0 +1 real axis 0 +} reat axis 


Another method uses the calculated values of < np and r”. Illustra- 
tion for n = 4. 


Graphical extraction of roots of complex numbers 


imaginary axis 
This method uses the calculated values of 


x P and vr. 
n 


The graph for »=4 yields the four root 
values w,;,... w, which are displaced by 


20 = = A 90? from one another. 


n 


Graphical representation of the roots of the positive 
and the negative unit 
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imaginary 
axis 


2 


-4 
! 
| 
| 
!/ 
ле, 


The nth roots of unity divide the unit circle (radius 1) into n equal 
parts. 


1.4. Proportions 


Notations 
Proportion (ratio equation) 


a:b=c:d or is 
b 


а and d are the outer terms a and c are the antecedents 
b and c are the inner terms b and d are the consequents 
Reducing terms of a proportion to higher and lower terms: 


an:bn = c:d 
a:b = cid > 

an:b = cn:d 
A 
a:b = cid > 


S o hunc 
n n 


(In the place of the sign =, the sign :: is sometimes used.) 
Product equation 
a:b = с:4 Sad = be 


(The product of the outer terms is equal to the product of the inner 
terms.) 
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Interchanging the terms of a proportion 
From a:b = cid follows: a:e = bid 
dib- сга 
dic == b:a 
Derived proportions (corresponding addition and subtraction) 
From a:b = с: follows: (a + 6):@ = (c + d):c 
(a E b):b = (e + dyed 
(a — b):a = (c — d):c 
(a — b):b = (c — d):d 
(a + b):(a — b) = (c + d):(e — d) 
(pa + qb): (ra 4: sb) == (pc +- qd):(rc + sd) 
Fourth proportional 


aui coos! "LÀ (fourth proportional with respect to 
а 9, 0, с) 


For geometrical interpretation, see page 136. 
Proportionality factor 
| а = pe 


le = pd 
proportionality factor 


a:b = cid > 


Continued proportion 
a:b = b:c (proportion with equal inner terms) 
Third proportional 


2 
a:b = bia; Е = = (third proportional to а and b) 
a 


Mean proportional 


аж == a:b: w= Vab (mean proportional or geometric mean 
a,b 220 of a and b) 


For geometrical interpretation, sce page 137. 
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Continued harmonic proportion 

2ab : 
(6-2) (x — b) = a:b; z= cs (harmonic mean of a and b) 


This can also be written as: L3 = BE + 23 
р x 2\a b 


Continuous proportion 


а:6:с:4: ++ = ау: by:ey:dy: + 
Any continuous proportion can be rearranged in individual pro- 
portions: 

a:b = a:b; bic = bio, 

а:6 = 04:0, b:d — b,:d, 

a:d = a,:d, с:4 = ¢:d, ete. 


Mean values of n quantities 


Arithmetic mean AM = Oy + Ont yt Ба _ 


n 
n 
Geometric mean GM. = үа, - а. `аз--- -ap for а > 0 


: Vd 505 ... а 
Harmonic mean HM = at at: ВАЗЫ 


(0505-4) + (ауаз. а) 4e (аа --. 


Root mean square RMS = yz (a4? + a? + ++» + а?) 
n 
Cauchy’s theorem 


AM>GM>HM fora а; 4, Ё = 1, 2,..., т 


1.5. Logarithms 


1.5.1. General 
Notations 


log, a — c b base 
a antilogarithm 
c logarithm 


an) 
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Definition of logarithm 
Logarithmic calculation is the second inversion of raising to a power 
where the exponent is to be found for a given value of the power and 


a given base. 
b* = a & к = орь а 
(a,b € R; a,b>0; b+ 0;1) 
blog — a; log, (6%) = a; 106 (b-*) == —a 
Common or Briggsian logarithms 
Base 10 written as: logy) = lg 
lga = = <а = 10" 
Natural logarithms (Naperian) 


4, 
h 


Base e = lim ( + x) = lim (1 + А)? = 2.718281 828459... 
n 


n> h>9 
written as: log, = In 
а= ке =a 
Relationship between the logarithmic systems 


log, a = орга =. log, a 
log, 


1 = log, a log, с 
log,b > ёс Eb 


The conversion factor = log, с is called the modulus. 


log, b 
Relationship between the common and the natural logarithms 
a= deu Inalge 
BU dad) aE 


1 
РЕ lge = M = 0.43429... 
“ioe cie 


is the modulus of the common logarithms. 
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Ina = ваш 10 


In 10 = L = 2.30259... 
M 


10 
is the modulus of the natural logarithms. 
1.5.2. Rules for calculating with logarithms 


log, (ac) = log, a + log, c lg (ac) = ва + вс 
In (ac) = Ina + Inc 


logy — = log, a — logy с lg = Iga —Ige 


In = ша — Inc 
с 


log, (07) = n log, a lg (a") = nlg a 

In (047) =пша 

log, Va = + log, a ше =—Iga 
% , 


inya ccc qna 
n 


Special cases 


logg5—1; log,1 =0 log, 0 кешк 
og,b=1; 10861 = 0; о = 

бь gb gb +o for freed 

for b>1 

lg 0 = — œ; In0 = —oo; log, co = Mee d 

—oo for b 1 


(for logarithms of complex and negative numbers see page 32). 


1.5.3. The use of logarithm tables for finding 
common logarithms 


A common logarithm consists of two parts, the characteristic and the 
mantissa, which is the decimal part separated from the integer by a 
decimal point. 
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The characteristic of a proper decimal fraction is negative and is 
equal to the number of zeros before the first significant figure, the 
zero before the decimal point being included. 


Examples: 
lg 3745 = 3. ... lg 75 = 1. ... 
lg 4 = 0. ... Ig 0.0073 = 0. ... —3 


The mantissae have to be read off from logarithm tables. If the anti- 
logarithm has one digit more than the table shows, the mantissa 
is found by interpolation according to the last digit of the anti- 
logarithm: 

Dn 


increase in mantissa d — zr 


where D is the tabular difference (difference between the next 
smallest and the next largest mantissa in the table) and n is the last 
digit of the antilogarithm which is not in the table. 


Examples: 
lg 37489 = 4.57391; since 1g 37480 = 4.57380 
lg 37490 = 4.57392 


Tabular difference D = 12, the last digit of the antilogarithm which 
is not in the table n = 9, thus increase in mantissa 


d= -22 osan 
10 10 25 
hence lg 37489 = 4.57380 
11 + 


4.57391 


Ig 0.12367 = 0.00227 —1 D=35 
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The increase in mantissae can also be read off from the proportional 
parts tables provided at the edge of many logarithm tables. 

Finding the antilogarithm of a given logarithm: The position of the 
decimal point in the antilogarithm is indicated by the characteristic. 
If the mantissa happens to be in the table, the figures can be directly 
read off. Otherwise the figures of the next smallest mantissa have to 
be read off and the last digit » to be calculated from the increase in 
mantissa d and the tabular difference Р: 


4.10 
n —=— 


D 


Here again, the use of the proportional parts tables is of advantage. 


Examples: 
lg x = 3.59814 d=1 
x == 3964.1 D= 11 
n= = 22 1 
lg x = 0.99637 — 3 =3 
x = 0.0099168 D=4 
rane 
1.6. Combinatoric analysis 


1.6.1. Permutations 


Explanation 

Permutations of п elements are the arrangements in all possible 
orderings of all n elements. 

If, in a permutation of n different elements, we interchange two 
elements, then we have performed a transposition. Any permutation 
of n different elements can be transformed into a different one by 
successive transpositions. 


Number of permutations of n different clements 


Р(п) = 1-+2-3+---n=n! 
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Permutations of 2 elements with repetition 


Among the elements there are equal elements each occurring r, 8, ¢ 
times: 
n! 
Pra, (0) = 


risl! 


Among the elements there are equal elements each occurring r and 
n — r times: 


n! n 
Р,,,-ү(0) = a = () 


Examples: 


How many different five-digit integers can be formed of the figures 
2, 3, 3, 5, 5? 


Pal) = 127 13.0.2 


1, 1, 4, 4, 4, 4? 


Inversion 


Explanation 


Ina certain permutation of elements, two elements of the permutation 
form an inversion if they are interchanged as compared with their 
original (natural) order. 


Example: 

Original arrangement 4, 5, 6, 7, 8 

Permuted 8, 4, 6, 5, 7 

In this permutation, the elements 8 and 4 
8 and 6 
8 and 5 
8and7 
бапа 5 


form an inversion, hence there are five inversions altogether. 
A permutation is called even or odd depending on whether an even 
or odd number of inversions was performed. 
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The number of possible even permutations of n different elements 
! 
= the number of possible odd permutations = > 


1.6.2. Variations 


Explanation 


Arrangements where of » given elements a certain number r of elements 
occur in all possible orders are called variations. 
Written as: V,(n) means variations of n elements taken r at a time. 


Variations of n elements taken r at a time without repetition 


Each element occurs only once in a variation. 


V,(n) = n(n — 1) (n — 2) -= (n — т + 1) 


Example: 
How many different throws are possible with three dice? 


V,(6) = 6-5-4 = 120 
Variations of n elements taken т at a time with repetition 


Each element may occur several times in a variation. 


V,"(n) = т" 


Example: 

In how many different ways can a pool coupon be filled in? 
п = 3 (won, lost, drawn) 
r= 12 


Vw (3) = 31? = 531441 


1.6.3. Combinations 


Explanation 


Arrangements that contain a certain number r of elements in an 
arbitrary order, chosen from x given elements, while no permutations 
are permissible within this arrangement, are combinations. 
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Written as: C,(n) means combinations of n elements taken r at a 
time. 


Combinations of n elements taken т at a time without repetition 


Each combination must contain the same element only once. 


бй). = () Е т! 


ri(n — r)! 


Example: 
In how many different ways can five numbers be marked on a lotto 
coupon showing 90 numbers? 


n == 90; r= 5 


С,(90) -- (3) — 43,949,268 


Combinations of n elements taken r at a time with repetition 


Each combination may contain the same element several times. 


== 


T 


C," (n) -- | 
Example: 


In how many different ways can the five figures 2, 3, 4, 5, 6 be taken 
three at a time with repetition? 


5-3-1 7 7-6-5 Ё 
Cs" (5) -| 3 J- (=i 


1.7. Per cent calculation, interest calculation 


1.7.1. Per cent (per mille) calculation 


Definition 


1% (per hundred) = m of the original value 


p% (per hundred) = Т of the original value 
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Similarly, for per mille calculations we have: 


19/9, (per thousand) = of the original value 


p zu 
9 er thousand) = —— of the original value 
f^ loo (p usand) 1000 g 


For the per cent value (part of the original value in per cent) P, the 
rate in per cent or percentage р, and the original value G, the following 
relation holds: 


Р:р = @:100 


Per cent “оп the hundred" and “уг ит the hundred" 


p% on the hundred A. TENA 96 per hundred 
-P 


p% within the hundred A. а % per hundred 
= р 


Example: 

Assume the material lost in a manufacturing process to amount to 
23% of the raw material input. Considered from the viewpoint of the 
finished product, this corresponds to a loss of 23% within the hundred 


_ 100.2 

= AF % = 29.9% per hundred 
Example: 
The wholesale price of a good is calculated by adding 15% to the 
price quoted by the manufacturer. This represents 15% on the 


hundred of the wholesale price or 00:00. = 13% рег hun- 
dred of the wholesale price. DU AD 

1.7.3. Interest calculation 

Notations 2 interest 


b principal 
p rate of interest 
t time 
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Calculation of interest 


bpt bpt bpt 


or z= ог z= ————_ 
100 100 - 12 100 - 360 


(t in years ог months or days) 
Calculation of principal 


b = 100z ь— 100 - 122 b= 100 - 360z 
pt 
(t in years or months or days) 
Calculation of rate of interest 
_ 1002 еы 100 - 122 53 _ 100 - 360z 
bt хайа”: ресс, 
(t in years or months or days) 
Calculation of time 
_ 1002 _ 100 - 122 ER 100 - 360z 
bp bp bp 


(t in years or months or days) 


Interest number and interest divisor 
The interest due on a principal lent for any given number of days is 
calculated as 


2 = 2 where М = 28: is the interest number 
D 100 
and D — эш is the interest divisor. 
Dp 
1.8. Sequences and series 


1.8.1. General 


Definition 
A sequence of numbers is defined as an ordered set of numbers. 
A sequence of real numbers {a,}oraerea 18 а single-valued mapping of 
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the set of the natural numbers k € N upon a subset of the real 
numbers R where the maintenance of the order is required. 


A sequence of numbers is written as: {a,} a, € R images 
k € N originals 


The originals Ё are also called indices of the terms of the sequence. 
The images a, are also called terms of the sequence. 


Representations 


Representation in words: e.g.: Each positive integer k is put into 
correspondence with its square. 


Analytical representation: a, = f(k) 


eg. a, =k? for k = 1;2;3;...; п (finite sequence) 
ВЕМ (infinite sequence) 


The analytical representation states the general term. 

Recursive representation: a, = Ка) with statement of the first 
term a, 

tabulated representation: {а} = 1; 4; 9; 16; ... 


Finite sequences terminate in the last term a, or all a, = 0 for > n, 
ke N. 


Written as: {а} = а; аз; ...; а or a, = f(k) for k = 1;2;3; ...; m 


Infinite sequences do not possess a last term, i.e. for each КЕМ 
there isa Ё К for which a, + 0. 


Written as: {а} = a1; 0; аз; ... or a, = f(k) for KE N 


A subsequence is obtained if, in an infinite sequence, a finite or infinite 
number of terms is omitted though an infinite sequence remains, 


e.g. a, = k ЄЙ (ad —1;2;3;... 

subsequence b, = do, $} = 2;4;6;... 

Difference-sequence: {d,} is the difference-sequence of {а} if 
dk = аы — a EN 


Quotient-sequence: {q,} is the quotient-sequence of {a,} if 


=“ вюєМ 
а 


Sequence of partial sums: {в} is the sequence of partial sums of {a,} if 
Sp = а, + do + аз + ++ + ay 


4 Bartsch, Mathematical Formulas 
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Positive definite sequence: АП ар > От (aj) 

Negative definite sequence: Alla, < 0 іп (nj) 

Oscillatory sequence: Alternating signs in. {ay}; gy < 0; арар < 0 
Monotonic increasing sequence: акы > ak 

Monotonic decreasing sequence: акы Жак 

Strictly monotonic increasing sequence: акы > Ор 

Strictly monotonic decreasing sequence: акы, < ар 

Constant sequence: а; = ары = const. 
Bounded sequence: The terms of the sequence lie between a lower 
bound (S) and an upper bound (T) of the sequence. S, T € R 
Null sequence: 


A null sequence is given if, for sufficiently large k, in {а} the terms 
of the sequence tend to zero and never deviate. Then, for any number 
e > 0, а ky = k,(e) can be given in such a way that the following 
expession holds for all & > №: 


[а < е 
For limit of a sequence see page 279. 


If the individual terms of a number sequence are connected by addi- 
tion, a series is obtained. 


1.8.2. Arithmetic sequences and series 


Arithmetie sequence of the first order 
аз; (а, -- d); (a + 2d); (a, + 3d); ...; ад 


a, initial term n number of terms 
a, nth term (final term) d difference 


Final term of the arithmetic sequence of the first order 
ав = a, + (n — 04а 

Law of formation of the arithmetic sequence of the first order 
ар = @ +- (6 —– 10)0 for Е= 1;2;3;...; п 
акы — Ap = d = const. 


1 


ак = -y (Cra T er) 
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Summation formula of the arithmetie series of the first order 


s, Чаа) and Sn = {Фа + (n — Dd] 


Examples: 
Sum of the 7, first natural numbers 
3, nn + 1) 


k 
k=1 2 


$ 
| 
M 


Sum of the n first even numbers 
n 
Sn = У 2k = n(n + 1) 
k-1 
Sum of the я first odd numbers 
п 
Sn = У) (2k — 1) = т? 
k=1 


Interpolation of an arithmetic sequence of the first order 


If m terms are inserted between each pair of terms of an arithmetic 
sequence with the difference d, a new arithmetic sequence with the 


difference d, = is obtained. 
m 


Arithmetic sequences of higher order 


An arithmetic sequence of the kth order is given if only ће kth 
difference-sequence has constant terms. 


Example: 


1 5 10 18 31 51... First difference-sequence 


4 5 8 13 20... Second difference-sequence 
1 3 5 doses Third difference-sequence 
2 2 2 .. Fourth difference-sequence 
constant 


The primary sequence is a sequence of the fourth order. 


4* 
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Laws of formation of arithmetic sequences of higher order 


ар = by(k — 1)? + (Е — 1) + b, 
arithmetic sequence of the second order 
ay = by — 1)8 4- ba(k — 1)? -+ bilk — 1) + By 
arithmetic sequence of the third order bc (1;2:3; ...; 


ay = „(Е — 1)™ + b, (E — 1)-1 4- + + bo 


arithmetic sequence of the mth order ) 


Examples: 


Sum of the first n square-numbers 


араг 5 18: n(n -+ 1) (2% +- 1) 
Е=1 6 


Sum of the first n cubic-numbers 


“-28-Ї2 21-13 
k=1 


k=1 2 


1.8.3. Geometric sequences and series 


Finite geometric sequence 
81; 9193 4445: ...3 Ap 


a, initial term n number of terms 
ар nth term (final term) q quotient (ratio) 


For q > 1 the sequence is increasing; 

for 0 < 9 < 1 the sequence is decreasing; 

for 9 < 0 the sequence is oscillatory (alternating signs); 
for g — 1 the sequence contains equal terms. 


Formula for the final term 


— gg 
an = ag 
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Law of formation of the geometric sequence 
а; = ag for ЕЄ {1;9;3;...; т) 


Аун 
а 


= q = const. 


ар = Yay Sapa 
Summation formulas 


For q + 1 the following holds: 


"n . — qm 
gu dr uU eg ud 


4-1 1-4 


For 9 = 1 we have: s, = ayn 
Sum of the infinite geometric series 


lim a, = 7“ = s for |q| <1 
—4 


">> 
Interpolation of the geometric sequence 


If m terms are inserted between each pair of terms of a geometric 
sequence with the quotient g, a new geometric sequence with the 


т+1 
quotient 9; = Үд is obtained. 


1.8.4. Compound interest calculation 


Notations 


b, final amount 

b, original amount or principal, cash value 
п number of conversion periods 

p rate of interest 


4-1- 156 interest factor 


r annuity, regular payment 
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Final amount if the interest is added to the principal at the end of 
each year 


b, = bag” (n denotes the number of years) 


Final amount if the interest is added to the principal every six 
months, every four months, etc. 


Р 


Every six months: Relative rate of interest = : 


> 


р 
uq os 
x а= БТ л 


Every three months: Relative rate of interest = 2 


p 
th = 1 + — etc. 
us q t 400 etc 


In this case, n in the formula b, = 69" denotes the number of 
half-years, quarters, etc. 
Calculation of the principal (cash value) 


The calculation of the cash value is called discounting. 
Calculating of rate of interest 


; 1/5 
rate of interest q = |! = 
bo 


from q results p = 100(g — 1) 
Calculation of conversion periods, n 


n — bn — В 
lgq 


Final amount of regular payments 


_ f(g" — 1) for payments at the end of the year 
q—1 (subsequently) 


. TQ(g" — 1) for payments at the beginning of the year 
4-1 (beforehand) 
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1.8.5. Annuities 


Final amount of the annuity г to be paid n times at the beginning of 
term i 


b _ rq(g^ — 1) 
= 
4-1 


Final amount of the annuity т to be paid n times at the end of term 


в — 
Белге (4% — 1) 
q—1 


Cash value of the annuity r to be paid п times at the beginning of term 


p N) 
gq — 1) 

Cash value of the annuity r to be paid п times at the end of term 
rq" — 1) 
97 440-1) 


Calculation of amount of annuity from final amount or principal 
(end of term) 


b,(g — 1) 
4-1 

ae byg"(q — 1) 
4-1 


Calculation of amount of annuity from final amount or principal 
(beginning of term) 


= balq EE 1) 

909" — 1) 
bot Mg — 1) 

4-1 


Calculation of the time from final amount of principal 


_ ig [bag — 1) + r] — ler 


for payment at end of term 
lgq 
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= ——— for payment at beginning of term 
54 


= х иг тын for payment at end of term 
84 


_ lgr+-Igq — lg (by + rq — bq) for payment at beginning of 
184 term 


Cash value of a perpetual annuity 


by = —À (payment at end of term) 


b, = "EXT (payment at beginning of term) 


Cash value of r paid regularly (in dollars) 


ie о zr n for payments at end of year 


for payments at beginning of year 


Final value of a principal in case of regular deposits and withdrawals 
of r (in dollars) 


n. 
b, = bog” + 1—0. for deposits at end of year 
9 


b, = bog” + for deposits at beginning of year 


rg(g^ — 1) 
4-1 
п — 
b, = bog" — 7 for withdrawals at end of year 


п — 
b, = bog” — ved for withdrawals at beginning of year 


Redemption of a debt (loan) 


bog"(q — 1) 


Annuity A= 
9" —1 


» bo sum of debt 
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Redemption rate (percentage at which the sum of debt is repaid) 


TE 1 7? p rate of interest 


- — 

Ig ( + 2) 
Redemption period n = m t 
184 


Continuous yield of interest on a principal b, in n years 


pn 
== b e100 
by = boe 


The same formula applies to any continuous growth. 
Similarly for a continuous decrease we have 


pn 
b, = bpe 100 


1.9. Determinants 


1.9.1. General 


Notations 
бар а; Ag ... бэлд 
Язу Aga Ugg ... бол 
азу Qao Gag ... азд |= lair] = А (п-тожеа determinant) 
ат ang ang eie алд 


The terms а; (total number n?) are called elements of the determinant 

(read: a one one, а one two, etc.). 

Horizontal rows rows (the first index $ in aj, indicates the row); 

vertical rows columns (the second index Ё in aj, indicates the 
column); 

elements 41, бээ. баз ..., Ann form the principal diagonal; 

elements ains 55.4. @зп-э» -.., Ф form the secondary diagonal; 

product of the elements of the principal diagonal — principal member 
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Definition 

An n-rowed determinant is a quantity depending upon any n? num- 
bers arranged in the form of a square. The value of an n-rowed 
determinant is determined by multiplying each term aj, of the first 
row by its respective minor A;, and adding of the products obtained. 
A minor (subdeterminant) Aj, is defined as the (п — 1)-rowed deter- 
minant which is obtained when striking out the ith row and the kth 
column in the given determinant and provided with the sign (—1)*+*, 


Examples: 
2-rowed determinant 


а а, 
A= = 041029 — 19021 
аә] (55 
24 
--2-7-04-0--410 
6 7 


3-rowed determinant 


а ауа, 
A = |а аз аз 
“зү зг зз 
O22. O53 бор 0з |, йу @ 
= ац = 031» 13 
@з> O33 азу 35 Яз C32 
= ацАц + dis + аз Аз 
4-rowed determinant 
3746 
5 9 6 1096 1056 1059 
10596 
A= = 312 7 8|— 7 178 +4 1281-6| 127 
1278 
429 529 549 542 
5429 : 


(expanded about the elements of the first row) 


The obtained three-rowed minors provided with signs are to be 
denoted by 4,,, Ayo, 4,4, and Аль. 
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Sarrus’s rule for three-rowed determinants 


We write the first two columns again on the right side of the determi- 
nant and add up the products parallel to the principal diagonal 
(with positive sign) and parallel to the secondary diagonal (with 
negative sign). 
ау а» а 
A = |а A 053 | = Ay Aza баа — ац os a 


аз аз @зз + ig баз зу — баз бол 33 


+ 43 Aq) зз — Arg баз азі 


Example 

2 1 9,3 41 

гуз er 2. (—2).4-+1.(—3).3- 9.1.5 — 
37 5X4 3 5 —8.(—2).9—5.(—3).2— 4.1.1 = 100 


1.9.2. Theorems on determinants 


Transposing the determinant (the rows are written as columns and 
the columns as rows = reflection in the principal diagonal) 


Ou Qiz а +++ Gin бїр бор Әз ee би 
азу @› dag. ... Azn Qiz Qog @32 ... One 
зі аз, Озз ... 03g уз Ооз aa ... Ang 
а Anz ааз oe Ann Ain Aon азд ax ann 


Interchanging two rows or two columns, e.g. 


Qj а» Ag c An ау а аз c7 Un 
Lu аә Ag Gn азр Q32 033 азд 
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i i 

бїр ау аз » Un ауз бїл Ay » 
азр Qoz Qog +++ бор @23 бэ Qa 
ау аз @зз ... @зд| — T |ü33 аз азу 
арі Anz Ang +++ бил арз An2 Gyr + 


Ady; Ady, Ady, ... Adin Gy, Да 
аз Ayn Qog ... бал азу Да» 
АА = | азу dap аз ... Agn| = |@ Aaz 
Opi Ane Ang ... Ann An, 2415 


the factor A can be put in any row or column. 


Reversing: A factor that is found in all elements 
column can be factored out. 


Correspondence of two rows or two columns, e.g. 


| | 
а а 412 ... Ain 
йз Qog Aoz ... Qon 
ау зз dap ... аз | = 0 
Uni Әһә Anz ++» Onn 


The elements of a row or a column are equal to 0, e.g. 


а а аз ... Ain 
0 0 0 ... 0 
азу day аз 28 аз | = 0 
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ям?” 

а 

Azn 
oun 
045 + Gn 
йм ... an 


of a row ога 
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Proportionality among the elements of two rows or two columns, 
e.g. 


нээг” 
тэгээ” 
аз аз Е аз ... 044 | 77 О Е proportionality factor 
Any Ana k. Anz +++ Qnn 


Marginal expansion of the determinant, e.g. 


1 ko ky ko. kn 
бїр Qiz 9: ау а Qi ав + Qin 
аә аә баа Gon O а, бээ аз ... ад 
азр баз gg ... би? |0 аң аз аз... аз 
Аһ Олс биз +++ бий О а, баа аз... аһ 


(Ko, ky, Ёс, ..., kp are arbitrary constants) 


Adding a multiple of the elements of a row to the 
parallel row, e.g. 


адз 


а» + May 
аз» + таз 


аз; + тазу 


Ong + талу 


ang 


Addition of determinants which differ only in one row or one column, 


e.g. 


1 @з ... 
з G23 

з @зз 

b, биз - 
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ALAA; 


tubi + «афа + зз Aabi + Caran -H ass уаз + Gardas + Asibss 
= | афо, -- Goede: F азда Mbia H- Aazbzz +F Asabar уоиз + аааз +- sabas 
абла + азал + dass. (igbin + asas -1- @ззбза зраз + (lasbas + Asabas 


Proceed accordingly when multiplying four-row and multirow 
determinants (linear. combination of the columns of A, with those 
of A,). 


Vandermond’s determinant (power determinant) 


1 a, a? aj .. at 

1 a, аё а? ... а = (а — a) (d — ау)... (а — а) 

Го а; ag ay .. ay * (ay — аз) (Q4 — а) ... (An -— о) 
- (а, — аз) (a5 — аз) ... (An — аз) 

1 а Gy? dQ . ai o... 


(an m 4,4) 
= [I (a, — as) 
for all r > s from 1 to n. 
n 


Explanation: П а; = оаза... Ap 
k=1 
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Practical calculation of determinants 


When using the above theorems on determinants, the following 
operations are performed: 


175 4 175 4 
—4 412 8 —1 13 2 
A= =4 
6 9 —2 2 6 9 —2 
17 3 3.17 3 


common factor of row 2 
factored out 


088 6 ово 6 
-20 -1 13 2 2 -11 2 2 
2 6 9-2 2 6 3-2 
3 1 7 3 3.16 3 
row 2 added to column 2 subtracted from 
row 1 column 3 
-1 2 2 -1 1 2 
=:4(—8)| 2 3 —2] + 4(—6) 2 6 3 
3 6 3 8 1 6 
developed about the first row 
-1 0 2 —1 0 2 
= — 32 2.5 —2|—24| 2 8 3 
33 3 3 4 6 
column 3 subtracted column 1 added to 
from column 2 column 2 
—1 0 2 —1 0 0 
= —32.3 2 5 —2|— 24 28 7 
1 1 1 3 4 12 
3 factored out double column 1 added 
to column 3 
= -0i =2 EP a nc И 
1 1 4 12 


= 96(5 + 2) — 192(2 — 5) + 24(96 — 28) — 2880 
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Applications of determinants 
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Solution of a system of equations consisting of п linear equations with 


n variables: 


ауу 


ада, + ао + шид 


i 
азу 4- at -- @ззХз + oc 


Яс @„®» | Agt + 


а: F 935 -F Ansty + 


— | 43 


any 


Cramer’s rule 


Normal case 


912 @з ..- 
а» @ ... 
зз зз ... 
Әһә Ang + 


A + 0 and not all c; equal 0. 
The system of equations possesses exactly one set of solutions (see 


page 80). 
Az, 
a 
Ax. 
же 


? 


Uc Rua = Cy 
F азы = ба 


+ зуд = Сз 


... + AnnXn == бү 


coefficient determinant of the 


Ci Qiz а 

C2 аз эз 

where Az = сз аз @зз 
Сп Ang биз 

а, сү Aa 

азу ба баз 

where Да = азр Cz Язд 
аһу n Ang 


system of equations 
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ап би? сү ап 
азу Qaz б ао 
Даз 
пее" where Лаз = |а зэ Cg ... а 
алі баз Сд Ann 
ete. 
Example: 
z— y+2z2= 7 
2% — Зу + 52 = 17 
3z — 2y — 2 = 12 
1-4 2 
4-12 —3 5 
3 —2 —1 
0 —1 2 
—1 2 -1 2 
=|—1 —3 5|-1 + =5 +1 = 
—2 —1 -8 5 
1 —2 —i 
7 —1 2 7 -1 0 
Аз —|17 —3 5|2|17 —3 —1 
12 —2 —1 12 —2 —5 


—3 —1 17 —1 
= +1 
12 —5 


= 7(15 — 2) + 1(—85 + 12) = 18 


1 7 2 1—1 7 
Ay 2|2 17 5|=—12 42=|2 —3 17| = 6 
3 12 —1 3 —2 12 
geo gue. ong zð i 
6 6 6 


ie. S = (3; —2; 1} 


5 Bartsch, Mathematical Formulas 
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Special cases 


(a) Homogeneous system of equations 

A system of equations is called homogeneous if с; = 0, i.e. if all 
numerator determinants Ax; disappear. 

If A + 0, there will be only the trivial solution 


=. ==... = = 


If 4 =0, there will be systems of solutions where not all variables 
will disappear. 


(b) Inhomogeneous system of equations 


A system of equations is called inhomogeneous if at least one cj + 0. 
If A + 0, the solution will be uniquely determined. 

If 4 = 0, there will be either no solution or no uniquely determined 
solution. 

For further applications see relevant Sections. 


1.10. Matrices 


1.10.1. General 


Notations 
Gi Ay e. би 
A= Б оя "m = (aj) (m.n-matrix) 
Ят Am2 +++ Amn 


The numbers aj, are called elements of the matrix (read: а one one, 
а one two, etc.). The first index indicates the row, the second the 
column. The elements may be real, complex, or dependent upon a 
parameter. 

A matrix with m rows and » columns is called m,n-matrix and is of 
type m,n. The requirements m = n, as occurs with determinants, 
is not made necessarily. 

m + n rectangular matrix, m = п square matrix. 

In a square matrix, the terms 01, 05, ..., ањд form the principal 
diagonal. 

Matrices with only one row or column are referred to as vectors. 
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Horizontal row = row: row vector 8! (read: a sup i). 
ic 
а“ = (CAP Gio, -. ат) 


i in а! is an index which in row vectors is usually raised. 
Vertical row = column: column vector a, (read: a sub k) 


Ak 
а, 
а, = 2k 


Amk 


A matrix with row or column vectors is written as: 


1 
тэ /& 
тг a? 
т 3 2n 
Ac] = = (Ay, Mo, ..., Ay) 
m 
Om Ane "er Amni a / 


Definition 

A matrix is a rectangular arrangement of m-n numbers (m rows, 
n columns) which is enclosed in parantheses. It has no numerical 
value. (In the place of parantheses, two parallel lines can be used.) 
In a null matrix, all elements are zeros, also in null vectors. 


00...0 
N= SPINE 
\0 0...0 


Rule: Matrices that are distinguished from each other only by null 
vectors at the right and lower edges are equal. 


135 13500 
-2 4100 


5* 
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In a square diagonal matrix all terms away from the principal diago- 
nal disappear. 


4 00... 0 
0 440 ... 0 
D—[004 ..0]^-(dj4)- (4) 

000 ..4, 

Special case 

Unit matrix 
100...0 
010...0 

0] = (di) Kronecker symbol 


E-—[o001.. 
Lu i | Ofori +k 
i С dj, == 
000... 1 
Tn square triangular matrices, 
for an upper triangular matrix ад = 0 for i > k 


for a lower triangular matrix — aj, = 0 fori -^ k 


Example: 
1127 
А--| 034] upper triangular matrix 
002 
300 
B-—[740] lower triangular matrix 
916 


If certain rows and columns of a matrix A are eliminated to leave 
a square matrix with k rows and k columns of which the determinant 
can be formed, a k-rowed subdeterminant of A is obtained. 


Example: 


A= 


= о NŅN e.e 
e © Ф м 
> яз 
о m мо» 


EN 
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4-rowed subdeterminants 


1223 1234 
2365 2352 
or 
4013 4031 
1124 1142 


etc. 


3-rowed subdeterminants 


122 265 234 
236[or|413]or|[03 1| etc. 
401 124 142 


2-rowed subdeterminants 


12 35 
23 0 3 


26 
12 


| or etc. 


If a matrix is square, the determinant can be formed directly of all 
elements (det A = |A |). 

The highest k-rowed subdeterminant differing from 0 (of the kth 
order) determines the rank k of the matrix, i.e. all subdeterminants 
of the (k + 1)th order with k + 1 rows and k + 1 columns are equal 
to zero. 

The rank of a matrix is not changed by taking linear combinations 
of its rows and columns. 


Example: 
—1 4 1 3 
А = 2-2-2 0 
0 2 0 2 


By a linear combination of the first and the third columns we obtain 


0 4 1 3 
0-2-2 0 
0 2 0 2 


All subdeterminants of the third order disappear because three of 
them only have elements 0 in the first column and the fourth of 
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them shows two equal columns as a result of a linear combination of 
the first and second columns. 


Since a subdeterminant of the second order, e.g. is 


not equal to zero, the matrix has rank k = 2. 


1.10.2. Theorems on matrices 

Given: m,n-matrices A = (ад) and B = (bij). 

Equality of matrices 
A =B if (05) = (bij), i.e. Qip = bis. 

Sum of two matrices 
A + B = (aij + big) 

Terms which correspond to one another are added. 
Commutative law А +В = В + А 
Associative law (A -+ B)+C=A-+ (B + 0) 

Multiplication of a matrix by a real number 
BA = (иа) = Ap 
Distributive laws A(A + B) = AA + 2B 

(A+ ДА = 2А + pA 

Limit of a matrix A(t) 


If a matrix is dependent upon a parameter t, A(t), the limit matrix 
is defined as that matrix where the transition t — fy has taken place 
for each member. 


lim А( = Їнэ 520 


tot tty 
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Differential quotient of a matrix А (ғ) 


The elements are differentiated individually. 


E A(t) — (s 22 (а differentiable) 


The elements are integrated individually. 
b b 
fA(t) dé = (гео 2 (аз, can be integrated) 
a a 


Transposed matrix A’ 


It is obtained by interchanging rows and columns. A row vector is 
changed into a column vector by transposition. 


А = (06) A’ = (ig) ig = а 


If A is of type m, n, then A’ is of type n, m. 


(AY =A 
(A +B) =A +B 
(KAY = kA’ k scalar factor 


Symmetric square matrix 


ASA Oy = ag 


Example: 
1 5 7 
A=A’=[5 2-6 
7—6 8 


Antisymmetric square matrix 
А=—А' dik = —аң 


(The elements of the principal diagonal must disappear.) 
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0 5 —7 
А == —A’ = | —5 0 3 
7 —3 0 


Conjugate complex matrix A 


Each element of the original matrix is replaced by its conjugate 
complex element. 


A == (ai) 

А EX 

A+B=A+B 

нА = uA 

(Ay = (А) 

Example: 

1-3) 2—5 Е 1—37] j 

A - [1*9 n xc 3 2 + 5) 
5 7+2 5 7 — 9j 


A’ of a square matrix is called Hermitian. We have: 
А = А; diga 
Example: 
2 1—2 3+5 
A=N=[14+2) 3 2—j 
3—5j 2+) 5 
(The elements of the principal diagonal must be real.) 
A square matrix is skew-Hermitian if: 
А = -А; ар = —@ 


Example: 
2j 1—2j 345j 


А=-А=(-1—29) 3 2-1 
-345j -2—j 5 


(The elements of the principal diagonal must be purely imaginary.) 
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Product of matrices 
п 
C= AB = @ = (х 22 ЕА 
-1 


The element cj, is obtained as а scalar product of the row vector ай 
(ith row) and the column vector b, (kth column) (see page 67). 
Precondition: number of columns of A = number of rows of B. 
This condition can be established by adding null vectors to the right- 
hand and lower edges (cf. page 67). 


alb! = (ау, Gay ..., Am) (bis ba, .. On) 


b; b, ... by 
0 0 0 

= (ais @»,.. Om) | 22-21” (aibi, 8105, ..., a,b.) 
оо... 0 


Note: AB = № does not necessarily imply A =N or B =N. 
but: A=N or B= М> АВ = № 

The transpose of a product 
(AB) = ВА’ 
(ABC) == CB'A' 


Multiplication by the unit matrix E 
For square matrices A and E of the same order we have 
АЕ = ЕА = А 
Multiplication by the diagonal matrix р 
айу Gud, ... 911 
AD = (аб) = 


Andy эй, ... азый 


Ouid, amd ... аһ, 
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Determinant from a square matrix det A’ = |A| 
det A’ = det A 
det (AB) = det A det B 

Singular matrix (A square) 

If det A = 0, A is called singular. 


If AB =N and A +N as wellas B + N, then A and B are singu- 
lar. Schematically 


m,n-matrix A multiplied by n,p-matrix B results in the m,p-matrix C. 


Example: 


241/[23 Э 2-1--4-2--1-4 2-0--4-3--1-1 


41 
15 11 
— M4 13 


The eommutative law does not hold generally 


( 3 , 10 Ems quo 


AB + BA 
This means that, in multiplying a matrix B by a matrix A from the 
left (front), the result obtained in general is different from that 
obtained when proceeding from the right (rear). 


Associative law (AB)C = A(BC) = ABC 


Preconditions: m,n-matrix A, n,p-matrix B, p,q-matrix C. The result 
is a m,q-matrix. 


Distributive law: (А + В)С = AC + BC 
A(B + €) = AB + AC 
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Multiplication of row and column vectors 


by 
П 2 Y b 
аф, == (а, 9..9) [ = i 
bn, 
а a,b, a,b, a,b, 
ар! = di (bis bos ..., Ён = ын ээ 
ал Gab, Ade «+. Abn 
а, b, a, 0 0 b, алб 
ab, = аз b, [е 0 Ч ba | _ ab, 
ал b, an 0 0 b. Amd, 


Powers of matrices 
НА is a square matrix, we define: 
АЗ = ААА... 
(п factors) 
А" = АЛАЛАТ... ПЕМ 
(n factors) 
АЗ =E 
APAmT — A" anmel 
Interchanging matrix V 


An interchanging matrix has only one 1 in each row and in each 
column and only zeros elsewhere, and is square. When multiplying 
a matrix A by V from the front (left), a 1 in the rth row and sth 
column of V will cause the rth row in the matrix VÀ to correspond 
with the sth row of A. 
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Example: 

0 1.0 0 1302 2 4 7 3 
r {0 01110 2473 [з 0 4 1116. 
VA = L-J pa a ey 

100 0 13 0 4 11|- 13 0 2 

ECCE MAC 3 
000 1 5 2 1 1 5 2 14 1 
1 


When multiplying à matrix À by V from the rear (right), a 1 in 
the rth row and sth column of V will cause the sth column in the 
matrix AV to correspond with the rth column of A. 


Example: 
1240 0001 2401 
АУ = [2461 1000 } =| 4612 
1303 0100 3031 
0010 


The interchange effected by V is undone by V-!. If we replace the 
1 in the interchanging matrix by a number pj,, an additional multi- 
plication by pj; of the interchanged row or column is effected. 


Reciprocal matrix А-1 (A square) 
Definition 
АВ = ЕБВ = Ал! 


В is the reciprocal matrix of A. The inversion is unique if А-1 exists. 
Only square nonsingular matrices can be inverted. 


ауу Ay «+» Qin Ay, Аз... Any 

азу Go ... Aon 1 | А» Аз» Аһ 
А = ; В = А-1 = — 

. . . е A : : 

Oni Anz +++ Anni Ain Аж... Ann 


where Ас are subdeterminants (see page 58) 


А = det A 
Elements of the reciprocal matrix bj, = a (notice the indices) 


(AC)? = А АА = АЗА =E 
(AC)? = С-1А-1АС nonsingular 
(A^) = (AY (contragradient matrix of A) 
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Example: 
1 03 1 083 
А={2—31 A=detA =| 2 —31]|- 13 
1 22 1 22 
—3 1 21 
Ay, = (—1} = —8; Ан = (—1)* = —8; 
72 wa Ciis 
2-3 
Аз = (7-10 Fe [Е 
03 13 
Аһ = (—1)8 =6; А, = (—1)* RI 
21 ( ) 23| > 22 ( ji , 
10 
Аз = (—-1)5 = —2 
23 ( ) = 
0 3 13 
Аз == (—1)* = 9; Ag = (—1} = 5; 
sese) E же 47 
1 0 
Азу = (— 1) 9 s E -3 
—8 6 9 
А-З 5 
13 
7 —2 —3 


1.10.8. Applications 
Checking the possibilities of solving systems of linear equations 


An inhomogeneous system of equations of the first degree of m equations 
with n unknowns is solvable only if the coefficient matrix and the 
matrix expanded by the absolute terms have the same rank k. 


Е = пт опе unique solution 
Е < т oo" solutions 
Example: 
3x + 2y + 52 = 10 
бх + 4y + 102 = 30 
12x + 8y + 20z = 40 
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32 5 
The coefficient matrix 6 4 10] has rank k = 1 (see page 69) 
12 8 20 
32 5 10 
The expanded matrix { 6 4 10 30 | has rank k > 1 since 
12 8 20 40 
5 10 
| 10 30 | To 


There are no solutions of the systems (the equations are inconsist- 
ent). 

A homogeneous system of equations of the first degree of m equations 
with z unknowns will only give a solution different from the trivial 
(all unknowns equal to zero) if the rank of the coefficient matrix is 
smaller than n. 


Further applications 


Further, matrices are mainly used in quadrupole calculations (re- 
sistance matrix, conductivity matrix, iterative matrix, and series 
parallel matrix), calculations of linear networks (calculation of 
meshes), solutions of systems of linear differential equations, in 
planning and solving other economic problems. 


2. Equations, functions, vectors 


2.1. Equations 


2.1.1. General 


Expression 


An expression is a sequence formed of numbers, letters, and mathe- 
matical signs which yields a certain numerical value if the letters 
are replaced by numbers which can be freely chosen from within the 
domain of definition. 

Notations of expressions: T, S,... 

The set of the expressions forms a field. 


Special expressions 


Linear expression: The variables are only multiplied by constants 
and added to constants or expressions of the same kind (linear 
combination), 

e.g. linear expression in the variables z and y 


L(x, у) = ax + by +c a,b,c constants 


Whole rational expression (polynomial expression): The variables are 
only combined by addition, subtraction, and multiplication, e.g. 
whole rational expression in x and y 
T (zx, у) == apt” + a4 ла" 4 --- + аул + by" 
+ bg 4973 + +++ + by + ао n,m Е М 


Rational expression: The variables are combined by the four funda- 
mental operations of arithmetic, 
e.g. rational expression 


T(z) = ах” + Ay 42 + ++» + aye + dy 


= nym Е М 
9,2” + Bye + +++ + bx + b, 
Definition of equation 


When equating two expressions, we obtain an equation 
Т, = T, 
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An equation with at least one variable is a form of statement which 
becomes a true or false statement if we coordinate values of the domain 
of definition or range of variables and the variables. 

An equation without variables represents a true or a false statement, 
e.g. 7 = 3 + 4, true statement. 

Domain of definition of an equation: X = X N X5; Y= Y,(1 Yo; 
... where Х,, Y,, ... domain of definition for 7,; Х,, Ya, ... domain 
of definition for 7. 

Roots or solutions of an equation are all elements of the domain of 
defipition for which Т,(5;у;...) = T,(v;y;...) becomes a true 
Statement. 

Solution set, range of validity S is the set of all solutions where S is a 
subset of the domain of definition. 


Written as: 
S = (iyi. )I Tiles yi) = Toles у;...)} 


without indication of the range of variables if this is 
obvious. 

or 
S = (ys Iz € Xiy € У;...л Тт; у;...) 


zT y;...)} 


with indication of the range of variables. 


Special cases 
Identity, definition of equality of expressions: 


T,(riy;...)  To(z;y;...) for solution set = domain of 
definition 
c.g. equation with one variable 
T(x) = T(x) for 8 = X ог written as 
S-—í(izxeX^TQ)-—T4x)-—X 


Example: 


віп 2х = 2 sin xz cos y X = К, і.е. identity with respect to the 
field K 

or 
S = {æ |x € Kasin 2х = 2 віп g cos 2} = К 


Insolvability S = Ø 
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Example 
33 =—4 X=R 8-9 
or 
= fr |x € R a3? = —4} = 
Equivalence 


Two equations are equivalent with respect to the given range of 
variables if they possess the same solution set S. 


T,2T,2T,-T—-T,-T 
T a meaningful expression within the range of variables 


T, — T, 2 T,T = T,T Т +0 for all values of the range 


of variables 


2.1.2. Algebraic equations in one variable 


Explanation 


An equation is called an algebraic equation if it has the following 
form: 


а" + apt"! + +... ауе  & = 0, 
where a, = 0:0д-1: Gy—23 ...; до rational numbers; n € №. 


Numbers obtained as solutions of algebraic equations are called 
algebraic. 


2.1.2.1. Linear equations 


Standard form: ах -- b =0 а- 0; ЄЁ 


Solution: 


or 


= 6166 Влае =0ла +0} = [-7] 
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2.1.2.2. Quadratic equations 
General form: Аа? + But+C=0; А + 0 
Division by A yields 


the standard form {x | x? -- px + q = 0} (mixed quadratic equation), 
where 


DS 
p ч? q A 
Solution: 
-2,2 
5287 2 = 1) 1 


or 


p py p ГАН 
8 == 3 = =| = 
л Ест 
pM 
Discriminant D = (5) — q (radicand) 


D > 0 gives two different real solutions. 

D = 0 gives two equal solutions (double root x, = z;). 
D < 0 gives two conjugate complex solutions. 
Special cases 

(a) p = 0 {x | a? + q = 0} (pure quadratic equation) 


Solution: 


Ti; = +19 
8 = {V=4; «1-0 


(b) 4--0 fe | 22 + pe = 0) 
Solution: 
x(a р) = 0 


x, = 0; ж = —p 


or 


or 
S = (0; —p} 


(с) Reduction of the symmetrical equation of the third degree to a 
quadratic equation 
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Explanation 


Equations are called symmetrical if the coefficients are arranged 
symmetrically. 


{ | az? + Ба? + bx + a = 0} 

a(x? + 1) + ba(a +- 1) =0 

(= + 1) [a(a? — x + 1) + bz] = 0 
Hence z + 1 = 0; 2, = —1 and 

оа? — x + 1) + bx = 0 (quadratic equation) 
Example: 

{x | 623 — 722 — Tr + 6 = 0) 
Solution: 

6(z3 + 1) — 7z(x + 1) = 0 

(= + 1)[6(z? — x + 1) — 72] = 0 

a+1=0; а=—1 

62? — 182 + 6 = 0 


а? — = ж + 1 = 0 (standard form) 


13 13) 13 5 
„=т= jme 
^ia 165 VG) 12 = 12 


ог 


(d) Reduction of the symmetrical equation of the fourth degree to a 
quadratic equation 


{a | axt + ba? + са? + bx + a = 0} 
6* 
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Division by а? and factoring yields 
1 1 
а(532--145(2--1-06-0 
g? x 
а 1 " I. +. 
Substitution у = 2 -+ — and y?— 2 —a?*-L — yields the quad- 
ratic equation е T 


aly? — 2) + by +e=0 


(e) Reduction of a biquadratic equation in which the cubic and linear 
terms are missing to a quadratic equation 


{x | аай -+ са? + e = 0} 
Substitution 2? = y yields the quadratic equation 


аў? -- cy 4-е = 0 


2.1.2.8. Cubic equations 
General form: Az’ + Ва? + Cx -- D—0; A+0 
Division by A gives 

the standard form {x | 23 + az? + bx + c = 0} 


B [^ D 

h VT AE b = — " = — 

where a P Ч © ^ 
- 8 а 
Substitution z — y — T 


Reduced form y? + ру + 9 = 0 
Cardan's formula for solving the reduced equation 


у= и о 


ие 4-9... 
koe И 


utv u-—v. 
tpt eS Y ya 
Уз 9 2 7 
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where 


-Үз+ү 8 
11-2-0070 


2 3 
Discriminant D = 4 E Р 
2 3 


D > 0 gives one real and two conjugate complex solutions. 


D — 0 gives three real solutions including a double root. 


Casus irreducibilis 


le 


85 


D <0 gives three real solutions which can be calculated gonio- 


metrically (nonreducible case, casus irreducibilis) 


Yo = —í ys cos (= — 2) 


уз = —2 ys cos Е + 60°) 


ф can be calculated from the equation cos ф = 


The respective x values are obtained from the above substitution 


У. 


First example: (D > 0) 


{a | 23 — 3a? + 4 — 4 = 0} 
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substitution « = y — 2 =y+1 


(y + 1? —3(y + 1)? + 4(y + 1) – 4 = 0 
уз + 3y? + Зу + 1 — 3y? — by —34-4y + 4 — 4 = 0 
reduced form у + y —2=0 р 


:- V-3-VGSr Gy (+ үл T 


а 1.264 (D> А 


уу = 1.264 — 0.264 =1 ж = 2 


1 1.528 . 1 А 
y= — + PB m= — + 0.1647 3 
2 2 2 
R 
pete = omaj V 


or 
8 = {2s + -+ 0.764 j ҮЗ; 2 — 0.764573] 


Second example: (D < 0) 
{x | 23 — 21x — 20 = 0} (already reduced form) 


Discriminant D = (3) FS (4) = = (—10)? + (—7} <0 


Goniometrical way of solution: 


10 
cos = ——; ф = 57°19’ 
y343 
x, = 2 17 cos 1996”, z,—5 


т, = —2 V7 cos (—40°54’) =, = —4 


я: = —2 V7 cos 79° 6" t= —1 
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or 
S = (5, —4, —1) 


Special cases of the cubic equation in reduced form 
(а) p=0 [(y|y?4-q— 0) (binomial equation) 
For solution see Section “Complex numbers", page 25 
(5) 9=0 uly + py = 0} 
Solution: 

yy +p)=0 и=0; из = Ур 


8 = 1o; +V—p} 


2.1.2.4. Definitive equation of the nth degree 


or 


General form: Ax" + Ba"-1 + Ca^? --...—0; A +0 
By division by A we obtain the normal form 


х" A Aye") + oaa ax"? + ++ + ay = 0 


where the coefficients 2,4, буй...» др are real or complex numbers. 
The term a, without z is called the absolute term. 

The solution set S of an algebraic equation with the range of variation 
х € C is never empty. 


Fundamental theorem of algebra 


An algebraic equation of the nth degree possesses exactly n real or 
complex solutions (roots). 


Breaking up into linear factors 
If 2z,,25,..., x, are the roots of the equation, we have 
x" + Aya") + au ax? H +a = 0 


(ж — 2,) (а — ж) (£ — 23) -++ (£ — ay) 


Vieta’s theorem of roots 


Ж + Za + Xj + tan = — üna 
Tla + Tts + © -F Lata + Tafa + co Maka = 0 -а 


Llata F лата F cob 200304 + 2520325 + с + Хиль = —@п-з 


Ips ae Tn = (-1)"a, 
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The roots of an equation in its normal form with coefficients that 
are integers can often be found, by way of trial, using Vieta’s the- 
orem of roots if we can presume that they are integers. 


Example: 
{a |х% — 23 — 732 + x + 6 = 0} 
2125032, == 6 (absolute term) 


Factors of the absolute term are +1, +2, +3, +6. 
By way of trial we shall find: 


д =1, z= —1, z4,— —2 and z,—3 


or 


S = {1; —1; —2;3) 


If we find only one solution 2, by way of trial, the degree of the 
equation can be reduced by dividing by the respective linear factor 
(а — х,у). 

Horner’s array сап also be used. 


2.1.8. Transcendental equations 


Goniometric equations 


See page 189. 


2.1.3.1. Exponential equations 


The variable occurs in the exponent of powers or roots. In a few 
simple cases, the exponential equations can be reduced to algebraic 
equations, mostly by a logarithmic procedure on both sides of the 
equation. 


Examples: 
1. i | Varra = "z 
Solution: 
zr2 2—5 
аз =a? ; шан а ыр; 2x + 4 = 3x — 15; z = 19, 
3 2 | 
or 


S = {19} 


2.1. Equations 89 


2. fe | 27 4 379 — 3-1 gry 
Solution: 

27.2 p 32. 3-3 — 34.321 — 27. 2-2 

216.2* + 27.21 = 36-37 —4.3*; 243-27 = 32 - 37; 


3. { | 497 . 522-3 — 67] 

Solution: 
3х lg 4 + (2х — 3) 105 = z lg 6 
z(31g 4 + 2165 — lg 6) = 3 lg 5 


yS 31g5 
^ 3164 + 2165 — 166 
ог S= В. 
3154 + 2lg5—Ig6 


Many exponential equations cannot be reduced to algebraic equations 
and can be solved only by graphical methods. 


2.1.3.2. Logarithmic equations 
The variable also occurs in the antilogarithm. In general, solution is 


possible only by graphical methods. Only in special cases, will a 
reduction to an algebraic equation be successful. 


Examples: 

1. 42131 (22 — 7) + 8 = Vin (2z — т) + 20) 
Substitution y = ln (2x — 7) 
Зу + 8 = Vy + 20 
9y? + 47у + 44 =: 0 


From this one obtains two values for y. By substitution y = In (2x—7) 
we obtain e? = 2x — 7 from which v сап be calculated, 


90 


2. {© | lg (x? + 1) = 21g (3 — <} 
Solution: 


Ig (z* + 1) = lg (3 — z)? 
101802551)  — 101813-1)? 


£41 = (3 — x} 
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2.1.4. Approximation methods for determining 


the roots of an equation 


2.1.4.1. Regula falsi (rule of false position) 


(linear interpolation) 


If the equation 2% + dp"! +--+» + ag = f(x) = 0 has a root 
between the values 2, and =, that is, if /(21) and /(25) have opposite 
signs, we obtain an approximate value which is improved as compared 


й 


with z, and z, namely 


0o — 21) Ка) 
Қа) — f(a) 
Geometrical interpretation: The curve 


is replaced by the chord through P, 
and P, (chord approximation method) 


Tz = Жү 


Example: 
{2123 — х= +7 = 0} 


Relevant functional equation 


f(z) =T 


We read off from the table of values: 


Ка) =1 
ж = —25; fle) = —6.195 


ар = —2; 


(25 $2)-1_ ,, 05 


= —2 + 
Кз) = 0.200 


1 + 6.125 


A repetition of the procedure leads to closer approximations, 
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9.1.4.2. Newton's method of approximation 


If the approximate value z, of a root is known for the equation 
a? разл? + +++ + ау = Қа) = 0 a better approximation will be 
obtained from 

Қа) , 

t = t — =—, 2,) +0 
1 — р) f(a) 

The procedure will fail if, at the point 
of approximation, the curve f(x) takes a 
course almost parallel to the x-axis, or if 
an extreme point or a point of inflection 
with a tangent at the inflection point 
almost parallel to the x-axis lies between 
the approximate value and the precise 
root value. 
Criterion for applicability: In the inter- 
val, which contains ло and all approximate 
values, the following must hold: 


fe" (а) 


Ur 


Geometrical interpretation: The curve is replaced by the tan- 
gent at the point of approximation P, on the curve (tangential 
approximation method). 


т< 1 


Example: 
{к | x3 + 2x — 1 = 0) 


Relevant functional equation f(x) = 23 + 2z — 1. 

The table of values gives as approximation z, = 0.5; f(x,) = 0.125. 
Derivatives f'(x) = 322 +2; f(x) = 6x 

Ма) = 2.75; f(z) = 3, hence 


fe" (a) 


ҮРҮ А 0.05 < 1 


12 
£ = 0.5 — 0145 a~ 0.5 — 0.045 ~ 0.455 
2.15 


f(x) = 0.004 


The procedure can be repeated any desired number of times. Both 
methods can also be applied to nonalgebraic equations, 
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2.1.4.3. Iterative methods 


We bring the equation f(x) = 0 to the form x = ф(х). На is an 
approximate value of a root of an equation, and if the condition 
Іф (а) Sm < 1 is satisfied for this value 21, then x, = g(x,) is a 
better approximation. Several applications of this procedure will 
improve the accuracy. For g’(x,) — 0, two successive approximate 
values lie on different sides of the exact root value, hence, the 
achieved accuracy can be estimated. 

If |g’(x,)| > 1, the inverse function must be introduced. 


Example: 
{a | z3 2х — 6 = 0} 
Approximative value x, = 1.45 for a root, f(x,) = — 0.051375 


6 — 2 
2 


я = = ф(х) 


р 32? , TET. 8145 
gp’ (x) == $3 |p’ (84)| = |g/(1.45)] = 3.14375 > 1 


; 2 = 6 — 2z; c= V6 2a == р(х) 


5 dy 145) = | — — | <t 


3. 13.12 


From this follows: 


a, == 1.45 


T 
ж = V6 — 2 - 1.45 = 1.4581 


bn a ee ee 
хз = V6 — 2- 1.4581 = 1.4556 


ete, 
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2.1.4.4. Graphical solution of equations 


The equation in normal form is transformed into a functional equation 
by putting the left-hand side equal to y. When this equation is 
represented graphically, the points of intersection of the curve 
obtained with the x-axis give the real solutions of this equation 
(y = 0). 

Sometimes it is of advantage to write the equation to be solved in 
the form g(x) = р(х) and to represent the two sides as separate 
functions graphically. Then, the abscissae of the points of inter- 
section of the graphical representation of the two equations correspond 
to the real roots of the conditional equation. 


Example: 
{c | a? — x — 6 = 0} 


a?—r—6-—y 


я = —2 
аз = 3 
Example: 


{к | a3 — 1.5x — 0.5 = 0} 
а = 1.52 + 0.5 


The points of intersection of the curves re- 
presenting the functions 


ф(х) = y = 22 and 


y(x) = y = 1.52 + 0.5 
yield, together with their abscissae, the solutions 


zı = —1; жулу —0.4; 2,2 1.35 


2.1.5. Systems of equations 


For the unique determination of » variables, we require equations 
that are independent of each other and simultaneously true. The 
general procedure for solution is by reducing the п equations with 
п variables step by step to one equation with one variable. 
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The value of this one variable calculated from this equation can then 
be used to determine, step by step, the other variables. 

If fewer than я equations, or equations depending one upon another, 
are available, arbitrary values of the domain of definition are assigned 
to one or several variables as independent variables and the values 
pertinent to the variables determined. 

The solution set S of a system of equations is equal to the inter- 
section of the solution sets of the individual equations 81, S,, ... 


8 = 8,0 8,0-- 


2.1.5.1. Linear equations in two variables 


The solution set is the set of all ordered pairs of values (x; у) € RXR 
for which the forms of statements become true statements. 


Written as: 

S = {(x; y) | (x;y) Є Вх Влах + ayy = b 

A Ag + dos = ba} 

or, if the domain of definition is obvious, in short 

S = (e; у) | аул + apy = b, ^ dye + ау = ba} 
Substitution method 
Example: 

(2; y) | 3x + Ty — 7 = 0^ 5x + 3y + 36 = 0} 
Solution: 


3% + Ty- 7=0 
5a + Зу + 36 =0 
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or 


Equating method 


We calculate one of the variables as a function of the other one from 
both equations and equate the obtained expressions. 
Example: 
(2; у) | 3x + Ty — 7 = 0 a 5x + 3y + 36 = 0} 
Solution: 


За + Ty- 7=0 —8ж-+ 7  —dx — 86 


5a + Зу + 36 = 0 7 3 
Ty = —3a + 7 
Зу = —5z — 36 
_ c +7 ano 
1 
=5— 
усе 


or 


fon 


Addition method 


We multiply both sides of each equation by suitable factors so that 
one variable shows the same coefficient in both equations. By adding 
or subtracting the two equations we obtain the value of the remaining 
variable. 
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Example: 
(e; y) | З= + Ty — 7 = Ол 5x + 3y + 36 = 0) 


Solution: 


8:41)- 7=0 -8 
5х 3y--36—0 | -7 


9r 4-21y — 21=0 


35z + 21y + 252 = 0 + 
262 -+ 273 = 0 
1 1 
= —10—; = 5 — 
* zt o. 


or 


2.1.5.2. Linear equations in three variables 
Substitution method 
Example 1: 
3x + 3y H- 2-17 (Г) 
32-- у + 32= 15| (Ш) 
ж + Зу + 3z = 18 | (III) 
From (I) z = 17 — 8 — Зу 
substituted in (II) and (III) 
З= + y 1 3(17 — 3х — Зу) = 15 
x + Зу + 3(17 — 3x — 3y) = 13 | 


—6z — 8y = —36 
—8x — бу = —38 


ees a ЕЁ, ge 
7 7 7 
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ft) 


Equating method 


or 


Example 2: 


82 + 3y + z2=17 
3% + у + 32 = 15 
z+ 3y + 3z = 13 


z = 17 — За — Зу 


2 15 — 3x — у 
3 
Q2 Boe 3у 
3 
17 — 3ж — 3y = Se 


3 
15 — 3x —y 13—2—3y 
3 e 3 


For the result see example 1. 


Addition method 


Example 3: 
3x + Зу + 2 = 17 
3x + у + 32 = 15 
x + 3y + 32 = 18 


бх + 8у = 36 
2x —2y = 2 


For the result see example 1. 


a 


7 Dartsch, Mathematical Formulas 


97 


98 2. Equations, functions, vectors 


9.1.5.8. Gaussian algorithm 


System of equations of n linear equations with n variables 


yyy + аә Б -H Чаша = бү 
Ag, H- Gaga H +++ + Quà = Cy 


(3121 -- apto +- +++ | бана = Cg (1) 


аһ + Gato + -- + Annn = ба 
an + 0; coefficient determinant 4 + 0 


We multiply the first equation of (1) by —" and add to the 
a 


и 
second equation. If we then multiply the first equation of (1) by 
41 and add to the third equation, etc., all terms containing 2, 
ац 
are eliminated, and the original system of equations (1) is reduced 
to a system of n — 1 equations with n — 1 variables. 


, , LO, 223 2 

(agito + баай + e + Ab yy = ба 
, , d = 

@ Ха + Gssttg -- +++ + зру = Cg (2) 


арал, + Gag + ++ + Aga = ба 


If we proceed in a similar way with respect to system (2), we arrive 
at a system of n — 2 equations with п — 2 variables, etc. Finally, 
system (1) yields the following so-called staggered system of equa- 
tions 


4421 F latg + Ayata +--+ H уа = Cy 
Azt + atta + з + аздар = Ce 

” ” vu 
аз3®з + +++ + Gaga = C3 (3) 


(n—1) em n-i 
апр Er = Cp! у 


from which, starting with z, from the last equation, the variables 
can be calculated one after the other. 
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Example: 
a+ 2y —0.72—21 (—3) ‚ (—0.9) 
Зх + 0.29 — г = 24 
0.92 + Ty— 22 = 21 
a+ 2/-072- 21 
| 5.2 
— 5.8у + 1.1 2 = —39 "ng 


5.2y — 1.372 = 84 


х + 2y — 0.12 = 21 
—5.8y + 1.12 = —39 
11.13 719.1 


z = —— 


29 29 


z= 70; y= 20; х = 30, thatis, S = {30; 20; 70} 


2.1.5.4. Quadratic equations in two variables 


A system of equations in the form 


ауа? + bxy + cy? + Чул + ey + fi = 0 
аз? + уху + cay? + 4х + ey + fa = 0 


can be solved by the substitution method; however, this procedure 
is rather troublesome because it leads to an equation of the fourth 
degree. 

Special cases 

(a) One equation is quadratic, one linear 


The substitution method is useful. 


Example: 
а? + у? = 25 
x —у = 4 


у = x — 4substituted in the first equation leads to 2? + (х — 4)? = 25 
(quadratic equation). 


7 * 
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(b) Pure quadratic equations (without any term with ay) 
'The addition method is useful. 


Example: 
922 —2y? = 18 | -3 | + 
ба? + 3y = 47 | -2 | + 
372? = 148 
42-04 
% = 2; t= 2; w= —2; m 2 
у= 3; У = — 3; ys = 3; У = —3 


ог 
S = {(2;3); (2; —3); (—2; 3); (—2; —3)} 


(c) Equations where only xy occur as a quadratic term 
Both the addition method and the substitution method are useful. 


Example: 
5x -- y 4- 3 = 25у (р 
ху = 2: — у +9 | (П) 


—Qay + 55 + y+ 320 
ху — 2z + y — 9=0 | -2 
z+ Зу — 15 = 0 

д = 15 — Зу 


substituted in equation (II) yields 
y(15 — Зу) = 2(15 — 3y) — y +9 


a quadratic equation for y. 


(d) Two homogeneous quadratic equations 

Equations are called homogeneous if their left-hand sides are 
homogeneous functions of the variable. A quadratic function in x 
and y is called homogeneous if it contains only terms of the same 
degree, that is, 


Ha, y) = ax? + bay + су? 


The substitution y = zz leads to a quadratic equation for z. 
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Example: 
а®— zy t+ y= 39 
242 — 3xy + 2y? = 43 


x? — z+ a?2? = 39 


257 — За?» + 22?2? = 43 


241- z+ 2?) = 39 
а2(9 — 3z + 22?) = 43 


x 2 
„кй Ee кав (quadratic equation for z) 
2 — 32 + 222 43 


бы а 

LS 5 ? 2 7 

By substitution, we obtain quadratic equations for 2, or zs 
from this. 


2.1.5.5. Graphical solution of systems of equations 
in two variables 


Systems of equations of the first degree 


Each equation of the first degree in x and y can be considered a 
functional equation and, when graphically represented, yields a 
straight line. These lines intersect in a point whose coordinates re- 
present the real solutions of the system of equations. 


Example: 


a+ Зу = З 
а — Зу = 9 


1 
——-—sz41 
y 3*3 

1 
——g-—3 
ийг” 


Solution: 
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Note: If the two lines are parallel to each other or if they coincide, 
the equations of the system contradict each other or are no longer 
independent of each other. 


Systems of equations of the second degree 


An equation of the second degree in z and y, taken as a functional 
equation, yields a conic section (parabola, ellipse, hyperbola) in a 
graphical representation. 
If the second equation of the system is linear, it is represented by 
a straight line intersecting the conic section; the coordinates of 
these points of intersection give the required solution of the system. 
If both equations are quadratic, their graphical representation yields 
two conic sections. Then the coordinates of the points of intersection, 
of which there may be two or four, 
yA are the real pairs of roots of the system 
of equations. 


ety = 3 (П) 


Equation (1) represents a circle with 
radius r= 5 described about the 
origin as center; equation (II) repre- 
sents a parabola with the vertex 
(0; 3). 

The coordinates of the points of intersection give the following pairs of 
roots: 


түл 2.7; yi, —4.2; 1. = —2.7; Yo —4.2 


or 
S = (2.7; —4.2); (—2.7; —4.2)} 

8.3. Inequalities 

Definition 


If mathematical expressions are connected by one of the ordering 
symbols <, <, >, =, the resulting proposition is referred to as an 
inequality. 

If expressions without variables are in this way connected with 
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each other, an inequality represents a true or false statement, e.g. 
7 < 5 is a false statement. 

An inequality with at least one variable represents a form of statement 
which is transformed into a true or false statement if the variables 
are assigned values of the domain of definition of the variables. 

The solution set is the set of all values for which the inequality re- 
presents a true statement. 


Equivalence: 


1<7T7,57,+7<7,+T7 T meaningful expression in 
the domain of variables 


T, < T, => T,T < T,T T9 


Calculating with inequalities 


Т,«Т,.эТ,Т-Т,Г T<0 
OTT 

T, «T, and Т,-1,-э1Т,-1,-1,-1, 

T; «T, and 7; < T, > ТТ, < Т,Т, Т,1,-0 
T,«T,2 —T,» —T, 

TY+T"S(7,4+7.)"  TQT,—0; n+0; nEN 


(14- T^ 21 от T20, пЕМ 
27 x ЄЙ 
Үн т<ї+^ T>0, n€N (01 
n 
2.3. Functions 


2.8.1. General 
Definition 


If the mapping of the set X onto the set Y is unique, that is, if exactly 
one y € Y is made to correspond to each х € X, the mapping is called 
a function. 
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It represents the set f of ordered pairs (x, y), which is a subset of the 
Cartesian product Rx R. 


Set X = domain of definition, original set, set of the argument values 
Set Y = range of values, image set, set of the function values 

ж independent variable 

y dependent variable 


If both the originals (х € В) and the images (y € В) are real numbers, 
we speak of a real function. 


Written as: 


y = f(x) forthe mapping ї--у 


Representations 
Analytical representation in explicit form y = f(x) 
in implicit form f(x, у) = 
in parametric form € = git) 
y = v(t) 


Exactest way of writing 
f= {@, у) | у = Ка), rcx, ye Y} 


f= {ж f))z€X.y€Y) 


Tabulated representation 
Graphical representation 


or 


Classification of functions 


real functions 
rational functions irrational] functions 


rational integral functions ^ rational fractional functions 
Rational integral function of the nth degree 
Y = аа" + a, 4x" + +++ + аул + Ay 


for ne N; ay€ B; a+0 
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Rational fractional function 


вх” + Ana") + ++ Нах + ay 
Б" + bpt 4- ++ 4+ bx + bo 


for nme М, а, ЕВ, a,, b, + 0 


y= 


Proper fractional function for n < m 
Improper fractional function for п > m 
Linear fractional function for n = m = 1 


Algebraic function 


апу" + алу"? + + + ау + d, — 0 


for n € N, a, + 0, a, rational integral functions of x of the kth 
degree 


Transcendental function 


A nonalgebraic function is called transcendental. 


Identical functions 


If the domain of definition and range of values of two functions are 
in agreement and if, by both functions, each z € X is mapped onto 
the same function value y € Y, the two functions are identical: 


Қа) = g(x) 
However, f(x) = g(x) means agreement only with respect to certain 


argument and function values. 


Even and odd functions 


Even function: f(—x) = f(x) ХЕХ 
Odd function: К-а--Да)р aw EX 


Monotonic functions 


A function у = f(x) is referred to as monotonically increasing if within 
the domain of definition f(z,) X f(x.) holds for х, < a. Jt is called 
monotonically decreasing if within the domain of definition f(x) = f(x) 
holds for x, < a. 
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If, in the whole domain of definition, f(z,) < f(z,) or Hæ) > f(x) 
holds for жү < xz, the function is called strictly monotonically increasing 
and strictly monotonically decreasing, respectively. 


Homogeneous functions 
A function 
НЕВЕ ВЕ ..., Lp) 
is called homogeneous if it satisfies the condition 


ЦЭЭЖ ЭРЭ ДЭМЖ 


k degree of homogeneity 


Zeros, poles, gaps 


Zero ху of a function is the value of the independent variable х where 
the function value disappears. (In the case of rational fractional 
functions, numerator == 0 or denominator Fes. oo.) 


Pole x, of a function is the value of the independent variable x where 
the function value y — oo. 
(In the ease of rational fractional functions, denominator — 0 or 


numerator —— oo.) 
LX p 


Gap of a rational fractional function is the value of the independent 
variable x where numerator and denominator disappear. 


Continuous functions 


The function y = f(z) is said to be continuous at point a if it is defined 
in an arbitrary neighborhood of a and if for each є > 0 there is 
a 6 = ó(a, =) so that, in the given neighborhood of a, for all x for 
which |х — aj < ô, the inequality |/(z) — Ка)| < = holds. 

A function y = f(x) defined in the interval [а, b] is said to be uni- 
formly continuous if, for each = > 0 there is a number д = 0(=) > 0 
independent of х so that, for. all x and x + A in the interval [a, b], 
the inequality |f(x + А) — f(z)| < = holds if |А < д = d(e). 

If the functions /(2) and g(x) are uniformly continuous in the interval 
[а, b], then the functions f(x) + g(x), f(x) - g(x) and, if the inequality 


g(x) + 0 holds in [a, b], 23 are also uniformly continuous in [a, 5]. 
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All points for which the conditions of continuity are not satisfied, are 
referred to as discontinuities. 


Examples: 

1 ты бы, : : 
y = — is discontinuous at point x = 0 (pole) 

x 

3 xus А : 

y= ; 8 discontinuous at point х = 0 

1— e (the function jumps from one value to another опо) 
y= 4? — 1 із discontinuous at points x = + 1 


a? —1 (gap atx = +1 and pole at x = —1) 


If lim f(x) exists, the discontinuities can be reduced; the limit lim f(x) 
1—0 т-»а 
is assigned to the point x = а at which the function is not defined. 


Periodic functions 
fla) = Ке + ВТ.) | T, period 
keG 


Inverse functions 


If we map the images onto their primitive elements, we obtain the 
inverted mapping of the original mapping. 

In case this mapping is unique, the function has an inverse function, 
that is, exactly one image is mapped onto each original and one ori- 
ginal onto each image. 

We write: f-!(z) is called the inverse function of f(x). We obtain the 
inverse function of y = f(x) by interchanging the letters 2 and y and 
solving the new equation also for y, if possible. 


Example: 


or f(x); interchange: 2 = SELAR 


КЕТ 1+у 


y 


Ч Ши: 
wey cs 


Each strictly monotonic function has an inverse function. 
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2.3.2. Further methods of analytic representation 
Horner’s array 


Tt is useful for rapidly calculating a function value of a rational 
integral function. 


y = 4,2" + a, e™ |... +a for g =t 


аһ Qn- а-ә an-3 -t Ay 
Р 3 2 
0 AnXy Apt? - an-ti Ant H Anat + Ost, 


аһ Anty + а, Ant? + Anty + lpo 
ада? а-л? + an- + Gas 
% 
ап" + agam + ApoB" |... 
ад" + Gy ax" + Aggy"? + +++ + ау = Ка) 
First line: Coefficients of the function. It should be noted that, if 
one term a,2"-* is missing, zero must be put in the respective place in 
the first line of Horner's array. 
Step 1: multiply a, by x, and add to a,_, 
Step 2: multiply the sum again by z, and add to a, 
Step 3: multiply the sum again by x, and add to a, , 
etc. 


The last sum is the function value to be found. 
Example: 
f(x) = ай + 223 — 5x + 7 
at the point x, = 2.3 
to be calculated. 
12 0 —5 7 (coefficient line) 
0 2.3 9.89 22.747 40.8181 


1 43 9.89 17.747 47.8181 = /(2.3) 
12.3) ~ 47.82 
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Approximate representation of functions by interpolation formulas 


Lagrange’s formuia 


(ж — Ta) (x — £s) (y — 24) `: (x — Tn) 


у = f(x) = y (жу — 2) (£, — a) (x, --44) - (ту а) 


(ж — ху) (1 — 23) (£ — £4) «++ (ж — 24) 
TM (2, — ху) (Lz — 13) (% — 24) +++ (E2 — En) 
(ж — x) (ж — 23) (z — ag) «++ (x — Tn) 


(En — 24) (En — 23) (En — La) (En ++ — Lar) 


+ Yn 


where 9, Y» Ур +++» Yn ате the function values belonging to 21, £z 
5, ..., 24 and which are known or given. 


Example: 


Find the function in analytical representation for the following table of 
values. 


x| i 4 6 9 

yl 25 3 6 

— o (& — 4) (x — 6) (= — 9) (c — 1) (x — 6) (x — 9) 

у=? 1—4)10—60-—9 ° (4 — 1) (4 — 6) (4 — 9) 

qa Me pec AE ge ao S) oe) 
(6 — 1) (6 — 4) (6 — 9) (9 — 1) (9 — 4) (9 — 6) 

у= — È (è — 192 + 14s — 216) 


ЗЬ + (23 — 1622 + 695 — 54) 

— 1 (дэ — 1422 + 49r — 36) 
10 

E — Па? + 34x — 24) 


1 3 32 
=— g — — 42 + — = — 3 
У — 10 а Е 
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Newton’s formula 


y = yy + Aye — ху) + As(x д) (x — 23) 


+ Aale д) (£ а) (£ а) + 


+ Aso — ху) (e — ту) (1 — хз). (£ — x) 


where 
Ae У — Yı ; AS (ya — 9) — Alta — zm 
T — Wy (a3 — 24) (2; — 22) 
4, = (Ya — Yr) — A (£4 — m) — Аа — m) (£4 — 29) 
Аз == — А-АА 
(ж — 24) (x4 — 23) (24 — 23) 
etc. 


This formula becomes much simpler if the x values are equally spaced, 
that is, if 


XQ — Ly = X4 — Y = X4 — Wy SH = Lp — Bp- Hh 
By putting 


Va — Уу == Ау, 

Уз — Yo = Ду». 

Va — Уз = Ду»... 
Ay, — Ay, = Ауу, 
Дуз — Ay, = А?уз, 
Ay, — Дуз = A*ys, ... 
Ty, — Ay, = Pj, 
Ay; — Дуз == АЗу,, 
Ay, — AY = A944, ... 


Any, — Ау, = Ang, 
Any, — A™ Py, = A™ "yp, 
noy, — Ay, = Ans, ..., 
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we obtain 
м Дуу — z) , A*y,(a — x) (x — xa) 
WIND ame t 2112 
АЗуу(ж — ху) (ж — a) (1 — ху) 
цанын ан 
Д" (x — ху) (x — X2) (€ — 23) +++ (x — En) 

(n — 1)! An 

Example: 


Find the function in analytical representation for the following table 
of values. 


23456 
3.5 42 7 


ЫЫ 


Step 1: determination of the differences 


Ay, =5—3= 2 
Ay, =4—5= —1 
Ay, = 2 — 4 = —2 
Ay, =7—2= 5 


Ay, = —1 — 2 = -3 
Ay, = —2 + 1 = —1 
Ay = 542— 7 


1 


Ay = —14+3=2 


Aty, =8 —2=6 
Ау, = 741-8 M 


Step 2: putting in the formula 


" 2(х —2) , —3(x — 2) (x — 3) 
у=З-+ түгү + 21.1? 
2(х — 2) (x — 3) (x — 4) 
Ел 31-13 
6(ж — 2) (x — 3) (x — 4) (a — 5) 
T 41.14 
РРС РЕ 
еа Е Tons х 4-12 
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2.3.3. Graphical representation of functions 

Algebraic functions 

Rational integral function of the first degree (linear function) 
General form: y = ауе + ау 

Form of curve: straight line 


a, == tan х direction factor where ос is the angle which the straight 
line makes in a rectangular coordinate system with the 
positive z-axis 


а > 0 increasing straight line 
а < 0 decreasing straight line 
ад segment on the y-axis 


а,= 0 straight line through the zero point 


Example: 


a, = const., parallel а = const., straight lines through 
straight lines the same point on the y-axis 


Rational integral function of the second degree (quadratic function) 
General form: y = а + аул + а, 

Form of curve: quadratic parabola, axis parallel to ordinate axis 

а > 0 opening above 


а <0 opening below 
04 ал? 


Parabola vertex V ; 
2а, 4a, 
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Normal form: у= а + рх 4-9 with 


пв 1087-4) 


Form of curve: normal parabola, 
axis parallel to ordinate axis 


Special cases 
y = a,x? parabola with ver- 
tex at origin 
44-1 normal parabola 
|| < 1 wider parabola 
[| > 1 narrower parabola 


y = 2? +a, normal parabola with vertex V(0, бо) 
y = (= + 6)? normal parabola with vertex V(—8, 0) 


Rational integral function of the third degree 
y = аза? + аза? + ах + ay 

у=х?- 6x? +11x-5 Form of curve: 

cubic parabola 


аз > 0 The parabola ex- 
tendsfrom the lower 
half-plane to the 
upper half-plane 


аз < 0 inverse behavior 


ад displaces the curve 
in the direction of 
the ordinate 


у=х?- 6х+Пх-6 


8 Bartsch, Mathematical Formulas 
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Fart. 


Special case: 


n 
3 
2 
7 


y = 3? cubic normal parabola 


d 

~4 

E 
Even power functions У 
9 
у = x" for n€N 8 
7 
Form of curve: 6 
Family of eurves of normal parabolas of the 5 
second, fourth, ... degree 4 
3 
Vertex V(0, 0), 12 
y = —2?" yields the same parabolas opening f 

below. 


Odd power functions 


y = 27 for n€ N 
Form of curve: 


Family of curves of normal parabolas of the 
third, fifth, ... degree in the first and third 
quadrants; origin as center of symmetry 
у = —a?'*! yields the respective family of 
curves in the second and fourth quadrants 
which is obtained by reflection from the 
X-axis. 
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Even power function with negative exponent 
yz?" for ne N 
Form of curve: 


Family of curves with hyperbolas in the 
first and second quadrants y = — 272" 
yields the corresponding family of curves 
in the third and fourth quadrants which 
are obtained by reflection from the 
x-axis. 


Odd power functions with negative exponent 
у = x00 for n€N 
Form of curve: 


= Family of curves of hyperbolas in the first 
and third quadrants, origin as center of sym- 
metry 


Special case: л= 0; y=! Ts 
equilateral hyperbola z 


за № фо ж © суз: ә 


3-2 


| 
| 
| 
| 


у = -аг 7+) yields the corresponding curves in the second and 
fourth quadrants which are obtained by reflection in the z-axis. 


Inverse function 


The image of the inverse function is found by reversing the image 
of the original function (original curve) with reference to the straight 
line y = x. 


8* 
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Root functions 


n 


y = Jz is the inverse function of y = z^ 


n € N N (0; 1} 


-6-7-6-5-4-3-2- 


For periodic functions see Section 9. 


Transcendental functions 


Exponential functions 


y = a* yields exponential curves for positive values of а which 
always pass through the point (0, 1). 


ape 


Уй 
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Logarithmic functions 


у = log, x yields logarithmic curves 
for x > 0; а> 0; а + 1 which always 
pass through the point (1, 0). The log- 
arithmic functions are the inverse of 
the corresponding exponential func- 
tions. 

For trigonometric functions, antitrigo- 
nometric functions, hyperbolic func- 
tions and their inverse see the respec- 
tive Sections. 


2.4. Vector calculus 


2.4.1. General 


The definition of the vector as a single-rowed matrix, given on page 66, 
admits of a geometric interpretation which is used especially in 
physics. 

The essential properties of a vector are a numerical value or magnitude 
(a length), a direction and a directional sense. It is graphically re- 
presented by an arrow whose direction and sense correspond to those 
of the vector and whose length is proportional to a numerical value. 
For example, a parallel translation in a plane or in space can be 
represented by a vector, the direction of displacement being specified 
by the direction of the vector and the length of the displacement- 
segment by the magnitude of the vector. 


Definitions 


Vectors are denoted by a, b, ... or AB, BC, к 
B The length of a vector is called its magpitude and 
d is written as |a| — a. Nullvectors have length 
7 zero and are regarded ав having no definite 
direction. 


Position vectors are vectors with a common point of origin. 
Radius vectors т are position vectors whose points of origin are at 
the origin of a coordinate system. 


Unit vectors are of length 1. They are denoted by 80, 67, ... 
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Unit vectors with a common point of origin O 
whose directions coincide with the axes of a 
rectangular coordinate system in space are de- 
noted by i, j. k (unit coordinate vectors or basis 
vectors). 

The following considerations are based on a 
right-handed system of coordinates which is char- 
acterized by the fact that a rotation from the 
positive z-axis toward the positive y-axis with a simultaneous dis- 
placement in the direction of the positive z-axis yields a right-handed 
screw. 


Collinear vectors are parallel to the same straight line. 
Coplanar vectors are parallel to the same plane. 


Opposite vectors have the same magnitude but opposite directions: 


T= a] 
= lal = |—al 
ВА = ~a | 


Two vectors a and b are equal if they are of the same magnitude, 
have the same direction, and the same sense. They can be arbitrarily 
translated in space (free vectors). Bound vectors such as occurring in 
physics (e.g. field vectors) are vectors whose point of origin is fixed 
at a definite point in space. 

Quantities that are defined only by a numerical value are called 
scalars to distinguish them from vectors. 


Representation of vectors in terms of their components 


The projections of a vector a onto the three coordinate axes x, y, 2 
yield the components of the vector a: 


Az, By, 8, 


Scalar components of a: 


Їйл| = ах; layl = ау; la;| = az 


If point of origin and terminus of a have the coordinates 21. уу, 2; and 
Xo. Yo, 25. respectively, it follows that 


Ap = Ез Gai Чу = Ja — У; Uz = 22 — 4 
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A vector is written as 
а = (az, dy, а.) = а +- a,j + ак = а, + a, + a, 
= аа? = а[і cos (a, 1) + j cos (a, į) + К cos (a, k)] 


Magnitude (absolute value) 


[а] = Vas? + ау? + а, = а = үа? 


(Pythagoras’s theorem) 
Similarly, we have 

i=(1,0,0); j=(,1,0); k= (0,0,1) 
Example: 

а = 5i + 2j — 6k 

а = |a| = V5? + 2 + (—6) = V65 ~ 8.062 


Direction cosine 


The angles which a vector a makes with the positive coordinate 
axes result from the so-called direction cosines of a: 


cos (a, i) = 25, cos (a, j) = “2; cos (а, К) = = 
а а a 


cos? (a, i) -- cos? (a, j) + cos? (a, К) = 1 
а, cos (а, 1) + ay cos (а, j) + а, cos (а, К) = a 


Example: 


Direction cosine for a = 5i + 2j — 6k (see above example) 


cos (a, i) = = 0.6202; < (a, 1) = 51°40’ 


062 


2 


cos (a, ]) = = = 0.2481; < (a,j) = 75°38’ 


cos (a, k) = -5 = —0.7442; x% (a, k) = 138°6’ 
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Addition and subtraction of vectors 


Vector b is added to vector a by parallel translation. The connection 
of the point of origin of a with the terminus of b results in the vector 
sum or resultant vector в = a + b. 

Subtraction of one or several vectors is re- 
duced to an addition of opposite vectors (see 
illustration): 


d =a — b = a + (—b) 


In this way, an addition of vectors leads to an open polygon which is 
closed by the resultant vector. 


Commutative law of addition 
a+b=b+a с d 
Associative law of addition 6 
5-а16+с+а+е 
а + (b+e)=(a+b)+ec etc. 
For the absolute value we have 
la +b] < + Ibl; |a — b| = [a] — Ы 


Formation of the sum or difference of vectors in terms of their compo- 
nents: 


a -t b — а, + а, - а, + (b, + b, + b;) 
=, (a, + b, T (ay £ by)j F (az = Ь,)К 


Example: 
а = —5i+ 12j + 7k b = 31 — 6] — 7k 
s = a + b = (—5 + 3) + (12 — 6j + (7 — 7)k 
= —2i + 6j 
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2.4.2. Multiplication of vectors 


Multiplication of one vector by one scalar 

па = ап represents a vector which is collinear with the vector a. 
n€R 
па = па, + па, + па, 
Ina] = [nl - lal 
п> 0 yields natfta (na has the same direction as a) 
п = 0 yields na = 0 (nullvector) 
т < 0 yields ла }{ а (na is opposed to a) 


Ny (Meh) = (nna 


Sealar product (inner product) 
We write: ab or a - b (read: ab or a dot b) 
Definition: 

ab = |а| - |b] cos (а, b) 


where < (a, b) is the smallest angle through which one of the vectors 
must be rotated in order to become parallel to the other. 
The scalar product also is a scalar. 


Commutative law: ab = ba 
Distributive law: (a + b)e = ae + be 
Associative law: 
(na)b = a(nb) = n(ab) 
but: (ab)e + a(be) 
For a tt b holds: ab = fal - |b] 
For a 1} b holds: ab = —|al - |b] 
Fora | b holds: ab = 0 
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For the unit vectors, it follows that 

іё = 1 Гр-1 2-1 

ij = jk=0 ki-o 
From this we have 

ab = ath, -|- dyby + a,b, 

a? = az? -+ ау? + а? 
Intersecting angle of two straight lines: 


dea by es a,b, + аб, + a,b, _ ab 
Vaz? + ay? + a) 2 + by? + 62) lel >Il 

Orthogonality of two vectors (a |. b): 

аб» + ayby + a,b, = 0 
Cosine theorem: 

(a + b)? = a? + 2ab + b? 

la + М = Va? £ 2ab + b? 

(a + b} — (a — b)? = 4ab 


Example: 
a = 16i + 4j — Tk b = 3i — 9j — 4k 
ab = 16-3 + 4- (—9) + (—7) (—4) = 40 
jal = V162 + 4? + 7? = 321 ~ 17.9 
Ы = V3? + 92 + 42 = 106 ~ 10.3 
40 


cos (a, b) = 179.103 дш 0.2168; X (a, b) ди 77229” 


Vector product (outer product) 


We write: ax b (read: a cross b) 
Definition 
axb=e 
je] = [a] - |b] sin (а, b) 
а, b, e form an orthogonal right-handed system. 
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Geometrical interpretation: The vector ¢ is perpendicular to 
the vectors a and b. The absolute value |e| is equal to the dimensions 
of the area of the parallelogram specified by a and b. 


axb = —bx a (The commutative law is not applicable!) 
Associative law: n(ax b) = (na) x b = ax (nb) 
Distributive law: (a +b)xe=axe+bxe 
а ^^) andat)lb>axb=0 
alb => |ax b| = |a| - |b] 
For the unit vectors, it follows that 
ixi=0 jxj^9 kxk=0 
ixj=k jxk=i kxi=j 
jxi= К kxj = —i ЇХЕ--,| 
The vector product represented in terms of vector components 
ах b = (ayb; — ba; + (a,b, — b,2;)j 
+ (алб, — b,ay)k 


i j k 

axb= | a, а, а, 
b, by b, 

Example: 

a = 16i + 4j — 7k b — 3i — 9j — 4k 
i j k 

ах) = | 16 4 —7 | = —79i-+ 43] — 156k 
3 —9 —4 


Multiple produets of veetors 


There are no laws for the combination of three and more vectors, 
neither for the scalar product nor for the vector product. In one 
caleulating operation, only two vectors can be combined with respect 
to their scalar or vector products. 
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Scalar product of three vectors: 
а; ау а, 
(ах В)е = | b; b, b: | -а(рхе)» 0 for a,b, с 
Cy бу С, right-handed system 
Geometrical representation: The scalar product of three vectors 


in terms of magnitude is equal to the volume of the prism specified 
by the three vectors a, b, e. 


(ax р)е = (bx e)a = (ex a)b = —(bx а)е 
= —(ex b)a = —(ax e)b 
Example: 
Determine the volume of the prism specified by the following vectors 


a = 3i + 6j — 2k 


b= 51 j + 7k 
e = 6i — 3j + 8k 
3 6 —2 
abe— |5 —1 7| =69 
6 —3 8 


(ax b)e = 0 if the three vectors are contained in one plane (coplanar 
vectors) or if one vector is the nullvector. 
Double vector product: 


ах (bx е) = (ac)b — (ab)e (theorem of expansion) 


The double vector product represents a vector which lies in the plane 
of the two vectors b and e. 
Products with four factors: 


b 

(axb)(exd) =| °° °° 
ad bd 

b 

(ax by 21723 
ab bb 


(axb) x (ex d) = e[abd] — d[abe] 
= b[aed] — a[bed] 
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y 2.4.3. Geometrical applications of vector 
ealeulus 


Distance between two points P, and P, 


: 16| = Ir, — ro] 
0 x 
Division of a line segment AB in the ratio А 
y 
r Ar. 
8 тү = -4———# tMg 
P e 1+4 
5 А > 0 inner point of division; А < 0 outer point 
of division 4 = +1 midpoint of the line segment 
0 ^ _ Та 1 ГВ 


TM 5 


Pointslope equation of the straight line 
г= г, ѓа, tcR 

Example: 
P,(3, —4,6); a= 2i + 4j — 5k 
г = 3i — 4j + 6k + ¢(2i + 4j — 5k) 


Equation of the straight line through 
two points 


T = T, + Цг» — г), ЕВ 


Example: 
P,(—1, 5, 7) 
P,(3, —4, 2) 


r = (—1)i + 5j + 7k 
+ {31 — 4j + 2k — (—1)i — 5j — 7k] 
= —i + 5j + 7k + (4i — 9j — 5k) 
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Angle of intersection of two straight lines 


<x (а, b) = are cos 


[а]. №] 


Distance between two skew straight lines 


ai (Гах b] (г, — т„)) A 
[ax b] [ax b] 


&, b direction vectors of the two straight lines 


Гу, го radius vectors to one arbitrary point on each of the two straight 
lines 


r, = zi у] + ak; г = xb yj + 2k 


а, а, 


ye — 9 21. — № 
The straight lines intersect if A = 0. 
Example: 
gı = (21 + 4] + 3k)t -+ 3i — j + 2k 
gj == (—41-- 4j + 6k)r — i -+ 5j + 10k 


2 4 3 
А = | —4 4 6 | = 0 Тһе straight lines intersect. 
4 —6 —8 


For the last row of the determinant, the radius vectors of the straight 
line points for t = 0 огт = 0 were taken as a basis. 

The point of intersection is obtained by equating the equations of 
the straight lines and comparison of coefficients. 


(21 + 4j + 3k)t + 31 — j + 2k 

== (—4i + 4j + 6k)r — i + 5j + 10k 
20-3 = —4т — 1 

4t—1—4r4 5 

3t + 2 = 6r + 10 
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From two of the above equations we have 


1 7 


т= = 


#=—; 
3 6 


These values must also satisfy the third equation, otherwise there will 
be no point of intersection. 
Radius vector of the point of intersection 


т, = (i+ 4j 3k) + 3i — j + 2k 


Parallel translation of the system 
of coordinates 


Fi г, — Го 


Equation of a plane through three points 
which do not lie on a straight line 


(r — r)(r— r)(r— r3) = 0 


This scalar product from three vectors in the 
form of determinants 


2—1) У 7—32 


фа у—у 2—25 | == 0 


0—03 y — Уз 2 — 23 


From this we obtain by marginal expansion 


1 
Xy yy 21 1 0 
1 


Ya Y2 25 
T3 ys 23 1 
Az -+ Ву + Cz -- Р” = 0 


A, B, C, D are subdeterminants of the elements of the first row of the 
above determinant 
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Form of intercepts: a, b, c intercepts on 2, y, z-axes 


x yz 1 
a 001 

= 0 or See pty 
060 1 a b с 
00 c 1 3 


Parametric representation of the plane 
r = г: + s(t — гу) = Мт, — Гу) 
8, t parameters 


I, Го, Т; radius vectors of three given 
points on the plane 


Г = Го -| su 4- tb z 
8, | parameters tb 
ry radius vector of the given point р а 


а, b direction vectors f 


Pointdirection equation of the plane 


(Equation of the plane through Р,, perpendicular to a) 


Position vector ny = — 
| 
n(r — n) = 0 
nr = nn 


nr4-D—0 


Hessian normal form of the equation of a plane 


From the above follows that 


пт —р=0 


p= Е distance of the origin from the plane 
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Distance of a point P, from the plane 


< 0 for P, and origin on the same side of 
the plane 

> 0 for P, and origin on different sides of 
the plane 


= Nro —р 


d = 00(г; — го) г, radius vector of a point of the plane 


4 4 хо + Ву + Czo + D 
Ү А? + B? + C? 


Angle between two planes 


Dn, 


cos (E,, Ej) = ЇГ Ind 
1 2 


Area of the plane triangle 
2A = вх г. + r;X rg + Ех r 


Гу, го, ra radius vectors to the corners 


Volume of a three-sided pyramid with vertex at the origin 


1 
V= s (г, X г2)гз 


Volume of a three-sided pyramid in arbitrary position 


v= HZ — r4) (re — тд (Fa — м) | P, vertex 
z, y % 1 
1 | 2 2 1 
put 2 Yo 2 
6 |z, уз z; 1 
Ta y. % 1 


9 Bartsch, Mathematical Formulas 


130 2. Equations, Functions, Vectors 


2.5. Reflection in а cirele, inversion 
Inversion: 


А 1 ? 
А = |A| ej? & В = — ci? 
ES 


Application: Inversion of transfer loci, conversion of resistance into 
conductivity, etc. 


Inversion of a pointer (directed segment) according to the above 
equation by graphical methods based on the unit circle: 


1. Drawing of the conjugate complex pointer A = [A] e? 
2. Drawing the tangents from the terminus of pointer A to the 
circle 


3. The connecting line between the points of contact of the tangents 


intersect pointer A in B, the terminus of the inverse pointer 
B=A’ 


Proof: 
А OBD ~ Л ODA; 


Taking the scale into consideration, we have: 
г = 1 А а units of dee b odia of B 
a 


e.g. diameter of circle г = 1 A 50 өт 8 


when converting resistance and conductivity. 
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Inversion of curves 


First theorem on inversion: A straight line through the origin by 
inversion again gives a straight line through the origin. 


Given: 
Straight line R(é) = tA 


Inverted: 
1 1 
Straight line — = — = 
raight line AT 


СА 


1. Drawing the conjugate direction through A > A 
2. Plotting the parameter scale ¢ for 


1 


THA 
Second theorem on inversion: A straight line not through the origin 
by inversion yields a circle through the origin. 


, 


Given: 
Straight line R(t) = В -+ tA 
Inverted: 
Circle ES =R = = БЫ 
Е В + {А 


1. Drawing the conjugate straight line R 
2. Drawing the normal to В > Rmin 
3. Reflection of Rmin in the unit circle > Влах 


9* 
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The tangent points 7, and T, are points of intersection of R with the 
unit circle and, at the same time, points of the circle obtained by 
inversion. 
Third theorem on inversion: A circle not through the origin by in- 
version again results in a circle not through the origin. 
Given: 
: 1 с+ 

Circle R(t) = Ry ++ oe A 

Inverted: 


А +tB 


Circle R’ = of the same kind 
C+D 


| 1 CD 
pP. A- Rot 4718 117: 
| Nf 

| : 

| х 

MES | 

| 32 

| 28 

+= 


—1——————- 
1 real axis 
| М. 2 
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1. Drawing the conjugate complex circle R. 


2. It is advisable to choose the scale for the inverted circle so that 
conjugate and inverted circles coincide. At this scale plot the 
parameter scale for the inverted circle R' as points of inter- 
section of the straight lines through the parameter points on the 
conjugate circle to the origin with this circle. 


When choosing a different scale for the inverted circle it should be 
noted that the tangents from the origin to the conjugate complex 
circle are also tangents to the inverted circle whereby the center 
will be always on the straight line through M and O. 


3. Geometry 


3.1. General 
Angles 


Adjacent supplementary angles add up to 180°. 
Vertically opposite angles are equal. 
Complementary angles add up to 90°. 
Supplementary angles add up to 180°. 


Angular measures 


Angles are measured in degrees, gons, or in radians (circular measure). 
The degree (sexagesimal measure) is divided in minutes (1° = 60’) 
and seconds (1^ = 60”). 

The gon (decimal division) is divided in minutes (18 = 100%) and 
seconds (1° = 10066), 


360? A 4008 90° A 1006 
The measure of an angle in radian (circular) measure is the length of 


arc cut off by the angle « on the unit circle with center at the vertex of 
the angle. 


TX 
arca = = 
180° 
e.g. 
arc 860° = 2x arc 60° = * 
3 л 
аге 270° = — п аге 45° = — 
2 4 
arc 180° = x are 30° = г 
аге 90° = ex arc 1? — 0.01745 


arc 1^ — 0.00029 
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An angle of one radian measure, 1 = 57?17'45" (1 radian = 1 rad) 
1 rad is the plane angle for which the ratio of the length of the asso- 
ciated circular arc to its radius is equal to 1. 


Angles formed by transversal to parallel lines 


Pairs of step angles are equal. 


/ a X = 04 у= у 
Cy В = В, ô= ô 


Pairs of alternate angles are equal. 
др x = у Y= а 
В = д, 8-8, 


Pairs of opposed angles are supplementary (add up to 180°). 
х д, = 180 y+, = 180° 


В + у, = 180° 6+, = 180° 


Symmetry 


A plane figure is called axially symmetric if a straight line exists (the 
axis of symmetry) such that the figure can be superposed on itself 
by rotation about the line through 180°. 

A plane figure is said to be centrally symmetric with respect to a point 
(the center of symmetry), if when rotated through 180° about the 
center of symmetry, the figure comes into coincidence with itself. 


Ray theorems 


First theorem on rays: If the rays of a pencil of rays are cut by paralle- 
lines, the ratio of segments on one ray is equal to the ratio of correl 
sponding segments on each other ray. 

Second theorem on rays: If the rays of a pencil of rays are cut by parallel 
lines, the ratio of the segment cut off on the transversals equals the 
ratio of the segments cut off on any ray. 
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First theorem on rays: 


or 
SA,:4,4,:4,4, 
= SB: B,B,: B,B, 
= 80,:0,0,:0,0, 
etc. 


Second theorem on rays: 


A,B,:A,B,:A,B, = SA: SA: SA; 
or 

B,0,: B0,: BO, = S0,:80,: S0, 
ete. 
From this follows that 


A,B,: B,C, = A,B,: BC, = A,B,: B303 
Fourth proportional 


4 А b 
a, b, c given line segments 
a 
a:b = с:2 
(А x 
Division of a line segment in a given ratio 
To divide a segment AB in the ratio m:n. 
Т ў m 
Маг Т B 
m 7 A 


The point of division obtained is more precisely called the inner point 
of division. 
Harmonic division of a line segment 


If a segment is divided internally and externally in the same ratios, 
we say that the segment is harmonically divided. 
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4 7-8 ГА 


Application of the first theorem on rays Application of the second theorem onrays 


T; inner point of division 
То outer point of division 


In a triangle, the bisectors of its interior angle and exterior angle 


divide the opposite side harmonically, in the ratio of the two other 
sides, 


The circle on DE as diameter is the 


A locus of the vertices of all triangles 
b for which one side (AB in the illus- 
tration) is given and the ratio of 
the other two sides is specified (the 
A D 8 Е circle of APOLLONIUS). 


Mean proportional (geometrie mean) 


22 = а: >а:х = ж: 


D 


Euclid’s theorem Altitude theorem 
See also tangent secant theorem. 
Circle and straight line 


Chord theorem: If two chords are drawn through 
one point in the interior of a circle, the product 


< of their segments is constant: 
ауа» = b,b, 
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Secant theorem: If two secants are drawn from a point outside a 
circle, the product of each segment and its outer segment is constant: 


aa, = bb, 
Tangent secant theorem: If a secant and a tangent are drawn from 
a point outside a circle, the product of the secant and its outer 


segment is equal to the square of the length of the tangent. 


aa = a? or а:х = v:0, 


Secant theorem Tangent secant theorem 


The length of the tangent is the mean proportional а 
of the secant and its outer segment (construction 
of the mean proportional). X 


Golden section 


A line segment is said to be divided in golden section if the larger 
segment is the mean proportional between the complete segment and 
the smaller segment. 


а:х = ж:(а — х) 


y5 —1 


2 


а ~ 0.618а 


2 = 


Construction 

1 
Erect the perpendicular BC = 5 а from В 
on the segment АВ = a, draw the join from 


1 
A to C, with center C and radius > a draw 


a circle which intersects AC in D and mark 


off AD on AB from A. E divides AB in 
golden section, 
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Application: The side of the regular decagon is the larger segment of 
the radius divided in golden section of its circumcircle. 


Similarity 


Plane polygons which agree in respect of the main attributes of 
shape are called similar (~). 


Theorems on similarity 


Two triangles are similar if they coincide 


in respect of two angles or 

in respect of the ratio of two sides and the angle included by these 
sides or 

in respect of the ratio of two sides and the angle opposite to the larger 
of these sides or 

in respect of the ratios of their three sides. 


Similar triangles are divided into similar triangles by altitudes or 
angle-bisectors or side-bisectors. 

In similar triangles the ratio of any two corresponding altitudes, angle- 
bisectors, and side-bisectors are equal to the ratio of two correspond- 
ing sides. 

The perimeters of two similar triangles are to each other as two corre- 
sponding line segments (sides, altitudes, side-bisectors, etc.). 


1:5 = 04:0, = 0:0, = 61:6, = Е 


(ratio of similarity, linear increase) 


The areas of two similar triangles are to each other as the squares 
of two corresponding segments (sides, altitudes, side-bisectors, 
etc.). 


4,:4, = Q: a = b: b = c: t = #2 (k see above) 


Polygons are called similar if they agree in respect of all angles and 
ratios of pairs of sides. 

The perimeters of similar polygons are to each other as a pair of 
corresponding segments (sides, altitudes, diagonals, etc.). 


Uy ig = 04:05 = 61:65 =... = k 


The areas of similar polygons are to each other as the squares of 
corresponding segments (sides, altitudes, diagonals, etc.). 


Ay: Аз = аа? а. = 62:2 =... = 2 
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The increase of the area of polygons is equal to the square of the linear 
increase. 


Position of similarity 


Similar polygons are in a similar position 
if corresponding sides are parallel and 
corresponding points lie on rays ofa pencil 
of rays. The vertex V of the pencil ofrays 
is called point of similarity. 


Congruence 


Polygons that agree not only in respect of shape but also in respect 
of the size of homologous pieces are called congruent (=). 


Congruence theorem 


Triangles are congruent 


if one side and its two adjacent angles coincide or 

if two corresponding sides and their included angle coincide or 

if two corresponding sides and the angle that lies opposite the larger 
of the two sides coincide or 

if all three pairs of corresponding sides coincide. 


8.3. Planimetry 
8.2.1. Triangle ABC 


Notations 


х, В, у interior angles 
Оч, By, y, exterior angles 


a side opposite the vertex A 

b side opposite the vertex B 

с side opposite the vertex C 

al area 

| adbuc 
2 

ħa altitude associated with side a 8, Bide-bisector from A 
hy altitude associated with side b 8, Side-bisector from B 


h, altitude associated with side c 8, Side-bisector from C 
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Was Wg, W,  angle-bisectors of interior angles 

Wa Wey Wy, angle-bisectors of exterior angles 

r radius of the circumcircle 

о radius of the incircle 

Өд» Ор» 0, radius of the escribed circle (the circle touches on the out- 
side of the side given as index) 


Angle theorems 


а + Ву = 180° «у + В, + у! = 360° 
в =В+у; һ=о«+у; у= + В 


Side theorems 


«bec |a — bj «c 

bte>a 16 —с| <a 

ate>b ja—c| <b 
Side-bisectors 


Point of intersection of the side-bisectors with each other = the 
centroid S of the triangle. The distance of the centroid from one side 
is equal to one third of the associated altitude. 

The centroid divides the side-bisectors in the ratio 2:1 (from the 
vertex) 


84 = > V2(b? + c?) — a? 
НЕ 
& = F3 У2(а? + c?) — b2 


& = E y2(a? + b?) — c? 


Altitudes 


142 3. Geometry 


Angle-bisectors 


Each angle-bisector w,, wg, w, divides the opposite side internally 
in the ratio of the sides adjacent to the angle bisected. 


Each angle-bisector w,,, Wg, w,, divides the opposite side externally 
in the ratio of the adjacent sides. 


AD:BD =b:a (cf. graph on page 137) 


AE: ВЕ =b:a 


w, = —— yoo + e) аў] 


b+e 


1 ГЭЭР чин ЭЭР эргээр чим чин 
бЕр Vac[(a + c)? — b] 


b Vab[(a + b)? — c?] 


W3 = 


10, == 


Cireumeircle, incircle, ecircles 


Center of circumcircle = point of intersection of the three 
midperpendiculars (perpendiculars 
to the sides in their midpoints) 


Center of incircle = point of intersection of the three 
angle-bisectors w,, wg, Wy 


Centers of escribed circles = points of intersection of w,, Wg, w,, 
or of 15, Was Wy, 
or ОЁ Wy, Was Wp, 


ИГ? 
_ 4 /8-008-Э6-0) 
е=#-ү®—®°- 


Distance of the center of the circumcircle from the center of the 
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incircle = yr? — 2ro 


Area 


A A A 
0а = 5 0 = $ 05 = 
8—4 s—b 8 — с 

1 1 1 1 1 1 1 1 
SS i ee md 
Qa hy л, h о hg hy h, 
1 1 1 1 1 1 1 1 
= = 
0» № h hw e Од Ob 0c 


Oa +O + о = 4r +e 


A = Ys(s — a) (s — Б) (s — с) (Heron’s formula) 
А = 08 = о(в — а) = o(s — b) = g(s — с) 
A SA abainy zl punk =~ acsin f 

2 2 2 


2 sinf sin У _ b? віп х siny _ c? віп х sin В 
2 sin « 2 sin В 2 віп у 


A = 2r? sin « sin B sin y 


А — stan — tan Piai > 
2 2 2 

А = 0? cot — соёл ар. 
2 2 2 


If the vertices of a triangle are given in a rectangular system of 
coordinates, A(x, y, 21), В(х», ys, 22), C(*s, Уз, 23), the following 


holds: 


1 
A= ЕЛ [zY — Уз) + (уз — 91) + ®з(У› — 99)] 
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The indices of the three summands in 3 
square brackets result from one another NS 
by interchanging in cyclic order. / 
1 2 
A= ry (т, — 2) (у, + Ye) 


+ (25 — £3) (Y2 + 93) 7 
+ (z3 — 21) (ys + 9] —— 


The sign of the area is positive if the vertices of the triangle succeed 
one another in the counterclockwise sence (mathematical sense), 
otherwise the sign is negative. In the latter case, the absolute value 
must be taken. 


If the vertices of a triangle are given in polar coordinates, i.e. 
A(ry фу), B(rs фз), C(rs фз), we have: 


1 Я 1 
A= 9 [rira sin (p, — фз) + forg sin (Pa — Фа) 
+ fari віп (фз — $1)] 
Generalized theorem of Pythagoras 


a? = b? + c? + 2bp œ = 90° р projection of c on b 


z 
b? = c? + а? + 2eq for В = 90° q projection of a on c 
z 


c? = a? + D? + дат y 290° r projection of b on a 


Basic problems on triangles 


A triangle can be uniquely determined if there are given 
one side and two angles or 
two sides and the included angle or 


two sides and the angle opposite the larger side or 
three sides. 
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The right-angled triangle 


Notations 


a and b legs (y = 90?) 
c hypotenuse 

À altitude 

p projection of a on c 
q projection of b on c 


Theorem of Pythagoras 


a+ = 2 (у = 909) 


Pythagorean numbers 


Pythagorean numbers satisfy the equation a? + b? = c?, a, b, c € I. 
Pythagorean numbers are obtained by putting a = 2pq, b = р? — 4°, 
с = р? + 4? (р,9 € 1). 


Table of Pythagorean numbers: 


"P 
2 | 1 
3 | 1 
4 | 1 
5 | 1 
3 | 2 
4 | 2 
5 | 2 
4 | 3 
5 13 
5 | 4 


We obtain further Pythagorean numbers when we replace the a, 6, c 
values belonging together in the above table by Aa, Ab, Ac (A € №). 
If the dimensions of a triangle are Pythagorean numbers, the triangle 
is right-angled. 


10 Bartsch, Mathematical Formulas 
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Kuclid’s theorem 


а? = ср P= cq 


Altitude theorem (Euclid) 


M = pq 
Area 
долав 
2 2 


Distance of the centroid S from the hypotenuse = = h 


Distance of the centroid S from the side a = b 


ES 
3 
1 
3 


Distance of the centroid S from the side b = 


Equilateral triangle 


h= ay3 
2 

4 үз. 
4 


Distance of the centroid S from опе side = * ya 


3.2.2. Quadrilaterals 
Notations 


х, В, у, 9 interior angles 
ху, Ву, уь Өү exterior angles 


a, b,c, d sides 

e, f diagonals 

e radius of the incircle 

ha altitude associated with 
side a 

hy altitude associated with 


side b 
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Sums of angles 
х +B +y +6 =360° 
a, + В, у, + д, = 360° 
Parallelogram 
alle; 619; a=c; b=d 
х = у; В = 


«-+В=Вв+у=у-+8 
= ô + х = 180° 


The diagonals bisect each other. 
Centroid S = point of intersection of the diagonals. 


А = аһ, = bh, = gh д base line 
À associated altitude 


Rectangle 


D С e = f = үа? + b 
р; The diagonal bisect each other. 


4 а В А = ab 
Centroid S = point of intersection of the diagonals. 


Square 


The diagonals e and f bisect each other and are perpendicular to 
each other. 


Хо e =f —ay2 
2, 
PO ee 
2 
A a 8 


Centroid S -- point of intersection of the diagonals. 


10* 
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Trapezium 
alle 


а с 


А =: 


h = mh 


The centroid 8 lies on the line joining the 


midpoints on the parallel base sides at a т midparallel 
à 2 
distance k . (do a! from the base a. 
: а | с 
Rhombus 
а= = с = 


The diagonals e and f are perpendicular to 


2 c C 
each other, bisect each other and the 
rhombus angles. 
2, < 
А == СА [X 
2 A a 8 
Centroid S = point of intersection of the diagonals. 


Quadrilateral with circumcircle 
The sides of such a quadrilateral are chords of the circumcircle. 
х +y = 180°; В + ӧ = 180° 


A=YV(s—a)(s— 6) (80) (8 4); s d 


ac |} bd == ef | (Ptolemy’s theorem) 


e — Mae Е bd) (be + ad). j= Кас + bd) (ab + cd) 
=y ab 4- cd i S be -+ ad 


" _ 1 3 /(ab + ed) (ac + bd) (bc + ad) 
~ 4 | (s — a) (s — b) (s — e) (s— d) 
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Quadrilateral with circumcircle Quadrilateral with incircle 


Quadrilateral with incirele 
The sides of such a quadrilateral are tangents of the incircle. 


ate=b+d 


А =08 For s see “quadrilateral with cireumoircle" 


The isosceles kite-shaped quadrilatoral or deltoid 


dd 
| ГАК 
8.2.3. Polygons (n-sided polygons) A а с 


Sum of angles of the n-sided polygon 


Sum of interior angles = (2n — 4) - 90° 
Sum of exterior angles — 360? 


Number of diagonals of the »-sided polygon 


n(n — 3) Í B 
2 deltoid 


Area of the n-sided polygon 


The n-sided polygon is divided either into triangles by diagonals 
drawn from a vertex or into right-angled triangles and trapeziums 
by perpendiculars drawn from 

the vertices to a base line. 


: 7 X 
ao ES) V 
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Regular n-sided polygon 
The sides are all of equal length and the angles are all equal. 


Notations 


8, side of the regular n-gon 
Sən Side of the regular 2n-gon 
r radius of the circumcircle 
Qn radius of the incircle 

« interior angle 

ху exterior angle 


Centroid S — center of the circumcircle 


Angles of the regular »-gon: 


20-04 qp a, 360 


х = 


Relations between 8, г, and оь 
1 — 
Cn = 5 yár? — 8 


Calculation of the side s,, from s,: 
Sen = Үзэг — r4 — s 
Son = ү? — 270, 

Area of the n-gon: 


N8nOn  NSyV4r2 — Bq? 
Ap = Ж" — REM а 
2 4 


туё . 
A, = r3 siny у center angle 


Simple regular polygons 


Given: circumcircle radius т 


Regular triangle (equilateral triangle) 


83 = "З. оз = 
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Regular quadrilateral (square) 

эр а= В А = 9? 
Regular pentagon 


s 10—25 ee 


f = "Їїо+зүў 


Regular hexagon 
r 3 
56 — T => 13 4 =- rh 


Regular octagon 


sr ¥2— ү? в =ч? + ya 


Regular decagon 


$19 — 


(y5 — 1) оо V10 +275 


Given: side s, of the polygon 


Regular triangle (equilateral triangle) 
r= 22 үЗ оз = 3 A= 73 
6 4 
Regular quadrilateral (square) 


$4 $4 
т = — y2 =— А = 8; 
2 04 2 4 
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Regular pentagon 


r = Š V50 + 1075 o = 225 + 10ү5 


e 


pr. ÉL 
= A V25 -+ 1075 
Regular hexagon 


T = $8 % = OY Ae sy 
2 2 
Regular octagon 


r= 4-27 гүз ® == (fg +1) 
А = 25,2 (ү? + 1) 


Approximate value for the side of the regular nonagon (r = 1) 
50 Аш E (after Н. KrssEL, Ludwigshafen/Rh.) 


Regular decagon 


r 916 (75 + 1) А 


Construction of the simple regular polygons 


Given: radius r of the cireumcircle 
For regular triangle see regular hexagon. 


Regular quadrilateral and octagon 


Two mutually perpendicular diameters are 
drawn within a circle of radius r and their 
endpoints are joined. Bisecting the angles 
that the diagonals make with one another and 
joining the points of intersection of the bisec- 
tors with the circle, the vertices of aregular 
octagon are obtained. The procedure can be 
continued to obtain the regular 2"-gon (п € N). 
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Regular dodecagon 


153 


Regular hexagon and triangle 


If chords of length r are successively laid out 
on the circumference of a circle of radius r, the 
six vertices of aregular hexagon are obtained. 
Omit alternate vertices, and the three ver- 
tices of a regular triangle inscribed in the 
same circle are obtained. 


By erection of the midperpendiculars on the sides of the regular 
hexagon and extending them so as to intersect the circle, the vertices 
of the regular dodecagon are obtained. This procedure can be re- 
peated to construct the regular polygon with 24 vertices, with 
48 vertices, ..., in general the regular polygon with 3-2" vertices 


(n € N). 


NIS 


Regular decagon and pentagon 


By dividing the given radius r in conti- 
nuous proportion (golden section) and 
drawing the larger segment of the radius 
as chord of the circle ten times in succes- 
sion, we obtain the regular decagon. 

The regular pentagon is obtained from the 
regular decagon by omitting alternate 
vertices. The regular 20-gon, regular 
40-gon, ..., in general the regular 5 - 2"-gon 
(n € N) are obtained from the decagon 
by successive bisections of the central 
angles. 


Approximate constructions of any regular 
n-gon 


Given: Radius r of the circumcircle 


Two mutually perpendicular diameters 
AB and CD are drawn within the circle 
of the given radius r. Then one diameter 
(in the figure AB) is divided into n equal 
parts (in the figure n = 11) and a circle 
of radius 2r is drawn about one endpoint 
(in the figure endpoint A). The circle 
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intersects the extensions of the other diameter in Ё and F. Rays 
are drawn from Ё and F through the points of division; then the 
points of intersection of the rays with the original circle are the 
vertices of the n-gon. 


3.2.4. Circle 


A 


Notations 


r radius 
d diameter A 


The peripheral angle is equal to one half of 
the central angle above the same arc. 


Theorem of Thales 


The peripheral angle in the semicircle is 90°. 

The chord-tangent angle is equal to half the central angle over the 
same arc and, hence, equal to the peripheral angle over the same 
arc. 


(Chord theorem, secant theorem, tangent-secant theorem see page 137, 
138) 


Circumference of a circle 
u = пт = nd 


Arc of a circle 


тт тах 
1807 3607 


rare x = r& 


« associated central angle 
The centroid S of the arc b lies on the bisector of the angle х at a 


distance Уу from the center, s is the chord belonging to arc b. 
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Area of a circle 


gee pee 
4 


Centroid S = center of the circle 


Area of a sector of a circle 


л _ Ta Ed 
360? 2 
2 2 
A= arca = & 


Centroid S lies on the axis of symmetry at a distance = . E from 


the center M. 


Area of a segment of a circle 


s = 2)2hr — № 
В Ия for h<r 
A = sector—triangle AMB 


A — [br — alr — 0 


Sector of a circle Segment of a circle 
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3 
Centroid S is on the axis of symmetry at a distance 124 from the 


center M. 


Circular ring 


A = n(R? -— r?) 


=T (D? — d) = Br | 
ó—R-—r | | 


7 
Centroid S = center M pep E 


8.3. Stereometry 

Notations 

V volume Ав base area 

Ag surface Ат area of upper surface 
h height Ас area of curved surface 


8.3.1. General theorems 


Cavalieri’s theorem 


If solid bodies are of equal height and have bases of equal area, and 
if all plane sections parallel to the bases and at the same distances 
from the corresponding bases are equal in area, then the solids are 
equal in volume. 


Simpson's rule 


If a solid has two parallel bases Ав and Ат and if, at height x, each 
parallel section has an area which at most is a rational integral 
function of the third degree of z, then 


v= а (Ав + Ат + 44m) Am median section 


Euler’s theorem on polyhedra 


Polyhedra are solid bodies that are bounded only by plane polygons, 
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On the condition that a polyhedron has no reentrant corner, the 
following holds: 


e+f—k=2 e number of corners 
f number of faces 
k number of edges 


Guldin’s rule 


The volume of a solid of revolution is equal to the product of the area 
of the generatrix and the circumference of the circle described by its 
centroid: 


ү-2луу = rM, A generatrix 


yo distance of its centroid from the axis of revolution 
M, static moment 


The surface area of a solid of revolution is equal to the product of 
the length of the generatrix and the circumference of the circle 
described by its centroid: 


Ат = 2ту8 8 rotating generatrix 
yo distance of its centroid from the axis of 
revolution 


Solid angles 


А solid angle can be measured by the ratio 
of a plane A cut out from a sphere (about 
the vertex of the angle) to the square of 
the radius of the sphere. That solid angle 
is taken as the unit for which the ratio 
of the spherical surface to the square of 
the radius of the sphere has the numeri- 
cal value 1. This unit is called steradian or 
spheradian (symbol sr). 


3.8.2. Solids bounded by plane surfaces 
ae, Notation 


d body diagonal 


Prism (right and oblique) 
V = Ав, 
7 Аз = Ac + 24g 
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Centroid S = point of bisection of the join between the centroids of 
the base and upper surfaces. 


Right parallelepiped cuboid 
V =abe 
Аз = 2(ab + ac + bc) 
d = шие 


Centroid S = point of intersection of 
the body diagonals a, b, c edges 


Cube 
yV = аз 
Ag = ба? 
d —ay3 


Centroid S = point of intersection of the body 
diagonals 


Obliquely cut right three-sided prism 


atb+e 2 
V = Ag LIMIT (figure to the left) 
a, b, c the three Ax section perpendicular 
parallel edges to the edges; 


d, e, } the three parallel edges 
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Obliquely cut oblique three-sided prism 


У = Ах ет! (figure to the right, page 158, bottom) 


Obliquely cut n-sided prism 
V = Axs 


8 segment joining the centroids of the base and upper surfaces 
Ax sections perpendicular to s 


Pyramid (right and oblique) 
LET Ag = Ав + Ac 


Centroid S lies on the line joining the vertex 
with the centroid of the base surface at a 


: h 
distance fom the base surface. 


Three-sided pyramid 
Vertices of the base 
Pilti Yis 21), Peltz Yo, 22), Р(Х» Уз, 23) 
Vertex at the origin 
1 УЗ 
V = —.| а 2 
6 V. Yo Za 
23 Уз 23 


V has the positive sign if the vertices P,, Р,, Р, succeed one another 
in the mathematically positive sense (counterclockwise sense). 


Truncated pyramid (frustrum) 


Ги V — (An + VAnAr + Ат) 


As = Ав + Ат + Ас 


Centroid S lies on the line joining the 
centroids of base and upper surfaces. 
Distance from the 

h Ав + 2ҮАвАт + ЗАт 


base = = 
: Ав + ҮАвАт + Ат 


160 3. Geometry 


Formula of approximation for the truncated pyramid 


y s Setar, 


ш 


The formula yields good approximate values if Ав differs but slightly 
from Ат. 

The five regular polyhedra 

Notations 


а side 
т radius of the circumscribed sphere 
о radius of the inscribed sphere 


Tetrahedron (bounded by four equilateral triangles) 


vy у А 
y a y2 1 (see also ‘‘three-sided 
= he ys Zo ig 
12 6 pyramid") 
23 Уз 23 
Ag = а? y3 
a a 
= — {6 ; = — |6 
=ч pe 


Centroid S lies on the altitude line at a distance 


^ from the base surface. 


Octahedron (bounded by eight equilateral triangles) 


Centroid S = point of intersection of the diagonals of the common 
base square 
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Ieosahedron (bounded by 20 equilateral triangles) 


y 588 + Ys) 
12 
Ag = Ба? 3 


r= Yol +76); ВВ 
з; Аз = баз; 


Centroid S = point of intersection of the body diagonals 
Dodecahedron (bounded by 12 regular pentagons) 


pgs) As = Заг Y5 (5 +215) 


a8 (14-15) | аҮд(25:4-11 5) 
дан 4 Да ин 


Obelisk 


Obelisk 


Base and upper surfaces are nonsimilar parallel rectangles, the lateral 
surfaces are trapeziums. 


— [2a + а} + (2m + аб 
= X fab + (a + a) È + b) + ii] 


11 Bartsch, Mathematical Formulas 
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Distance of the centroid S from the base surface ab is 
h ab + ab, + ab + Зад, 
2 2ab + ab, + a,b + 2a4b, 

Wedge 


Base surface is rectangular, lateral surfaces arc isosceles triangles 
and isosceles trapeziums. 


bh 
== (2a + а) 


Distance of the centroid S from the 
base surface ab is * 


h acta 


2 а + а 


Prismatoid 


Prismatoids are solid bodies having only straight edges and plane 
and curved boundary surfaces and whose vertices or base surfaces 
lie in two parallel planes (calculation with the help of SrwPsox's 
rule, sce page 156). 


8.3.3. Solids bounded by curved surfaces 


Notations 

r radius 

d diameter 
Oblique cylinder 


V = Agh; Ас = us u circumference of the section per- 
pendicular to the axis 
s generatrix 
Right circular cylinder 


2 
У = кий = B 
4 
Ас = 2nrh = ndh 
Аз = 2nr(r + №) = xd (s + 2 


Centroid S lies on the axis at distance — 
from the base. 2 
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Obliquely cut right circular cylinder 
nri та? 


=> в - 83) =- ЫГ 8) 


d 
Ac = nr( +s) = (a, + ву) 


3 81 — 82\2 
Ag = ми | 81 + 83 -+7r - | P? + T3. 
Centroid S lies on the axis at distance 
Сарыг AREA 1 tatg 


4 4 ats 


5) 
з, from the base. 
« angle of inclination which the upper surface 
makes with the base. 


8,, 8, longest and shortest elements 
Portion of cylinder haying smaller base area than base circle 


У = — [авт — a?) 
3 
-+ 3r*(b — r) H 


2r 
Ас = —|(6—r)— +a 
b 
For a = b =r we get 
9 central angle of the base circle 
in circular measure, 2a edge of 2 d? 
cylinder portion, Л longest ele- ¥ = — rh = — h 
ment, b perpendicular from 3 6 
the foot of À to the edge of 
the cylinder portion M —2rh = dh 


Hollow cylinder (tube) 
У = И"? — 1?) = = (42-42) 
= nah(2r, — a) = nah(2r, + a) 
Ac = 2rh(r, + т) = «Ма, + d) 
Аз = 2n(r, + ra) (k + m — т») 
d,— 2) 


end, +d) (r+ ts 


11* 
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Centroid S lies on the axis at distance 


Z from the base. 
Cone (right and oblique) 


i 
V = — Agh 
3 B 


ri(dj) outer radius (diameter) 
ra(da) inner radius (diameter) 
а = т, — r$ thickness of the wall 


Right circular cone 

V= ийг Ланд 

3 12 
© 
Ас = mrs = = ds 
2 
d (d 
A == = — | — 
s = mr(r + 8) “ (553) 

Centroid 8 lies on the axis at distance t r 


from the base. 


s element 


Frustrum of right circular cone 


1 
y — gn + ти» + 72?) 
1 = 
= 12 xh(d,* + dida + 4) 
Ao = тау + ra) =F (h + 4) 
8 = fh? + (т, г} 


1 — ———— 
- AE d, dy 


А 


Ag = rir? + rè + (гу + ть)] = a [4,2 + 4,2 + 2s(d, + d,)] 
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Centroid S lies on the axis at distance 


h rÈ и» + 3r? 
4 r+ тә + т? 


from the base. 


Approximation formula for the volume of the frustrum of a cone 
Vw - Mrd + 142) = - мад + dg) 


The formula yields good approximations if r, deviates but slightly 
from r. 


к T 
Үл T Мт + т)? = 16 “4 Td 
V = лиги? = 2 һа. 


+ 


Tm 5 3: radius of median section 
dn = % = d diameter of median section 
Sphere 
үс лэн - ү 
3 6 6 т 


3 
Ag = 4nr? = nd? = )36nV2 


Centroid S = center of sphere 
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Spherical segment (of one base) 


1 
Vom m nA(39? - M?) = + nh*(3r — h) = EL — 2h) 


Ag =: 2тт = пай = п(о? -|- №) 


Ag = n(2rh + o?) e 
= n(À* + 29?) = nh(4r — №) Ps 
X 


о radius of the base of the segment 
h altitude of the segment 


Centroid S lies on the axis of symmetry of the segment at distance 
3 (2r— №)? 


from the center of sphere. 
4 8-4 


Spherical sector 


2nr?h 25 qus 
3 6 


Ag = nr(2h + о) 


yz 


Centroid S lies on the axis of symmetry 


of the sector at distan = (2r — h) 
from the center of sphere. 


h altitude of the associated sector 
о radius of the base circle of the as- 
socjated sector 


Spherical segment of two bases 0, 


у = Lao? + Зод 41-18) 


Ac = 2nrh = пай 
(spherical 2 ne) Eum] 


у 


As = n(2rh + 012 + 022) 
3 ( ei ын 01, бх radii of the boundary circles 
= n(dh -|- oj? + 052) h altitude of the segment 
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Spherical cap 


The curved part of the surface of a spherical segment with two bases 
is called a spherical cap (graph see page 166). 


A = 2nrh = ndh A area 
h height of the associated segment 
Spherical lune Spherical triangle 
4= т??о iz ПРЕ 
~ 90° ^. 180° 


« angle between the bounding great в spherical excess 
circles €=a+ В + y — 180? 
а, B, у angles of the triangle 


Paraboloid of revolution 


© 1 
y —=—то?Ь 
2 O 
\ Centroid 5 lies on the axis at distance 23 h from 

the vertex. 3 
e radius of the base circle bounding the body 
h height 

Truncated paraboloid of revolution Ellipsoid 


V = 1 пе? + 02)h V =É nabo 
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оу, оз radii of the parallel и, b, с semiaxes 
base circles 


Ellipsoid of revolution 


У = кы rab? (2a axis of rotation) 
4 Я : 
У = * па? (2b axis of rotation) 


Hyperboloid of revolution of one sheet 


v = T (oat + e) 


h height h height of one sheet 
a transverse semiaxis e radius of the parallel base circles 
о radius of the bounding 

base circles 


Hyperboloid of revolution of two sheets 


252 
ЕНСЕ 


3 5 ) (figure above on the right) 
а 
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Barrel 


Spherical and elliptic curvature 


=> V = ohne + 7?) = ipe + d) 
2 Parabolic curvature 
! == inim. + 4Rr + 3r?) 

wa = л, xh(8D* + 44Р + 3d?) 


For other curvatures, the above formulas yield approximate values. 
Ring with circular section (torus) 
Аз = 4r?rR 
y = 2п2?Е 


т radius of the circular section 
R mean radius of the ring 


3.4. Goniometry, plane trigonometry, hyperbolic functions 
3.4.1. Goniometry 


Definition of trigonometric functions 


In a right-angled triangle ABC with angles «, В, y, AC is called the 
side adjacent to а, BC is called the side opposite to х, AB is the 
hypotenuse. 


We define: 


i a opposite side 

РЕА а а 
ш hypotenuse 

b adjacent side 

QUE We ae Deere 
с hypotenuse 

(aia e en эрээд 
b adjacent side 

b adjacent side 

cota = — = — — 
a opposite side 
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In the unit circle (r = 1) we have: 


The sine of the angle is equal to dimen- 
sion of the ordinate. 


secondar) 
tangent y 
sina = y = AB 


The cosine of the angle is equal to the " 
dimension of the abscissa. principal 


cosa = х= ОА 


The tangent of the angle is equal to the dimension of the intercept of 
the principal tangent. 


tan х = OD 


The cotangent of the angle is equal to the dimension of the intercept 
of the secondary tangent. 


cota = EF 
1 с 1 с 
Note: —— = — = coseca; ——— = — == seca = cst x 
sinx а cosa b 


Complementary relations 
зіп х = cos (90? — а) 
cos x = sin (90? — а) 
tan х = cot (90? — a) 
cot х = tan (90° — a) 


Signs of the trigonometric functions corresponding to angles 
in the four quadrants 


Quadrant | sin | cos | tan | cot 
I F + dT is 

II + - = 23 

III = = + as 
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Reduction formulas for arbitrary angles 


| = LI | 180° æ | 270° 4 | 300° — a 


sin —sin « -- cos х Fsin х — сов х —sin х 
cos -Есов х sin х —с08 х +sin х сов х 
tan | —tana соё х +tan х соё х —tan« 
cot | —cot« F tan х --cot х tan х —cot & 


Periodicity of the trigonometric functions 


зіп х = sin (x + Е · 360°) 
cos х = cos (х + В. 360°) 
tan х = tan (х + Е · 180°) 
cot х = cot (a + в. 180°) | 


fo kel 


Behavior of the trigonometric functions 


sin х, cosa € [—1, 1] 


tan х, собо € (—oo, +00) 
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Examples: 


sin (—500°) = —sin 500° = —sin 140° 
= —sin 40° = — cos 50° 
cos 1000° = cos 280° = cos 80° = sin 10° 
tan 1500? -= tan 60° = cot 30° 
cot (—2000°) = —cot 2000° = —cot 20° = —tan 70° 


Special values of the trigonometric functions 


| 0° | 30° | 45° | 60° | 90° 


180° 150° 135° 


Note: The upper signs apply to the angles of the first row of the box 
head, the lower signs for the second row. 


Relations between trigonometric functions of the same angle 


віп? х + cos?« = 1 tan х cota = 1 
sin х 1 1 

tan x = = 1 + tan? х = = 
cosa cota cos? х 
cos « 1 

cot х = = 1 + cot? х = 


sina  tan« sin? x 
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Calculation of a function from another function of the same angle 


sin | cos | tan | cot 


| t 
віп х = — + yt — eos? joe. Жыш ы 
Vi+-tan2a| VIF cota 


+ 1 cot « 
cos x = р vA е на 
ЗЕ УЕ — sin? х Vi-tan?a| ү 4 cot®a 
аы Т sin х " У! — cos? 1 

"hi —si?a«a| cosa eot х 
cota = m — sinta г сово 1 


+ l- 
sin « Vi — costa tan « 


For arbitrary angles «, the signs of the root are given by the quadrant 
of the angle. 


ADDITION THEOREMS 

Functions of the sum and difference of two angles 
sin (x + В) = віп х cos В + cos х sin В 
cos (х + В) == cos х cos В Е sina sin f 


tan х + tan В 


tan (x + B) = 1 F tan х tan f 


. cota cotB F 1 
cot (x + f) = cot B + cota 


sin (x + B) sin (x — B) = cos? B — cos? х 


cos (х +- B) сов (x — В) = cos? B — віп? х 


sin 2x = 2 віп х cos x 
cos 2x = cos? x — sin? a 


—1-—2sin?« 
=: 2 соз? х — 1 
t 
tan 94, ne 
1 — tan?« 
m 2 
cot« — tan« 
Sai 
cot 2 a — err 1 
2 соёо 
_ cota — tana 
2 
А © « 
Sin х = 2 зіп — cos — 
cosa = cos? = — sin? Č 
2 2 
— 1 — 2 sin? Č 
== 90082 Č — 1 
2 
9 tan Č 
2 
tana = 
i — tan? Č 
2 
E 2 
cot — — tan = 
2 
cot? — —1 
cota = 
2 cot — 
cot — — tan Č 
= 2 
2 


3. Geometry 


Functions of double argument and half argument 


2 


1 — cos 20 
tan х = |/ ————— 
1+ cos 2a 
|, sin 2х 
i + cos 2x 


2s 1 — cos 2« 
|J. gSin92« 


dota «= | + сов 2% 


€ -р 


1 — cos 2х 
_ 8in2a 
~ 1— cos2a 
= 1 + сово 
^ A gin Qe 
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Functions of further multiples of an angle 


sin3da = 3 віп х — 4 sin? х 

sin 4х = 8 віп х cos? х — 4 віп х cos х 

sin бх = 16 sin с cost х — 12 зіп х cos? х + віп х 
cos 3% == 4 cosa — 3 сов х 

cos 4a = 8 cost х — 8 сов? œ + 1 


cos 5a = 16 cos? х — 20 cos? х + 5 cos x 


Sin nx = п зіп х cos!t-! — (5) Sin? х cos*-3 x 


n\ 
+ ( ) sint а costa — +... 


5 


nh . 
cos næ == cos" x — () sin? x cos"? x 
QW in^ n-4 
+ 4 sint х cos” xy — |... 


З tan х — tan? х 


tan Зх = 
1—3tan?« 
4tan« — 4 tan? х 
tan 4« = ann 
1 — 6 tan? х + tant х 
C = 
a m cot? x — 3cot« 
3 cot? х — 1 
4 = 2 
nid e cott x — б соёо + 1 


4 cot? x — 4 cot х 
Sums and differences of trigonometric functions 


sinew + вір В = 2 ың CR =й 

2 2 

«+В. а – В 
2 


sin 
2 


віп х — sin В = 2 cos 
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cos х -|- cos B = 2 eos 2 B — В 


aT : 
cos х — cos В = —2 sin Lun ; 


eos x +- віп х = y2 sin (45° + «) = ү. cos (45° — «) 
cos x — sina = (2 cos (45° + x) = V2 sin (45° — a) 


Products of trigonometric functions 


sin«sinf = = [eos (х — B) — cos (x + В)] 
cos х cos В == bes (х — В) + cos (х + В)] 
sin х сов = = [sin (х + B) + sin (< — f)] 


cosa віп В = E [sin (« -+ В) — sin (х — В)] 


ta - ti ti — ta 
ааа алхан, eo шшр 
cot х + cot В cot х — cot В 
cot х cot В — tat cotf ^ coto — cot B 
tan х + tan В tan x -- tan В 
n - te = t 
вы ee 
cot x -+ tan B cot x — tan В 
PAE а оока оази 
tan х + cot B tan х — cot В 


sin х sin В sin y = sin (s +8 y) + sin (B + y — a) 


+ sin (y +a — B) — sin (x +B + y)] 
cos х cos В cos у = [cos (a +В — у) + cos (8 +y — a) 


+ eos (y +- « — В) -|- cos (х + B+ y)] 
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sin х sin В cos у = [eos (a +В — y) + eos(B + y — o) 
+ соз (y + « — B) — cos (x + B + y)] 
sin « cos В cos y = [sin (s +8 — y) — sin (B +y — 0) 


+ sin (у + æ — B) + sin (x +B + y)] 


Powers of trigonometric functions 


sin? х = E (1 — cos 2a) 


cos? х = 3 (1 + cos 2a) 
. 1 : : 
sin? х = a (3 sin « — sin 3a) 
1 
cos? x = 4 (3 cos х +- cos За) 
А 1 
sint д = 3 (cos 4х — 4 cos 2х + 3) 


cos! a = E (cos 4x + 4 cos 2х -- 3) 

sing х = 1610 віп х — 5 sin Зх + sin ба) 

cos? х = 2 (10 cos х - 5 cos Зх + cos ба) 

sin’ х = > (10 — 15 cos 2х +- 6 cos 4a — cos бх) 


cos® a, = = (10 + 18 cos 2х + 6 cos 4х + cos бо) 


Relations between the trigonometric functions and the exponential 
function (Euler’s formulas) 


ei? = cos p + j sing 
ei? = cos p — j sing 


19 Bartsch, Mathematical Formulas 
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From this follows: 


: gi? — eir ei? + е 
sing = cos ф = —— —— 
2j 2 
el? — eir jel? + eir 
ее ет) адш 
е? 4- ет е?" — ет 


Trigonometric functions of imaginary arguments 
віп jp = ј sinh g tan jp = j tanh p 
cos jp = cosh g cot jp = —jcoth 9 


р circular measure (radian) 


Graphical representation of various trigonometric functions 


Amplitude variation: y 
3 
2 


y = аѕіп х 
Image for а = 3 > у = 3 віп x 


Reference curve у = sing 


Frequency variation: 


y = віп аз 
1 
Image for а =--> 
4 
= sin Š 
ч 4 


for a = 2 > y = sin 22 


Reference curve y = sing 
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Superposition of two trigonometrical curves: 


y = sin g + cos х 


N У z2sinx 
VN 


JIN 
АЫ sin КА 


y = 2 віп x + sin 2x 


y = 2sine += sin 


12* 
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:25in x 


P 


y —2sinz 
еы 


: т 
+ sin (2 + 5) 


ууу, 
=5т (x «X 
ee 


y = sinx 


А т 
+ sin d t =) 


у = sing +2 
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Products of trigonometric functions: 


y = хіп х 


= sin? g 


Reference curve y = sin x 
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уте “sinx 


ё|ч 


y—e?sinz у= 6 sin x 


Vector diagram of sine functions 


Sine functions f = (x, y | y = Asin (х + ф)} can be symbolized by 
rotating vectors with the determining quantities 


А length of the vector 
х ‘ 
2 angular velocity 


y displacement with respect to the axis of projection at 
ж=0 (ort=0) 


—€—————— майл y^Asi(x*g) 


reference X; (wt) 


Е, 


time axis 
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In electrical engineering: 2 = wt = = where w angular frequency, 


T cycle duration, and, ф phase position. 
The physically real instantaneous value is obtained by projection of 
the vector onto a plane perpendicular to the axis of projection. 


Since, in a vector diagram, a sinusoidal variation with à == @) = const 


is assumed, A and ф characterize the function so that resting vectors 
will suffice; they are obtained by allowing the sine axis, which is 
perpendicular to the axis of projection, to rotate in the opposite 
direction. Though these resting vectors can betreated as vectors, they 
differ from the usual concept of a vector by their definition. 

In a vector diagram, two vectors can be added according to the vector 
calculus. The vector sum mirrors the physical or geometrical reality 
of the addition of the instantaneous values y = y, = y; in accor- 
dance with the scalar addition of the components of vectors. Its 
magnitude and position with reference to the axis of projection (phase 
position) can be read off from the vector diagram. Its angular velocity 
is equal to that of the two individual vectors. 


Yı = A, sin (= + фу) 
у» = As sin (= + ф») 
y =" t ys = А sin (z + $) 


where 
А = 42 + Ag + 244,4, cos (p — pı) 
aoe A, sing, + A,sing, 
A, cos p, + A, cos pz 
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It is obvious that the vector addition is simpler than the analytical 
procedure. The diagrammatic inaccuracy included in the result can 
frequently be neglected. 


8.4.9. Trigonometric formulas for oblique-angled triangles 


Relations between angles 


sin х + sin f + sin у = 4 cos 5. cos £ cos 2 
cos х + cos В + cos y = 1 + dein sin É sin 2. 


віп 2х + sin 28 + sin 2y = 4 віп х sin f sin у 
cos 2a -+ cos 28 + cos 2y = — (4 cos х cos В cos y -|- 1) 
tana + tan f + tan y = tan х tan B tan y 
sin? х + sin? В + sin?» = 2(1 + cos х cos В cos y) 
cos? х + cos? В + cos? y = 1 — 2 cos х cos В cos y 
cot х cot B + cot « cot y 4+ cot B cot y = 1 

B y 


23 у х 8 
t— t — t — = cot — cot — cot — 
co 2 + co pres 2 “34 2 9 


(sin х + sin В + sin y) (sin « + sin B — sin y) 

X (sin « — sin В + sin у) (—sin « + sin B + sin y) 

= 4 sin? х sin? f sin? у 
Sine theorem 

a:b:¢ = sin а: шт В:зіп y 
Cosine theorem 

a? = b? -|- c? — 2be cos х 


b? = а? + c? — Зас cos В 


+ 0° — 2ab cos y 
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Mollweide’s formulas 


cos © B 12-28 
atob 2 2 a—b _ 2 
5 sin > 5 cos 2 
2 2 
eu PN at 
b+e 2 b iE AN 2 
а |) © а 0 х 
sin — cos — 
2 
cos =E sin 2—7 
a te _ 2 a— cec _ 2 
? and. cos — 
2 
Tangent theorem 
tan ЕЁ cot 2 
a+b _ cite ИА 2 
qs tan * B tan © B 
2 
ад aaa cot Č 
5-6 2 2 
дел, о. ГЭМ Байг 
2 2 
tan шэнэ ба: 
а со 2 2 2 
A tan ~— tan 27 
Half-angle-theorems 
ine В, inf = (s —a)(s—c 
2 bc 2 ac 
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tane a 5 tanh = fee 


2 s(s — a) 2 s(s — b) 
ant = ECT СЕЗЕ 
s(s — c) 2 


Cireumeirele radius r 


л. 


Figure see page 184 


r= 


2sina« 2808 28пу 


b 
dea D a dE а =®%®Ё°+ 
2 2 2 2 
Incirele radius о 
х В y 
= (s — a) tan — = (s — b) tan— = (s — c) tan — 
0 = (s — a) tan 2 ( ) tan 2 ( ) 7 
езйн зал заал 
2 2 2 
ган нв ад 
2 2 2 
Ecircle radii ga,gosge 
ха гдс 
2 2 
Од = 8 tan — = 
a 
cos — 
2 
b cos = cos 7- 
t B 2 2 
оь = s tan — = 
cone: 
2 
sta m 
y 2 
0, = $ tanc = 
2 
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Medians За, Sb, Sc 
1 2 2 
№ 4- c? + 2bc cos х 
di enc mr. 
ву = y Ve? + с* + ao сов f 
1 2 2 
=> Va + 52 + 2ab cos y 


Angle-bisectors Was 208, Wy 


2be cos Č дав cos Ё. 
w, = ———— в = 
вс ас 
2ab cos 7. 
D) шз зде 
5 a+b 


Altitudes ha, ho, Re 


hg = b siny | h = a siny | №, = asin f 


= bsin& 


= c sin В = csing 


Calculation of obtuse-angled triangles by trigonometrical 


procedures 


Basic problem 1: 
Given one side and two angles (e.g. a, a, у). 


Solution: 


В = 180° — (а + y) 


asin . 
b=— Ё (sine theorem) 
sino 
а sin 
с = r (sine theorem) 


sin х 
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Basie problem 2: 


Given two sides and the included angle (e.g. a, c, В). 


Solution 1: 
«—у a—e B 
tan = — cot — 
ә a+c 2 (tangent theorem) 
From this = 


2 


а 


By addition and subtraction of 


Е and У gp P 
2 2 


we obtain « and у. 


__ asin В 
sin х 


b 


(sine theorem) 


Solution 2: 
а? + c? — 2accosB (cosine theorem) 


asin f 


зіп х = (sine theorem) 


y = 180° — (х + B) 


Basic problem 3: 


Given two sides and the angle opposite to the larger one of them 
(e.g. a, b, х; a > b). 


Solution: 


b sin ж 


sin В = (sine theorem) 


y = 180° — (а + f) 


asin : 
с = Бед (sine theorem) 
sin g 
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Basic problem 4: 


Given the three sides а, b, c. 


Solution 1: 


tan = = gu eed) (half-angle theorem) 
2 s(s — a) 
b віп х : 
sin В = (sine theorem) 


y = 180° — (x + f) 


Solution 2: 
2 2. qa? 
COS x = Eee (cosine theorem) 
2be 
Я b sin х Я 
віп В =-——— (sine theorem) 
а 


y = 180° — (æ + В) 


3.4.8. Goniometric equations 


Explanation 


Goniometric equations contain functions of unknown angles besides 
known quantities. 


Technique of solution (calculatory): 


If different functions of angles occur in an equation, then with the 
help of goniometric formulas we attempt to modify then equation so 
that only one angular function of the same angle occurs in it. If 
different arguments of an angular function occur, they must also be 
reduced to the same argument. Because of the periodicity of angular 
‘functions, a goniometric equation may have infinitely many solutions. 
Mostly the solutions are confined to values between 0° and 360° 
(0 and 2л) (principal values). 

Each solution must be checked for validity by substitution in the 
initial equation. For example, we may obtain too many solutions if, 
during the solution of the equation, the degree of the equation is 
increased by squaring. 
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Example 1: 
{z | sin 2z = sin z} (use formula for sin 22) 
2 sin x cos z = sin z 
2 gin ж cos ж — sin 2 = 0 
(Factor out! Do not divide by sin х otherwise solutions will be lost) 


sin z(2 cos z — 1) = 0 yields 


віп х = 0 yields z, = 0° 
ло = 180° 
хз = 360° 
2 созк —1=0 (principal values) 


cos y = 3 yields == 60° 
Ts = 300° 


The proof shows that all solutions are valid. 
Hence S = {0°; 60°; 180°; 300°; 360°} 


Example 2: 

(c | 17 sin? ж — 3 cos? z = 2} 

17 sin? х — 3(1 — sin? х) = 2 

20 sin? z = 5 

(sin z),. = + 4 
12225 

: | г, 2 

(sinx) = +— gives as main values z, = 30? and z, = 150? - 

: 2 


(sin 2) = — = gives ав main values z, = 210° anda, = 330° 


All solutions are valid. 
Hence S = {30°; 150°; 210°; 330°} 
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Example 3: 
{z | 2 sin x + cos = 2} 


Solution 1: 


cos x to be replaced by V1 — віп? x 
2 sin ж + |1 — sin? ж = 2 (root on the left to be isolated) 
Vi — sin? z = 2 — 2sinz (Square the equation) 


1 — sin? x = 4 — 8 вір xz + 4 sin? z 
: 4 m 1 
(sin 2)1;2 = 5 + = — + 5 
(sin z), — 1 yields z, — 90? as main value 
H 3 3 o ^ 
(sin ж)» = T yields z, = 36°52 


[ry = 143°8] 


Checking shows that x, does not satisfy the equation. 
Hence S = {90°; 367527) 


Solution 2: 
sin z + i cosx = 1 (introduction of an auxiliary angle by 


the substitution > = tanz from 


which z == 26°34’ results.) 


віп x + tan z cos z = 1 


cosx = 1 


: sin 2 
sin z + 
O8 


e 
sin х cos 2 -+ sin z cos 2 = eos 2 


sin (x + 2) = eos z = cos 26°34’ = 0.8944 
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(а + z) = 63°26’ yields x, = 36°52’ 

(x + 2), = 116°34’ yields x, = 90? 
Example 4; 

{к | sin 2x = tan z} 


sin g 


2 sin x cos g = 
cos 2: 


2sin x cos? z — sinz = 0 
Sin z (2 cos? x — 1) — 0 
віп х = 0 yields z, = 0° | 


z, = 180° | as principal values 


zy = 360° 


2 cosg —1—0 


2 1 
сов? х = y 
1 H o 
(cos ж)» = + э? yields x, = 45 
z; == 135? 
ж = 225° 
ху = 315° 


All values are possible. 
Hence S = {0°; 45°; 135°; 180°; 225°; 315°; 360°} 


Technique of solution (graphically): 


We treat both the left-hand side and the right-hand side of the equa- 
tion as functions of z, represent them graphically, and find the so- 
lutions as the abscissae of the points of intersection of the two curves. 
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Example: 


{z | 2 sin x + cos z = 2} (calculatory solution see above) 


3.4.4. Inverse trigonometric functions 


y = sin"! z is the inverse function of y = sin x 
y = cos ^! z is the inverse function of y = cos x 
y = tan“ z is the inverse function of y = tan x 


у = cot! д is the inverse function of y = cot x 


sini х is also written as arc sin 2 (i.e. the angle, in radian measure, 
whose sine has the value 2), etc. 

Because of the periodicity of the trigonometric functions, inverse 
trigonometric functions have infinitely many solutions. 

Principal values of the inverse trigonometric functions 


y = arc sin z within the domain y € Ё si B 
у = arc cos x within the domain у € [0, п] 

woe : тол 
y = arc tan x within the domain y € (- re 5) 


y = are cot x within the domain ЧЕ (0, п) 


13 Bartsch, Mathematical Formulas 
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Graphically, the inverse trigonometric functions are the mirror- 
image of the trigonometric functions in the straight line y = 2. 


are tanx 
AE сойх 


principal 
values 
Orc cos 


Calculation of one inverse trigonometric function in terms 


of another (applies to the principal values) 


: т 

arc sin z = > — arc cos х = arc tan 
т 3 

arc cos x = э — arc sin x = arc cot 
т 5 

arc бал x = s — are cot x = arc sin 
т 

are cot — э — are tan x = arc cos 


arc cot z — arc dun for z0 
cz 
1 

= arc tan — + rfo «<0 
x 


Inverse trigonometric functions of negative arguments 
arc sin (—х) = —aresin x 
arc cos (—x) = п — are cos т 
are tan (—2x) = — атс tan x 


are cot (—2x) = x — are cota 


(generally accepted) 


3.4. Goniometry, plane trigonometry, hyperbolic functions 195 


Sums and differences of inverse trigonometric functions 


атс віп 2, + arc sin 2, = arc sin (z V1 — z -H a |1 — 213) 
fo g+ z < 1 
arc sin z, — ате зіп 2, = arc sin ( a, Vi — z — ж П "m 
for m? +r <1 
are соз ту -+ are cos z, = arc cos (ziza — yt — 2 y1— eg) 
for z,4-2, 20 
arc COS ху — аге COS z, = —are cos (=, Я zr? yi— E 
for 242525 
= arc cos (аа, + Y1 — z y1 — zy) 
for a, < 2, 
21 + 25 
— EU, 
for хүй, <1 


are tan x, + are tan x, = аге tan 


z,— ag 
arc tan хү — arc tan x, = are tan ————- 
14 22, 
for 2%, > —1 
Хүй, — 1 
arc соф х, + are cot х, = are cot = 
£i + Ly 
for 2, + —2, 
жуй» + 1 
arc cot x, — аге cot 2, = ате cot = 
Xy — X, 


for 2, = 2, 


Relations between the inverse trigonometric functions and 
the logarithmic function 


are віп z = —jln(zj + 71 — a?) ) 
are соз х = —jln (z + ya? — 1) 


arctan z = = In 1+] (hold for principal values) 
2) 1-4 
are cot x = — dig der 


13* 
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3.4.5. Hyperbolic functions 


Definition 
: e? —e-* e? —e-* 
sinh z == tanh x = — 
e 
e* +-e-* e* -- ет 
cosh a = coth z = 
et За et 


Behavior of the hyperbolic functions 
sinh z € (—oo, oo) 
cosh x € [1, oo) 
tanh x € (—1, +1) 
coth x Є (1, оо) for x Є (0, оо) 
coth x € ( --оо, —1) for x € (—oo,0) 


lim coth x = 1; lim coth z = —1 
q—o00 х->—со 


Period of the hyperbolic functions 
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sinh (x + 2knj) = sinha | tanh (x + krj) = tanh x 
cosh (x + 2knj) = cosh | coth (x + krj) = coth x 


Special values 


sinh 0 = 0 
cosh 0 = 1 
tanh 0 = 0 


coth 0 = 4- оо 
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Negative arguments 

sinh (—2) = —sinh x 

cosh (—2) = cosh x 

tanh (-2) = —tanh x 

coth (—2z) = — coth x 
Relations between the functions of the same argument 

sinh х +- cosh x = e* sinh 2 — cosha = —e-? 


cosh? ж — sinh? x = 1 


tanh х = sinha coth z = CORB 
cosh x sinh x 
coth z — 
tanh x 
1 — tanh? z = 1 coth? х — 1 = — : 
cosh? x sinh? x 


Caleulation of one function from another with the same argument 


: 


| sinh | cosh | tanh | coth 


. tanh x 1 
sinh x = = f eosh? x — 1 | | —______. 
її — tanh? x|ycoth? x — 1 


cosh z = | Vsinh?z + 1 2 1 coth x 


V1 — tanh? z| со x — 1 


sinh x Ycosh? x — 1 1 
tanha = | —— | “гт — 
Jsinh? x + 1 cosh х coth x 
Vsinh? osh a 1 
Per ee sinh? x + 1 cosh x 27 


sinh x Vcosh? x — 1 tanh x 
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ADDITION THEOREMS 
Functions of the sum and difference of two arguments 


sinh (x + y) = sinh x cosh y + cosh v sinh y 


cosh (z + y) = cosh x cosh y + sinh z sinh y 
tanh x + tanh y 
1 + tanh х tanh y 


1 + coth æ coth y 
th = a 
coth (x у) coth z + coth y 


tanh (x + y) = 


Functions of double argument 


sinh 2x = 2 sinh 2 cosh x 


cosh 22 = sinh? x + cosh? x 


ЗЭС 2 tanh x 
and + tanh? x 
2 
coth 2х = fT our бошу 
2 coth x 


Functions of further multiples of the argument 
sinh 3x = sinh 2(4 cosh? 2 — 1) 
sinh 42 = sinh ж cosh 2(8 cosh? x — 4) 
sinh ба = sinh a(t — 12 cosh? x -+ 16 cosh! х) 
cosh 3x = cosh (4 cosh? x — 3) 
cosh 4x = 1 — 8 cosh? z + 8 cosh’ x 
cosh 5х = cosh 2(5 — 20 cosh? x +- 16 cosh? x) 


sinh na = (Dese z sinh x + (Sos x sinh? x 
+ (;}oosh"-* x sinh’ g + --- 
cosh ng = cosh” ж -+ (3) cosh”? g sinh? x 


+ () cosh"-* x sinh! g + --- 
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Functions of half argument 


sinh =. tx ye z—1 im sinh x 
2 2 ¥2(cosh x + 1) 
cosh € = ү” +1 = sinh x 
2 2 ¥2(cosh z — 1) 
x sinh x cosh z — 1 cosh z — 1 
tanh — = | 
2 cosh 2-1 sinh x cosh x + 1 
coth = sinh x __ cosh +1 Эр cosh x + 1 
2 cosh z — 1 sinh x cosh z — 1 


Powers of hyperbolic functions 


sinh? z — = (cosh 2z — 1) 

1 
cosh? z = * (cosh 2z + 1) 
sinh? х = + (—3 sinh 2 + sinh 82) 
cosh? ж = i (3 cosh z 4- cosh 3z) 
sinh* z = T (3 — 4 cosh 2x + cosh 42) 
cosh* ж = = (3 + 4 cosh 2x + cosh 42) 


Sinh? y = 5 (10 sinh 2 — 5 sinh 3x + sinh 52) 


cosh? 2 = i (10 cosh x + 5 cosh Зх + cosh 52) 


sinh® z = z (—10 + 15 cosh 2x — 6 cosh 42 +- cosh 6х) 


cosh® x = =. (10 + 15 cosh 2х 4- 6 cosh 4х + cosh бх) 
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Sums and differences of hyperbolic functions 


sinh z -+ sinh y = 2 sinh = i У cosh 25 


сов: 


2 


cosh zty 


sinh z — sinh y = 2 sinh = 5 y 


cosh z + cosh y = 2 cosh 


ZEY РИ 
2 2 


cosh z — cosh y = 2 sinh = 2 У sinh 27У 


- 


sinh (x + y) 


tanh z + tanh y = 
cosh x cosh y 


tanh x — tanh y = В. 
cosh z cosh у 


coth x + coth y = - 


sinh (y — x) 


coth z — coth y — — - 
sinh x sinhy 


Theorem of De Moivre 


(sinh ж + cosh z)* = sinh na + cosh nx 


(cosh ж — sinh =)" = cosh nz — sinh nx 
Products of hyperbolic functions 


sinh zsinh y — 3 [cosh (x + y) — cosh ( x — y)] 
cosh 2: cosh y = E [cosh (a + y) + cosh (ж — y)] 


sinh æ cosh у = E [sinh (2 + y) + sinh (x — y)] 


tanh x + tanh y 


tanh z tanh y = —__ — —  * 
coth x + coth y 
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Relations between hyperbolic and exponential functions 


sinh x + cosh z = e? sinh z — cosh z = —e-* 
1+ tanh — 
Е 2 
еї == ———————— 
x 
1 — tanh — 
915 


(for further relations see definition on page 196) 


Relations between hyperbolic and trigonometric functions 


cosh 27 = cos x cosh x = cos vj 
sinh 27 = j sin 2 sinh z = —ј sin aj 
tanh 27 = 7 tan x tanh z = —j tan zj 
coth xj = —7 cot x coth z = j cot aj 


sin (x + yj) = sin x cosh y + j cos sinh y 
cos (x + yj) = cos x cosh y F 7 sin х sinh y 


_ віп 22 + јвіпһ2у віп 2х + jsinh 2y 


ta ; _ Sin 22 + jsinh2y _ — sin 2x + jsinh 2y 
n (х + yj) соз 2х + cosh 2y 2 (сов? x + sinh? y) 
cot (x + ууу = 00-00 Thy вір 2x T jemhoy 


2(sin? x + sinh? y) — сов 22 — cosh 2y 
sinh (т + yj) = sinh x cos y + j cosh g sing 
cosh (ж + yj) = cosh x cos y + j sinh g віп y 


Я sinh 22 + j віп 2y 
t h  — ————— 
ЕИ cosh 22 + соз 2y 
sinh 2x F j sin 2y 


tł j) = 
пое 2.0) cosh 22 — cos 2y 


3.4.6. Inverse hyperbolic functions 


The inverse function to у = sinh z is y = sinh"! z 
The inverse function to y = cosh z is у = cosh! x 


For each х > 1, cosh—' x has two opposite equal values. 
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The inverse function to у = tanh = is tanh z 
Domain of definition |z| < 1 
The inverse function to y = coth z ів y = coth z 


Domain of definition |z| > 1 
Representation of one inverse hyperbolic function by another one 
sinh! x = cosh Vx? + 1 fo r0 
= —eosh-! ут for «<0 
DET 


= tanh? = coth ———_ 
2-1 = 
cosh~! х = +sinh— ya? — 1 
үз? — 
= апа! —1 соња 
x үг 1 
2 
tanh-! x = sinh-! ҮГ £ 
= cosh"! i fo x09 
yi — z? 
= —cosh^! for «<0 


1 — 2 


= сой! JE 
z 
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eoth-! ж = sinh"! 


22-01 
= cosh"! for r0 
а? — 1 
= —cosh7! for х < 
а? — 1 
= tanh! 2 


Sums and differences of inverse hyperbolic functions 
sinh! z 4- sinh“! y = sinh! s 11+ 0+ у11 + E) 
cosh-! ж + соз y = cosh-t [ху + V(a? — 1) (y? — 1] 


tanh“! ж + tanh y = tanh-t LEZA 
1+ zy 


Relations between inverse hyperbolic functions and 
inverse trigonometric functions 


sinh zj = j are sin x 
cosh^! к) = j arc cos х 
Хал! xj = j arc tan x 


coth! aj = — j} arc cot x 


Relations between inverse hyperbolic functions and 
the logarithmic function 


sinh! x = In (к + ya? + 1) for x € (—oo, +оо) 
cosh“! a = In (x + Ve — 1) = +ln (= + Va? — 1) 


for х Є [1, оо) 


aby ганг a for | <1 
2 1—х 
Stig uto : 


for |æ] 1 
— for |a] 
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3.5. Spherical trigonometry 
3.5.1. General 


Explanation 


Great circles are the lines of intersection of planes through the center 
of a sphere with the surface of the sphere. 

Small circles are the lines of intersection of a plane which does not 
pass through the center of a sphere with the surface of the sphere. 
Spherical lunes are bounded by two great circles. 

Spherical triangles are bounded by three great circles. 

Since great circles on a sphere form several spherical triangles, 
here we shall consider the spherical triangle with sides and angles 
smaller than 180°. 


Notations in the spherical triangle 


sides a, b, c (according to notations in a plane 
angles х, В, y triangle) 

Conditions for the sides and angles of the spherical triangle 
90 «a -- b + c < 360° 


180? < x + B у < 540° 


az b, according as « 2 B 
< < 


a+b _ 180°, according as х + В 2 180° (for other sides and 


angles accordingly). 
a + B4-y — 180° == (spherical excess) 
360° —a — b —c =d (spherical defect) 


8.5.2. Right spherical triangle 


Notations are as in the plane (i.e. if y = 90°, then a and b are the 
legs and c is the hypotenuse). 
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sin а = sin а sinc 
sin а = tan b cot f 
sin b = sincsin f 
віп b = tana cot х 
cos с = cos а cos b 
cos c == cota cot f 
сов х = cos а віп В 


cos х = cotc tan b 


cos f = sin « cos b 
cos В = cotc tana 


The above formulas are condensed into Napier’s rule: 

H we exclude the right angle and instead of the legs use their comple- 
ments, then the cosine of any element is equal to the product of the 
sines of the element separated from it or 

equal to the product of the cotangents of the two adjacent elements. 
Any right-angled spherical triangle can be calculated from two given 
elements with the help of Napier’s rule. 


8.5.8. Oblique spherieal triangle 


Sine theorem 


sin a:sin b: sin c = віп «œ: sin В: sin y 


Side-cosine theorem 


cos a = cos b cos c + sin b sinc cos х 
cos b = сов c сова + sinc sin а cos В 
cos € = cos а сов b + sin a sin b cos y 


Angle-cosine theorem 
cos х = —cos В cos y + sin В sin y cos a 
cos В = —cos у cos х + sin y sin х cos b 
cos y = —cos « cos В + sin « sin В cos c 
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Half-side theorem on a spherical triangle 


néa __ сов с cos (s — а) гањ йыз 
2 ^ sinBsiny 2 


os — 7/208 (0 — В) оов (о = У) 

2 | sin B sin y 
E B Ee ae 

2 cos (c — В) cos (c — y) 


cos с сов (c — х) 


cem y- cos (c — В) cos (o — y) 
2 
Formulas for > and E are obtained by cyclic permutation. 


Half-angle theorem on a spherical triangle 


sin (s — Б) sin (s — с) pe лээн Ore 
sin b віп с B 2 


х 

2 

x sin s sin sin s sin (s — a) sin s sin (s — a) 
cos — = 

2 ГЭГЭЭ 

х 


isn : = jae (s — Б) зіл (s — с) 


sin s sin (s — а) 


X sin s sin (s — a 
"рана ( ) 


sin 


2 sin (s — b) sin (s — c) 
The formulas for £ and A are obtained by cyclic permutation. 


Gauss’s formulas 


sin = +В epee cos = +В цас 
2 2 Dae IER АЙ 

cos 2. cos — sin cos — 
2 2 

sin —— B віп —— cos 8-8 sin ар 

= 2 — 
cos £ sin x sin 2. sin = 

2 2 2 2 


Eight similar formulas are obtained by cyclic permutation. 
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Napier’s analogies 


ine Е аа tan ЁЁ TM a 
RP 2 25-25: 2 

tan 2 бов ЛЕР cot Z lin b 
2 2 2 . 2 

Gn! sin% Ê iau EE mét 
2 _ 2 2 _ 2 

tan — sin © +в cot 2. sin = +% 
2 2 2 2 


Further formulas are obtained by cyclic permutation. 


Circumeircle radius r and incircle radius о of the spherical triangle 


cos 0 


с see page 206 
ирээ ү” (s — a) mo b) sin (s — c) 8 see page 206 


a 
cot r = cot — cos (с — a) 
5 further formulas are obtained 
by cyclic permutation 
ens 
tang = tan-sin (s — a) 


L'Huilier's formulas 


tan — = 
8 see page 206 
tan tan * £ 
tan (s — 5) = 2 __®. ше page 204 
2 2 8 8 — 
tan — tan 
2 2 
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Spherical defect 


tan Ёл 

4 
m (45? — а) tan (= =e = *) tan (= n > P tan (45° © г 7) 
TE LL. 


(For areas of spherical triangles and lunes see Section *'Stereometry",. 
page 167) 


CALCULATION OF THE OBLIQUE SPHERICAL TRIANGLE 


Basic problem 1: 
Given the three sides 
Solution 1: 


One angle according to the side-cosine theorem (e.g. о) 


cos a — cos b cos c 
сово = —————————— 


sin b sin c 
2 sin b sin « 2 
sin В —-————— (sine theorem) 
sin a 
sin c sin x В 
sin y = ————— (sine theorem) 
sina 
Solution 2: 


All angles according to the side-cosine theorem 
Solution 3: 


All angles according to the half-angle theorem or one angle according 
to the half-angle theorem and the other ones according to the sine- 
theorem as in Solution 1 


Basic problem 2: 


Given two sides and the enclosed angle (e.g. b, c, х) 
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Solution 1: 
сов @ = соз b соз с + віп б віп с cosa (side cosine theorem) 
sin В = аш. аш (sine theorem) 
sina 
sin y — an eung {sine theorem) 
sina 
Solution 2: 
с x 
cos 2 cot * 
ane 1 SEEMS (Napier’s analogy) 
2 b+c 
cos ——— 
2 
8 sin 5 cot + 
sy + on, 
tan — = ———————— Napier’s analo 
5 ЕЕ (Мар gy) 
sin —— 
2 


ши and шэн the two angles f and у are obtained. 


Picus NN a ela 

a 2 2 sar? 

tanm, (Napier’s analogy) 
2 ВУ 


Basic problem 3: 
Given two sides and the angle opposite to one side (e.g. b, c, В) 


Solution: 
sin y = sin бш p (sine theorem) 
sin b 
tant 5 Pont i y 
tan” = (Napier’s analogy) 
2 cosb ZY 
os 
2 
tan EEZ oos 2 T 2 
cot > = (Napier’s analogy) 
2 b—c 
cos 
2 


or angle « with the sine theorem 
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Basic problem 4: 


Given one side and the two adjacent angles (e.g. a, В, y) 


Solution 1: 


cos х = --с08 В cosy + зір В віп у cosa (angle cosine 
theorem) 
sin b = fing pie (sine theorem) 
sin ос 
sinc = Sa (sine theorem) 
sin « 
Solution 2: 
cos p=} tan = 
b+c 2 2 V IS 
tan -— — = ——— — — — — | (Napier's analogy) 
2 Boy 
cos — 
2 
sin E tan = 
b—c 2 2 ЭС 
tan oo wur (Napier’s analogy) 
yaa 
2 
From be and шэн the two sides 9 and c are obtained. 
: sin а sin В : 
sina = —————- (sine theorem) 
sin b 


Basic problem 5: 
Given one side, one adjacent and the opposite angle (e.g. 6, В, y) 


Solution: 
sin с = Eno ne (sine theorem) 
sin f 
на? = “cos PEE 
tan - = ——————————— (Napier’s analogy) 
cos Ё-» 
2 
| sin a sin 8 : 
sin x = —————— (sine theorem) 


sin b 
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Basic problem 6: 
Given the three angles 
Solution 1: 


cos х -+ cos B cos y 


cos а = — m (angle cosine theorem) 
sin B sin y 
: sin 8 sin a : 
sin b = ————— (sine theorem) 
Sino 
: sin y sin a Я 
віп с = Es (sine theorem) 
sin х 
Solution 2: 


One side according to the half-angle theorem; then proceed as above. 


8.5.4. Mathematical geography 


Measures of length 


The earth is considered a sphere. 
Mean radius of the earth г ~ 6370 km 
Circumference of the earth ~ 40000 km 


Length of one meridian degree ~ 111.3 km (applies to great circle) 
Length of one minute of arc ~œ 1.852 km = 1 nautical mile (applies to 
great circle) 


1 geographical mile = 4 nautical miles ~ 7.420 km 
o 


1 point of à compass card — 11 d 
Coordinate system of the earth 


The abscissa axis is the eguator. The ordinate axis is the zero meridian 
(meridian through Greenwich). 


Geographieal eoordinates 


The geographical longitude À is measured, either 

at the equator as the аге between the zero meridian and the meridian 
of the point in question 

or 

as the angle between the plane of the meridian of the point in question 
and the plane of the zero meridian (measured from 0° to 180°, positive 
to the East, negative to the West). 


14* 
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Geographical latitude ф is the spherical distance of the point in question 
from the equator (measured from 0° to 90°, positive to the North, 
negative to the South). 


The shortest distance between two points 


The arc of the great circle between the points P, (фу, 4,) and P, (Pa A») 
(orthodrome) determines the shortest distance (orthodromic distance). 


In the triangle P,P,N are known 
NP, = 90° -- фу 
NP, = 90° — ф, 
angles Р,ХР, = А, — 4, == АА 


(see basic problem 2 of the spherical triangle) 
cos е = cos (90° — ф,) cos (90° — 9) 
-+ sin (90? — @,) sin (90° — фз) cos AA; 

cos e — sin фу sin qs + cos фу cos р, cos ЛА 


(side-cosine theorem) 
Caleulation of the course angles 


The angles х and В of the spherical triangle P,P,N (figure see above) 
can be caleulated if the distance e has been determined. 


. віп Ad sin (90° — p) _ sin AA cos p, 
i sin e Е sin e 


sin x 


(sine theorem) 


шиг sin AA cos p, 


sine 
Distance between two points of the same 
geographical latitude ф 


Orthodromic distance e = P,P, can be easily 
calculated from the right-angled subtriangle 
P,DN which is formed by the altitude № 
within the isosceles triangle. 


Le . ДА 
sin — = cos ф sin — 
2 2 


(NAPIER's rule) 
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Loxodromic distance (arc on the latitude) 4, 
it is calculated from the formula 


l = ДА cos р (in degrees) 
or 
zr ЛА cos ф шїї) 
180° 


т 22 6870 km 


Note: The loxodrome is a line on the surface of the sphere that cuts 
all meridians at the same angle. If the angle differs from 90?, the 
loxodrome approaches the pole spirally. Each circle of latitude is 
a loxodrome that intersects the meridians at right angles. 


4. Analytical geometry 


4.1. Analytical geometry of the plane 


4.1.1. The various systems of coordinates 


O origin of coordinates, zero 


Oblique coordinate system 


The position of point P is defined by two lines 
parallel to the oblique-angled coordinates axes. 


x abscissa, y ordinate 


Rectangular (Cartesian) system of coordinates 


The coordinates of point P are the abscissa x y 
and the ordinate y. 

We write: P(x, y) 

The points in the plane are put into one-to- 
one correspondence with pairs of numbers 
(2,5) € E x К. 


MC II) 


System of polar coordinates 


The position of point P is defined by its distance 

from a fixed point О (pole) and by the angle р Ping) 
that the line segment OP makes with a given Ра ! 
straight line passing through О (polar axis) (р posi- р 

tive if measured in the mathematical sence of 
positive rotation). 022 
r radius vector, 

g amplitude, polar angle 


Parallel translation of the rectangular system of coordinates 


Coordinates of the point P in the original 
system x, y 


Coordinates in the new system &, 27 


а= Ес E=a-¢ 


youn+d y=y—d 
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Rotation of the rectangular coordinate 
system about the angle « 


x = Ё cos р — 7 sing 
y = sin g -+ 7 cos p 
Ё = ж cos p + y sing 
7 = —xsing + y cos p 


Parallel translation and rotation of the rectangular coordinate 
system through the angle ф 


ж = $ cosg — n sin p + с Ё = х совф + y sing — с 
y = sin p + 7 cosp +d n = —xsing + y cos g — d 


Transition from a rectangular to an oblique coordinate system 


х, у coordinates in the rectangular system 
Ёп coordinates in the oblique system 


Pı angle between x-axis and £-axis 
9» angle between x-axis and 7-axis 
ж = £ cosy, +1 608 pz pepe 2 ний ДД 
sin (p, — P2) 
: : x віп фу — y cos 
y=fsing,+nsing, ПЕТР P 
sin (p, — Ф) 


Transition from rectangular coordinates to polar eoordinates 


ж = r cos 
"Io icr 


y-—rsing * 


т = V+; ф = are tan 
x 


4.1.2. Points and line segments 


Distance e between two points P,(a, y,) and P,(z,, Y2) 


е = V(t, — x1)? + (у, — Y) 


Po, X) 


5012) 
S Reg) 


2 
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Distance e between two points P,(r,, ф,) and P,(r,, P2) 


e = Jr? + Tè — rir, cos (p — 91) 


Division of a line segment P,P, in the ratio 4 
P (£i yi), Poles у»), point of division T(x, y), A= P,T:TP, 


ж = ep Any A> 0 for inner point of division 
14-4 
и = Bs А < 0 for outer point of division 
Midpoint P,(2,, y,) of the line segment P,P, 
а, а. Ma d ye 
07 2 , 0 —— 2 


Centroid S(x,,y,) of the triangle Р,Р,Р, 
— 1 - ys -|- Уз 


ntt tt, y 
: E А 
3 


AS. 
à 3 
If the points are material with the masses ту, mg, m3, then we have 


est max, + MoTo -H max, __ тууу + MY + maya 
025235 52250207 ee Cot ae Te 
ma + ть + тз m, + ma + Mg 


and in general, with n mass points 


n 
Х тул >, тук 
1 
Е, = ; = 
с п 5 Ye n 
У ть У ть 
1 1 


Direction of the line segment P,P, 


{ап a = m = 4291 
Tz — $i 


« angle of the line-segment with the positive 
direction of the abscissa axis 

tan х = т direction factor or gradient or 
slope of the line segment 
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Condition for three points P,, P,, P, on a straight line 
z, 1 
2. у 1|=0 
X4 Уз 1 
Area of a triangle 
1 i vy 9 
A= 9 [5.005 — Уз) + %a(¥s — 1) + 238001 — Y2)] = 5 | а У» 
Ts Уз 
Area of a n-gon 


1 
A= FI [zi(ya — Yn) + Ж(Уз — 91) + (4 — Yo) + 


HER — Уа-1)] 


4.1.3. Straight line 


Cartesian normal form 
у = та +b 


$ intercept of the y-axis 
т = tan « direction factor, 
direction coefficient, 
gradient, slope 
т > 0: increasing straight line 
т < 0: decreasing straight line 


Intercept form 


y 
Я 21 
ч b 


ala 


a intercept of the z-axis 
b intercept of the y-axis 
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Point slope form y 


Y — Yı = mx — 21) 


Аж.) 


Two-point form 
y-n _ hon 
я XX, 
in the form of a determinant: 
x y 1d 
я y, 1|=0 
® y. 1 
Hessian normal form 
х cos B + узіп В — p = 0 
p distance of the origin from the straight line 


8 angle which p makes with the positive direction 
of the z-axis 


General form 


Ах + By+C=0 A, В, С constants 
(А, В not both zero) 


Polar form 


ее eee 
cos (х — $) 


Transformation of the general form into other forms 


into the Cartesian form: 


a c 
Se ыл REO 
y B^ В = 
A c 
= ——; b——— 
T B B 
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into the intercept form: 


=. Vy 
uE eq. ВОО 
2676 Шш 
A B 
pick. jene 
A B 


into the HEssrAN normal form: 


Ах + By+C _ 0 The sign of the root must be 
+ VÆ 4 B? = opposite to the sign of C. 


Special straight lines 
Straight line through the origin 
у = mx Ах + Ву = 0 
Line parallel to the z-axis 
y=b By+C=0 
Line parallel to the y-axis 
а = а Ах + С = 0 
Equation of the y-axis Equation of the z-axis 


я =0 у= 0 


Distance d of point P,(x,, yi) from the straight line 
in the Hessian normal form 


Az, + Ву + C 


d = x cos f + У, sin B — p = 
VA? B 

Sign of the root see above. 

d is positive if the point P, and the origin are on different sides of the 
line, otherwise the distance has a negative sign. In the latter case, 
4 must be taken as absolute, 
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The intersection S(x,, yi) of two straight lines 


нин Cr b —b. ЯРЬ Бий, л 
, $— 


y == Mgt + dy ! mg — т Ma — Mı 
Ay + Ву + €, — 0] 
Age + By + 0, — 0] 


2. Раба = Ва, _ B, C, 2 В; 
$ A,B, m A,B, В, А | A, В, 
0,4, GA |O, 4,| | А, В, 

Ji = 1B, — A,B, А] | A: B: 


Condition for three straight lines intersecting in a point 
Ах + Ву С, =0) |4 В, С, 
Ах + Bay + С, =0 F? | А, В, С, |= 0 
Ax + By -- 04 = 0] | A; В, C; 
Angle ¢ between two straight lines g, and g, 
dolis аар) 


у = тах + b, 

ф acute angle 
Ах + By +C,=0 ta: 
Ах + By + С, = 0 

g « 90° 


Condition for parallel straight lines 
BM 
y = mam b, 
Aib Dir ОТЕТ: 
Agu +- Ву + 0, = 0 
Condition for perpendicular straight lines 
dbi i "E or mm, = —1 
y = mot + b, m; 


pip A pn 
A,A, + В.В, = 0 
Ag + By +C,=0f°* * ib 
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Pencil of straight lines 


n= Ау + By+C,=0 


iven straight lines 
quo в. 5 


Equation of the pencil of straight lines through the point of inter- 
section of the straight lines g, and до: 


91 + Ag, = 0, AER 


Angle-bisectors w, and tw, between two straight lines g, and g, 


9 = Ay + By + С, = 0 | given straight lines 
Pa А» + By 4-0, = 0 (general form) 
Equations of the angle-bisectors: 


; Ф x Huet Ву ЕС, 4t Byto 
YA? + B? XYAs + BS 


Sign of root (see page 219) 


gı = ж cos В, + y sin f, — p, = 0) given straight lines 
ga = x cos В, + y sin В, — р, = 0 | (Hessian form) 


Equations of the angle-bisectors: 
а(сов В, + cos В) + y(sin B, + sin Bz) — (p + рь) = 0 
4.1.4. — Circle 


Equations of the circle 


Equation for center at origin 


а? 4- у? = т 


General equation of the circle | 


(@— 0% + (у – 0 = т 


222 4, Analytical geometry 


Equation of a circle with center lying on 
a-axis, origin on circle (vertex equation) 


y? = 27% — r? 


General equation of the second degree as а circle 


Ax? +- 2Bxy + Cy? + 2Dz + 2Hy + F =0 
(general equation of the second degree in х and у) 
Condition for the circle: 


A=C; В--0: D?--E?— AF > 0 
thus, the equation of the circle has the form 


Аа? + Ау? + 2Dz + 2Ey + P = 0 


D E 
A' A 


center м (^ —— 
: 1 oe ч 
radius r = 4 үр + E?— AF 


Parametric equation 
z-—rcost-r-c 


y —rsint-4- d 


Equation of the cirele in polar coordinates 
Center M (os, Фо) in arbitrary position: 


0% — 2000 cos (p — Фо) + ev? = 7 
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The pole O lies on the circle; the diameter 
passing through O is the polar axis: 


Plo P) 


о = 27 сов ф 


The pole О lies оп the circle; the angle pọ ів 
included between the polar axis and the diame- 
ter passing through O: 


о = 2r cos (p — Фо) 


The pole does not lie on the circle; the 
diameter passing through the pole is the 
polar axis: 


T? = 0? — 2000 cos P + Qo” 


The circle passes through O; intercepts on the 
rectangular coordinate axes а and b: 


о = а cos p + b sin g 


Points of intersection of the straight line y = mz + b 
with the circle x? + y? = r? 


СН = ш £ : yr*(1 + т?) — b? 


dm 1 + т? 


b m 
“її й 


Radicand 7?(1 + т?) — b? = D (discriminant) 


D>0 Тһе straight line intersects the circle in two points. 

D —0 The straight line touches the circle in one point (double 
point). 

D<0 The straight line has no points in common with the circle. 


VA RP 


91;2 
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Tangent and normal to the eirele x? + y? = r? in point P (2;, yi) 


Equation of the tangent: zz, + yy, = 1? 


REM s 
Direction factor m, = — = 


Yı 


Equation of the normal: yz, — xy, = 0 


Direction factor m, — su 
21 
Length of tangent t = Эл | y 
m Аж) 


Length of normal n = т 


yy? 


Subtangent s, — 
ay 


Subnormal s, = zi 
Polar line of the point P,(x,,y,) with respect to the circle 
а? yir 

zzo -- YYo = "ә Ро ів called pole 
To the straight line Ax + By + С = 0 as polar line belongs pole Р, 


: В Ат? Br 
with the coordinates 25 = —-—— == А 


Power р of the point P,(a,, Yo) with respect to the circle x?-+-y’= r? 
P = tè t Y r? 


Tangent and normal to the circle (2 — c) + (y — d) = r? 
in point P,(z,, Yı) 


Equation of the tangent: 
(a — с) (ау — в) + (y — 4) (уу 4) = 


z,—cC 
У: — 4 


Gradient m, = — 
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Equation of the normal: 
(y — Ул) (my — с) = (z — 21) (y — а) 


Gradient m, — u4 
я —с 


Equation of the circle through three points P,(x,, y,), 
Р.(2,„ У), Pi(25 Ys) 
аё? +у v у 1 
в ру omn y 1 es 
t + у? Ta Yo l| | 
ts? + Ys? x. y. 1 
Polar line of the point P,(x,, y,) with respect to the circle 
(ж — с)? + (у — Ф) = r° 
(z — с) (zo — с) + (y — d) (Yo — d) = т 
Power p of the point Р, (2, y,) with respect to the circle 
ее + (у -d= 
P = (% — 6} + (Yo — d}? —1% 
Common chord (radical axis) of two circles 
К! = (х — о)? + (у — d} — re = 0 
Ка = (x — о)? + (у — d}? — т? = 0 
К, — К, =0 equation of the common chord 


} given circles 


The radical axis is perpendicular to the line of centers. 


Family of circles 
К; = (= — с)? + (у — 4)? — r? =0 
Ка = (x — с)? + (у — d)? — rè = 0 
K,-+ AK, = 0 equation of the family of circles for A + —1 


} given circles 


4.1.5. Parabola 
Definition 


A parabola is the set of all points equidistant from a fixed point 
(the focus) and a straight line (the directriz). 


15 Bartsch, Mathematical Formulas 
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Notations 
O vertex of the parabola 


x-axis = axis of the parabola 


1 directrix (equation z= — 21 


p = DF semifocal chord 
2p parameter 


OF — 0D = Ё. 
2 


Е ($ o) focus 
2 


PF focal line (focal distance), PL distance to directrix (РР = PL) 


Equations of the parabola 


Vertex equation 
y? = 2px 
p>0 parabola opening to the right 


р < 0 parabola opening to the left 


General equation with axially parallel position 
(y — d}? = 2p(x — с) 


Vertex V(c, d) 


Axis of parabola || z-axis 


р> 0 parabola opening to the right 


р < 0 parabola opening to the left 


General equation of the second degree as a parabola with axially 
parallel position 


Aa? + 2Bxy + Cy? + 2Dx + Еу + F = 0 


(general equation of the second degree in x and y) 
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Condition for parabola: 4 = 0; B = 0; hence, parabola equation 
Cy? + 2Dx + 2Еу + P = 0 


2D Е? — CF E 
P ter 2p = — —; Vertex V (| ————,—— 
arameter 2p с ertex | 20D с) 
Parabola parallel to the x-axis 
Inverse equations 
x? — 2py Parabola with y-axis as axis 


of parabola 
Vertex V(0, 0) 
р 0 (opening above) 
р < 0 (opening below) 
(x — с)? = 2p(y — d) Axis of parabola parallel to 
the y-axis 
Vertex V(c, d) 
Са? + 2Dy + 2Ez + Е = 0 Axis of parabola parallel to 


the y-axis 
E ЕОР 
Vertex V| ——, 
тек | С’ 20D ) 
апа 
2р 
Р ter 2p = — — 
Polar equation nr C 
r= ERU MES , 
1 + = созф 


where є = 1. 
(pole = focus; polar axis through vertex; figure on the left) 


Рт, ф) Р 


r = 2р cos ф(1 + cot? р) 
(pole = vertex; polar axis = axis of parabola; figure on the right) 


15* 
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Intersections of the line y = та + b with the parabola 
у = 2px (р > 0) 


—b 1 
tna = 4 m Vp(p — 2bm) 


m? 
р 1 — 
уз = & + — Үр(р — 2bm) 
m т 


Radicand p(p — 2bm) — D (discriminant) 
р>0 The straight line intersects the parabola 
D=0 The straight line touches the parabola 


D —0 The straight line has no point in common with the 
parabola. 


Tangent and normal to the parabola у = 2px 
in the point P,(x,, yi) 


Equation of the tangent: yy, = p(x +- a) 


Gradient m, — Р 


Yı 


Equation of the normal: p(y — yi) + у(х — zı) = 0 


Gradient m, = u 
p 


Length of tangent 


t= Vy? + 4a? 
Length of normal 

п = Vy? TP 
Subtangent 8, = 221 
Subnormal s, — p 


Polar of point Р, (аху, уу) with respect to the parabola y? = 2px 


YYo = P(X + To) P, pole 
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Diameter of the parabola у = 2px 


у= Ё. 
т 


m gradient of the associated parallel chords 
which are bisected by the diameter. 


Tangent and normal to the parabola (y — d)? = 9р(х — c) 
in point P, (z,, yi) 


Equation of the tangent: 
(y — d) (y, — d) = p(z + z, — 2c) 


Gradient m, = —2— 
i у — 4 
Equation of the normal: 
ру — уу) + (у, 0) (x д) = 0 


Gradient m, = — й 


Segment of a parabola 
Chord P,P, is of arbitrary direction. 
(Yı — Y)? (ж, — ж) (уу — Уз)? 


12p 6(y, + Уз) 
Chord perpendicular to the axis of parabola 


А = 


4 
А = — 
3 2191 


56 
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Paraboloid of revolution 


The parabolic arc rotates about the x-axis. 


1 
V = — туу? 


2 


Radius of curvature o and center of curvature M,(&, 7) of the 
parabola y? = 2px in point P,(x,, y,) and in vertex V 


For P, holds: 


n length of normal (see page 228) 


For vertex V(0, 0) holds: 
=; =p; n=0 y 
Evolute of the parabola у: = 2px 


, SE — p? 


i 27p 


for é = p 12617 


NEIL'S or semicubic parabola 


Length of the parabolic are OP, of the parabola y? = 2px 


гоу (ee e 


— 2 2 
= yy pay Ys шил 
2р 2 


-= ZL Vp? -H yy? + Р sinh-i 1 
2p 2 p 
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Approximate value for small a. 
Yı 


— 2 (хү! 2 (хо \4 
ОР Е 2 -4/2 
in| | de 3531 


Length Г of the focal line to point Р, (2, y,) 


2 


l= 
а + 


CONSTRUCTIONS OF PARABOLA 


Given: Focus and directrix 


We drop the perpendicular FD (axis of 
parabola) from point F (focus) onto the 
directrix Г and erect perpendiculars to 
the axis at arbitrary points A,, Áz, As, ... 
of this axis. Then we describe circles with 
radii DA,, DA, ПА., ... about Р; the 
points of intersection of the circles with 
the perpendiculars are points of the 
parabola. 

The midpoint of FD is the vertex of the 
parabola. 


Given: Focus and directrix 


We draw a line joining an arbitrary point 
A, of the directrix with the focus and 


erect the midperpendicular on 4,7; the 
point of intersection of the midperpen- 
dicular with the perpendicular through 
A, on the directrix is a point of the 
parabola. 
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Given: Focus and tangent to the vertex 


We join different points of the tangent to 
the vertex with the focus F and erect 
perpendiculars on the various points of 
these joins; the perpendiculars envelope 
the parabola. 


vertical tangent 


Given: Coordinate axes, vertex at the origin 
and one point P of the parabola 


We drop the perpendicular PQ from P 


on tothe y-axis and divide PQ and VQ into 
the same number of parts equal to one 
another. We join the points of division on 


PQ with lines to V and draw lines parallel 
to the z-axis through the points of division 


on VQ. The points of intersection of the 

parallel lines with the joins from V are 

points of the parabola. 

The points of the parabola below the 

x-axis will be readily found since they 

are symmetrical with керен to the V "X 
points above the axis. 


4.1.6. Ellipse 


Definition 


An ellipse is the set of all points the sum of whose distances from two 
fixed points (foci) is constant. 


Notations 

F,, Р, foci 

A, B vertices on the major axis 
C, D vertices on the minor axis 
M center 


PF, + PF, = 2a (constant sum) 
PF,, PF, focal distances 
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AB = 2a major axis; а major semiaxis 
CD = 2b minor axis; b minor semiaxis 
F,F, = 2e 

е = ya? — b? linear eccentricity 


а [е 


=e numerical eccentricity (e < 1) 


2 
2p = 24 parameter = perpendicular to the major axis in the focus 
a 


Equations of the ellipse 
Central equation 


2 2 
Z + = = 1 ог 0222 + а?у? — a?b? = 0 see figure above 
а 


General equation with axially parallel 
position 


(x — c? (у—4)% 
et a 


Center M (с, d) 
Axes of the ellipse || to the coordinate axes 


Vertex equation 


y! — 2px D 
a 


General equation of the second degree as an ellipse with axially 
parallel position 


Аа? + 2Вху + Су? + 2Dx + 2Еу + Е = 0 


(general equation of the second degree in x and y) 


Condition for an ellipse in axially parallel position: 


врп A=sgnC and B—0, 4-0 
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Thus, we have the equation of the ellipse 
Ag? -|- Cy? -+ 2Dz + 2Ey + Е =0 


CD? + АЕ? — ACF 
ас 


major semiaxis а = 


minor semiaxis b = SUD ао 
1 Е AC? 


center M E IE 
A C 


axes of the ellipse || coordinate axes 


Inverse equations 


2 
^ + = =1 Ellipse whose major axis is the y-axis 
g b a major semiaxis, b minor semiaxis, center 
in the origin 
а? = 2ру — Р y? Ellipse whose major axis is the y-axis 
Ч а major semiaxis, center M(0, a) 
Polar equations 
ЕР, e<l 
1 + e совф 


(focus Р, pole; polar axis in the direction of B) 


b2 
т 81 
1 — =? cos? р 


(pole at the center; major axis is polar axis) 


Ping) 
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Parametric equation 


x = a cost 


Inner circle 


y = bsint 


Outer circle 


Points of intersection of the straight line y = ma + b, with the 
. 2? у? 
еШрве = + p 1 


a*mb, ab LiT 

225 = — o ami ая Yam? + $2 — bj 
223 abm 22-2--2::::-2 
ha RE amit гт, НИ 


Radicand a?m? + b? — 6,2 = D (discriminant) 

р>0 The straight line intersects the ellipse. 

D=0 The straight line touches the ellipse. 

ӘР < 0 The straight line has no point in common with the ellipse. 


The length of the focal distances PF, and PF, 


PF, =d 4 г | 2-0 WH 
2-5 PF, + PF, = 2a 
PF, = а — ex 
2 2 
Tangent and normal to the ellipse ын + c =1 in point 
P,(2,, 9) 2 
Equation of the tangent: = + Yn _ 4 
a? b? 
2 
Gradient m, — ES 
а?у 


Equation of the normal: y — y, == un (ж — 23) 
Ti 


Gradient m, == —— 
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a? 2 
Length of tangent t = y ye + (= — 2 
| x 


1 


4 22,2 
Length of normal n = b Yat — ea? 


a? 

a? 
Subtangent вр =|—— а 

эд 

2 
Subnormal 8, = bt 

a? 

— еу? — ау 

Tangent and normal to the ellipse Ger + Ааа = 1 
in point P,(2,, Yı) a b 


Equation of the tangent: 


grec i wy i 
a? p Е 
2(х, — 
Gradient m, = — reza 
ay, — d) 
Equation of the normal: 
= a(y, — d) e 
и 20) (x — ту) 
Uy, — 
Gradient m, = ay — d) 
b*(z, — с) 
Polar of point P,(2,, У.) with respect to the ellipse 
а? у? 
ety 
Ze 499» —, Р, pole 
ад b? 


Diameter of the ellipse 


b? 
= —— gz 
у am 


m slope of the associated parallel chords which are 
bisected by the diameter 
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The diameter through a family of parallel chords passes through the 
points of contact of the tangents parallel to these chords. The diameter 
of a tangential chord passes through the point of intersection of its 
tangents. 


Conjugate diameters are diameters each of 
which bisects the chords parallel to the other 
one. The two axes are conjugate diameters. 


= mx and y = тух are conjugate diame- 
ters if 


For two conjugate diameters 2a, and 2b, we have: 
a? + b? = а? + b? 
ab, віп (p, — Фа) = ab 


In words: 


The area of a triangle formed by two conjugate semidiameters 
of an ellipse and the line joining their endpoints is constant. 

The equation of the ellipse related to the two conjugate diameters 2a, 
and 2b, is as follows: 


2 2 
ellipse 2 + 9. 
a 
In the point P,(x,. yi) 
— из 3 

Aay- П 8807 м 
p 
n length of normal (see page 236) 


2,3 2,, 3 2024) 3 
ptr. сарыг т. o. EL 
= ; = = 


at bt b 
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In the vertex on the major axis А(—а, 0) 


In the vertex on the minor axis D(0, —b) 


a? e 
= —; = 0; а 
p & 1=3 


In the vertex on the minor axis C(0, b) 


a? е? 
= —; = 0; — s 
QS 7 b 
Cirele on the major axis and cirele on the minor axis of the ellipse 
x? + y? 
a b 


a? у? 
Evolute of the ellipse — + = = 
a Ы? 


(E (Eri өнөө CN. 
ы ас «^. 


Area of the whole ellipse, of the elliptical segment and 
elliptieal sector 


Ellipse: А == паб 
Elliptical segment P,P,C: 


1 ab 
А = — (xy, — хуу) + > (are sin = — are sin 22 
2 2 a a 
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Elliptical segment Р.Р.В: 
А = ab arc cos 2. — Ху: 
а 


Elliptical sector P,OP,B: 


x 
A = ab arc сов —- 
a 


Elliptical sector P,OP,C: 


ab . 2 6 
А = — [are sin — — are sin — 
2 a a 


Ellipsoid of revolution 


Revolution about the z-axis: V = > nab? (prolate ellipsoid) 

: : 4 : 
Revolution about the y-axis: V = 3 ma (spheroid) 
Circumference of the ellipse 


u = 2ma |i — AYa. 1:392 (1.3.58. 
Z 2 2.4] 3 (ы 5 


Formulas of approximation: 


ЕСЕ; ua [a b+ Иба? + 55] 


CONSTRUCTIONS OF THE ELLIPSE 


Given: Foci and major axis 2a 


и We describe circles with radii 

27) “Бас Md p < 2a and (2a — р) about the 

/ \ foci F, and F, and obtain as 
oe Se ир 2a their points of intersection four 
х / р symmetrical points of the ellipse. 
“У. E 272 By varying p < 2a, further 


points of the ellipse are obtained. 
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Given: Foci and major axis 2a 


We draw a circle with 2a as the 
radius and F, as the center, then 
draw a line joining an arbitrary point 
P of this circle with the second focus 
F, and erect the midperpendicular 
of this join. The point of intersection 
of this midperpendicular with PF, is 
& point of the ellipse. Thesame 
procedure can be repeated with a 
circle about F,. 


Given: Semiaxes a and b 


Solution 1: 


“We describe the circles on the 
minor and major axes about O. 
Then we erect an arbitrary perpen- 
dicular g to the horizontal axis 
which intersects the circle on the 
major axis in A, and А,. The joins 
OA, and OA, intersect the circle 
on the minor axis in B, and B,. 
The lines drawn through B, and B, and parallel to the horizontal 
axis intersect the perpendicular g in two points of the ellipse E, 
and Е». 


Solution 2: 


We draw lines through the vertices A, B, C, D and parallel to the 
coordinate axes which intersect one another in Лү, Е,, Ez, На. Then 
we divide the line-segments OC | 

and E,C into the same number of 
equal parts. We draw rays from A 
through the points of division of 


OC and from B through the points 


of division of Е.С. The points of 
intersection of the respective rays 
are points of the ellipse. The whole 
ellipse is obtained by constructing 
the points symmetrical with 
respect to the x-axis and y-axis. 
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Solution 3: 


On a strip of paper with straight 
edges, we measure off from point P 
the two semiaxes PQ = a and 
PR = b, one on top of the other 
(QR =a— b). When moving the 
paper-strip in such a way that point 
Q moves on the y-axis and point E 
on the z-axis, point P describes an 
ellipse (principle of the elliptical 
trammel). 


Solution 4: 


On a paper-strip with straight 
edges, we measure off the two 
semiaxes PQ = a and PR = b, 


one after another (OR =a+ b) : 
When moving the paper-strip 
in such a way that point Q 
moves on the y-axis and point 
Е on the z-axis, point P 
describes an ellipse. 


4.1.7. Hyperbola 
Definition 


The hyperbola is the set of all points for which the difference of their 
distances from two fixed points (the foci) is constant. 


Notations 

К, Е. foci 

А, В principal vertices 

C, D secondary vertices (imaginary) 
M center 


PF, — PF, = 2a (constant difference) 
PF, PF, focal distances 


16 Bartsch, Mathematical Formulas 
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АВ = 2a transverse axis 
CD = 2b conjugate axis 
FEQ = 2e 
e = Та? + b? linear eccentricity 
2 : xu 
— =€ numerical eccentricity; е > 1 
a 
2b2 


2p = — parameter = chord through the focus and perpendicular 
s to the major axis 


Equations of the hyperbola 
Central equation 


= ог 624? — а?у? — ab? = 0 


see figure page 241, bottom 


General equation with axially parallel 
position 


e=% (y—dY. 4 


a b? 


Center М(с, d) 
Axes of the hyperbola || coordinate axes 


Vertex equation 


y! = Өрх + Ё. аз 
a 


Center M(— a, 0) 


General equation of the second degree as a 
hyperbola with axially parallel position 


Аа? + 2Вху + Cy? -- 2Dx 4- 2Ey + F = 0 


(general equation of the second degree in x and y) 
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Condition for hyperbola: sgn А + врп С and B=0 
Thus, we have as equation of the hyperbola 
Aa? — Cy? + 2Dz + 2Ey + F=0 


CD? — АЕ? — АСР 
А?С 


transverse semiaxis а = 


; bed yz — АЁ? — ACF 
conjugate semiaxis b = |/ —— 


AC? 
D E 
ter M|——,— 
center | Л с) 
Inverse equations 
y oc Hyperbola whose transverse axis is the 
d М y-axis 


а transverse semiaxis, b conjugate semi- 
axis, center in origin 


2 Hyperbola whose transverse axis is the 


p 
2 
а? = Qpy+—y 232. 


а transverse axis, p semiparameter, center 


M (0, —a) 
Polar equations 
Рп) 
2 ЕР, e>1 
1 -- = соз ф 
АЈА 
(focus Е, as pole; РА polar axis) 
Pp) b2 
12 81 
y 42 cos? p — 1 
M 


(center as pole; x-axis as polar axis) 


16* 
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Parametric equations 


=“; y= +btant 
cos Ё 


x = +a cosht; y = bsinht 


Equation of the rectangular hyperbola 


a? — у= а? (b = a) 


а? y? 
Focal lengths of the hyperbola — — == 1 
а? Ы? 
РЕ, = ex CEP 
1—62 5 BRE PF, = 20 
PF, = ex — a 


Intersections of the straight line y = mx + b, with the 


г? у? 
hyperbola ui^ Br 1 


2, 
"ҮЛ. ye ЖШ түзот синг 


b? — а?т? b? — am? 


2 
а = un lp LL BEBE aimé 
ат 


b? — 02027712 — 


Radicand 6? -+ 6.2? — a?m? = D (discriminant) 
0-0 The straight line intersects the hyperbola. 
D = 0 The straight line touches the hyperbola. 


D «0 The straight line has no point in common with the hyper- 
bola. 


Special cases 


1. 02 — а?т? = 0; m0; b o 
The straight line intersects the hyperbola only in one point (£s, y,) 
and is parallel to one of the two asymptotes: 
b? +6? b? — p 
T. 5 Уз 
2mb, 2b, 
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2: $? — æm = 0; m+0; 0, = 0 
The straight line is an asymptote and has the form of one of the two 


equations of asymptotes: y — du x 
а 


2 2 
Tangent and normal to the hyperbola 2 —У-—= 1 
in point P,(z,, yi) Ы 


Equation of the tangent: 


eh WA 1 
a? jo 
2. 
Gradient m, = oe 
ay 


Gradient m, = UM 
bx, 
а?\? 
Length of tangent ё = |/ y? + (s — =) 
vı 
| gy eee шыш 
Length of normal n = = Vex? - а? 
@ 
а? 
Subtangent $—|az—— 
Ti 
b? 
Subnormal s, = |20 
a 


(6-6 _ (0—4) _ у 
а? = 


Tangent and normal to the hyperbola pi 


in point P,(2,, yi) 
Equation of the tangent: 
0) (а 0)  (y—dn-—d) , 


a? b2 
b?(x, — c) 


ay, — d) 


Gradient m, — 
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Equation of the normal: 


ay, — d) 


Ux, — c) (= — 2) 


¥-n=— 


аду, — d) 


Gradient m, — — rm 
(ж, — с 


Asymptotes 


The tangents of a hyperbola at infinitely remote points are called 
asymptotes. They pass through the center. 


TY b 
Equations: y = + — <x 
a 


The length of the tangent between the asym- 
ptotes is bisected by the point of contact: 


T,E = Т.В 


Theorem on the constant triangle 
The area of the triangle Т,ОТ, is constant (A = ab). 


Theorem on the constant parallelogram 
If EF and EG are lines parallel to the asymptotes, then the area of 


the parallelogram thus formed OGEF is constant ( = z ) 5 


Asymptotic equation of the hyperbola 


When choosing the asymptotes as coordinate axes, we obtain an 
oblique-angled system for the hyperbola (a + Б) in which the equation 
of the hyperbola із 


The asymptotes of the rectangular hyperbola (a = b) are perpendi- 
cular to one another so that a rectangular system of coordinates is 
given if we choose the asymptotes as axes. The equation of the rect- 


angular hyperbola then is a^y' = u^ 


4.1. Analytical geometry of the plane 247 


Ах + В 
Cz + D 
C + 0 represents a hyperbola whose asymptotes are parallel to the 
coordinate ‘axes. 


An equation in the form y = with AD — BC +0 and 


Polar of point P,(x,, y,) with respect to the hyperbola 
а? y? 


— = Ё = 1 
a ЬЫ? 
xx, 1, 
Tni P, pole 
y Diameter of the hyperbola 
50 2 
yer _ b 
Ци Аа аг 
x 


m slope of the associated parallel chords which 
are bisected by the diameter 


Conjugate diameters are diameters each of which bisects the chords 
parallel to the other diameter. 


y = тух and у = mx are two conjugate diameters if 


b2 
Бэ” 


For two conjugate diameters 2a, and 26, we have 
a? — b? = а? — b? 


Equation of the hyperbola with respect to the two conjugate dia- 
meters 2a, and 2b,: 
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Radius of оаа о and center of curvature М,(&, 7) of the 


hyperbola = _# = 


b: 
In point P (£; y) 


1 Ye жү? — at) пЗ 
= all btr + ау) = —— 7 = — 


ab p 
n length of the normal (see page 245) 
„бл буз gay? 
scc n Е TEARS pe 
а b b 


In vertex A(—a, 0) 
b? e 
e =— =p; ё=——; 1=0 
a a 


In vertex (а, 0) 


Principal circle of the hyperbola 


а? у == а? 


23 2 
Evolute of the hyperbola EH 1 ý 
a b 


Area of the segment P,BP, and of the sector OP,BP, 
of the hyperbola 


A = ауу, — ab Ш (= + “| 
а b 


@ Ад) 


= x,y, — cosh-! Ti, (segment) 
a 


А = ab Ш (| + 4) = cosh- 21. 
a b a 
(sector) 
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2 2 
Hyperboloids of revolution (rotating curv Z = Е = | 
a 


Rotation about the z-axis within the limits a to x, and —a to —a,: 


_ 2nb*(x, — а)? (x, + 2a) 
i 3a? 


V (hyperboloid of two sheets) 


Rotation about the y-axis within the limits from y, to —y,: 


У — 2ra?y (y? Es 3b?) 
Е 362 


(hyperboloid of one sheet) 


CONSTRUCTIONS OF 
HYPERBOLAS 


Given: Foci and principal axis 2a 


We describe circles with an arbi- 


trary radius p and the radius 2a + p 
about the foci Р; and F,; in this 
р way we obtain four symmetrical 


points of the hyperbola where the 
circles intersect each other. Further 
points of the hyperbola are obtain- 
ed by varying p. 


Given: Semiaxes a and b 


We describe circles with а and b as radii and О as the center. From 
these *'directing circles" we draw the tangents s and t perpendicular 
to the x-axis. An arbitrary straight 
line g is drawn through O to intersect 
the tangents in A and B. Then we 
describe an arc with radius OB about 
O and erect the perpendicular to the 
x-axis from the point of intersection of 
the are with the x-axis. The point of 
intersection of this perpendicular with 
the line drawn through A and parallel 
to the x-axis is one point of the hyperbola. By varying the straight 
line g, further points of the hyperbola are obtained. 


Given: Coordinate axes as asymptotes and a point P of the rectangular 
hyperbola 

We drop perpendiculars PQ and PR from P onto the coordinate 
axes, extend PQ through P and draw lines joining arbitrary points 
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on the extension with the origin O. We draw lines parallel to the 


x-axis through the points of intersection of these joins with PQ. 
Then we draw lines parallel to the y-axis through the points of divi- 


sion on the extension of PR. Their points of intersection with the 
respective lines parallel to the z-axis are points of the hyperbola. 

By similar constructions in the third quadrant, we obtain the second 
branch of the hyperbola. 


Given: Asymptotes and a point P, of the hyperbola 
We draw an arbitrary straight line through P, to intersect the 


asymptotes in Q, and О,, and then we measure off Q,P, = Q,P, on 
this line. Then point P, is another point of the hyperbola. 
Further points are obtained by varying the straight line. 
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4.1.8. The general equation of the second degree in x and у 
F(x, у) = аца? + 2a,5:y + аљз + 2a,5x + 2054 + азз = 0 


The invariants of a curve of the second order: 


а а as 
а “би 
A =| а аз аз |; 9 = 


азу @» 
a31 @3z зз 
Note: In the determinants, the relation а = ag; holds. 


Invariants are quantities which remain unchanged in coordinate 
transformations. 


The general equation of the second degree represents a proper conic 
section if A + 0, whereas it represents a degenerate conic section if 
4=0. 


For д + 0, the general equation of the second degree defines an ellipse 
or hyperbola, whereas a parabola is defined for 6 = 0. 


Саве 1: d + 0 

Parallel translation of the coordinate system 
x=g +u х,у original coordinates 
у=у +v х,у new coordinates 


(4, v) new origin referred to the old system. 


__ @12@2з — 92013, 4723 412013 — 011053 


ô 8 
Conditional equations for и and v are 


SN ando EEV 


0 
Ox ду 


(и, v) becomes the center of the conic section. 
The transformed equation has the form 


ац + 2a,42 y! + ay? + аа = 0 
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where 


A 
Одд Чу й + dogv + 33 = 5 


Rotation of the x’, y’-coordinate system about the angle «: 


2a 
tan 2x = 12 х < 90° 
ац — Age 
/ = ёс 1 
а = & 0080-0)8 х 
у = Ein æ + 7] cosa &, ņ new coordinates 


The transformed equation is of the form 
(1) 0152 + boon? + аа = 0, where 


1 ———————À—$3 
ba = э (7 + azg x Yes — 43)? + 403, | 
1 UM ALT 
b. = > (7 + а» FV Gu — а»)? + дай, | 


The upper sign before the root must be used if а, is positive, the lower 
sign before the root if а,» is negative. 


bu + bz = Gy + а. = 8 (invariant) 


Equation (I) represents an ellipse for 6 > 0; A + 0, namely, 


ъ >0 b >0 
real ellipse 4 bz > 0 imaginary ellipse 4 5,2 > 0 
Ay, < 0 ay > 0 


If 6 > 0, but A = 0, the ellipse degenerates into an imaginary pair 
of straight lines with real finite points of intersection. If 4 = 0, 
then a,, = 0. 

Equation (I) represents a hyperbola for 6 < 0 and 4 + 0 which 
with A =0 degenerates into a rea] intersecting pair of straight 
lines, 
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Case 2: d= 0 
Rotation of the coordinate system about the angle o: 


, 12 E: 
а = х cosa — y'sinx 2a. 

A. У tan 2х = —— =; «a < 90° 
y = х віп х + у Cosa ауу — 039 


х, у original coordinates 
x’, у’ new coordinates 


The transformed equation is 
bz? + 2bx'-LF Woay’ + азз = 0, where 
by, = ац + а 
аз Van рк ALM 
Ya; + às T а» 


— 423 Vay, — 413 Vasy 


Vay, + аз + а» 


bis = 


Parallel translation of the 27, y’-system: 


2 
bis , a баз — bis 


puri 
2b jbo, 


a’ = Ё — 
by 


The transformed equation is 


d) e= -2e 
ба 


For A + 0, equation (II) represents a parabola. If 4 = 0, the 
curve degenerates into a pair of straight lines, namely, 


into two real and different parallels for айз — 4,453 > 0, 
into a coinciding pair of parallels (double straight line) 
for aig — 4,04, = 0, 


into two imaginary parallels for 014 — 4,033 < 0. 
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SURVEY 
8 4:0 5=0 Е 
conic sections with center : А 
80 8-0 conic section without center 
A-S «0 
A40 real ellipse 
roper conic 
p oh ! 4.820 hyperbola parabola 
imaginary 
ellipse 
= nonparallel (intersecting) ir of 1 5 
аас te pair of straight lines pait of parallel Jines 


conic sections 2 
Qis — O11055 


20 =0 <0 
two two two 
different | coin- imaginary 

real ciding 
parallel lines 


imaginary with 
real finite real 
intersection 


Example 1: 
-|- day +- 2y? — 18x — 12y + 15 = 0 


ts 


бх 
аһ = 53 yy = 2; Ay = 23 аз= —9; 


Qo, = —0; az = 15 


5 2 —9 
A 2 2 —6 0 ae 10—4>¢ 
— — =F 0; == = - ) 
F оо > 
—9 —6 15 


The equation defines an ellipse. 


Determination of u and v: 


OE 9) _ toe 4 4y — 18 = 0 
Ox 
22059) du ay 12=0 
ду 


z=u=1; youv=2 


Center of the ellipse M (1, 2) in the original system 
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Determination of a,,: 

а = Myst + dog? + азз = (—9) 1 + (—6)-2 + 15 = —6 
Transformed equation after parallel translation 

5a’? + Az'y' + 2y? —6=0 
Determination of the angle of rotation «: 


tan 20 = — 208 É, a= 26°34’ 
а, — аз З 


1 
by = 5 lay, + аз» + Каз — aa)? + 4032| 
(upper sign, since бү, is positive) 
ba > +24 Y6 —39 4.4.2] = 6 
1 = 1 
ba = ГҮ [an + а» — (ал — а)? -+ 4a3,| = э (7 — 5) == 


hy’ Transformed equation after rotation: 
| 
e 6 + 17? — 6 = 0; 
22$ e n? 
С mq IE 
2228 €— H T 6 


ie. ellipse with a= 76 andb=1 and 
with center at the origin of the £,7-system. 
The major axis is the y-axis. 


Question: What must be the absolute term ag, in the equation in 
order that the ellipse degenerates? 


The condition is: 4 = 0 or a, = 0 
ам = аи + aot + аз = 0; —9 — 12 + аз = 0; 
азз = 21 


The equation 542 + 4ху + 2y? — 185 — 12y + 21 = 0 represents 
an ellipse which degenerates into its center. 
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Example 2: 
94? — 24ry + 16у? -|- 2202 — 40y — 100 = 0 
а =9; а, = —12; аз = 16; ay, = 110; 
аз = —20; азз = —100 


9 —12 110 
4-—|-—13 16 — 20;+0 
110 —20 —100 
9 —12 
ô = — 144 — 144 — 0 
—12 16 


The equation defines a parabola. 


Rotation of the coordinate system: 
tan 24 = ———— = — = Ss x = 36°52’ 
by = Ay + аә = 25 


a, Van + аз Каз 11009 + (—20) V16 


p, ай in a Vig _ 110 193.0 20) L 5o 


" бх Тан — бу Vaz _ —20 V9 — 11016 
gm ERR RU e 


Jay; + 45; + а 25 


--100 


Transformed equation after rotation: 
25x? + 100%’ — 200y’ — 100 = 0 
х? + 4r'— 8y — 4-0 


Transformed equation after parallel 
translation: 


i.e. parabola with vertex at the origin 
of the &,7-system and with parameter 
2p = 8. The axis of the parabola is 
the 7-axis. 
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43. . Analytieal geometry of space 


4.2.1. The various systems of coordinate 


Rectangular (Cartesian) coordinate system 


Right-handed system: 


Rotation of the positive z-axis toward 
the positive y-axis with simultaneous 
displacement toward the positive 
z-direction represents the motion of a 
right-handed screw. 

у The coordinates of the point P are z, y, 2. 

We write: P(x, у, 2) 

The x-, y-, z-lines, i.e. the lines along which only one coordinate changes 
are axially parallel straight lines. The areas for which one coordinate 
is constant, that is, the planes « = const., y = const., z = const., 
are axially parallel planes. 


x 


Cylindrical coordinate system 


The coordinates of the point P are о, g, 2. 

We write: P(o, p, 2) 

0,€ are the polar coordinates of the 
P projection of the point onto the x,y- 

plane. z is the distance of the point 
from the 2, y-plane. The areas p = const. 
are cylindrical surfaces with common 
z-axis, the areas g = const. are the 
planes through the z-axis, the areas 
z = const. are planes perpendicular to 
the 2-axis. 


| 
| 
| 
Ї 
| 
| 
| 
| 
4 


Relations between cylindrical coordinates and 
rectangular coordinates 


о = Ya? у? 


= arc tan = arc sin & = arc cos 2 0 x o = л 
9 ра o 9 


2 =p cosp; y=oesing; 2-2 


17 Bartsch, Mathematical Formulas 
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pherical (polar) coordinate system 


The coordinates of the point P are т, g, 8. 

We write: P(r, p, 9) 

v value of the radius vector OP 

ф angle which the projection of OP onto 
the z,y-plane makes with the z-axis 
(0 € < 2л). 

# angle between OP and positive z-axis 
(0 € 9 <n). 

The areas r = const. are concentric spheres 

with the pole O as center. 

The areas ф = const. are half-planes through the z-axis. 

The areas 9 = const. are cones with the vertex at О and the z-axis 

as axis. 


Relationship between spherical and reetangular coordinates 


r = Vat у? 2 


y А y x 
p = are бап — = аге sin ————- = arc cos 
ya? + у? үа? у? 


2 т? 2 
Ü = arc cos — = arc CET. 
T 2 


æ -rsinócog; y=rsindsing; z= r cosð 


Transformation of the rectangular coordinate system 
1. Parallel translation 
v=x +a 2 == —– а 
у= у +b у = у — 
а= а’ + с z = 2 — с 
x,y,z original coordinates 


x’, y’, 2’ new coordinates 


a,b,c coordinates of the new 
origin in the first coordinate 
system 
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2. Rotation 
ж = cosa, + y' cos д» + 2’ cos a 


y = 2’ cos В, - У’ cos Bs + z' cos f, 


Z == x cosy, + У’ cos ys F 2’ cos ya 
x’ = ж cosa, Ру сов, +2 cos y, 


y = х cos o, + y cos f, + 2 cos ys 


2 


z’ = х cosa, Ну cos fj +z cos ys 

«у, By, y, angles which the z'-axis makes with the original axes. 
хә Ва, ya angles which the y’-axis makes with the original axes. 
оз» Вз» Уз angles which the z’-axis makes with the original axes. 


Relationship between the direction cosine of the new axes: 
cos? o, + сов? B, -H cos? у, = 1 
сов? х, + cos? x, + cos? x, = 1 
COS х; COS X, + cos fj, cos В» + cos y, cos у, = C 
сов o, сов f, + cos a, cos В, + cos хз cos Вз = 0 
Further formulas are obtained by cyclic permutation. 
cosa, соз В, cosy, 
А = | cosa, cosf, сову, | = 1 


сов хз 0088, сов уз 


4.9.9, Points апі line segments in space 
The distance between two points P,(x,, y,,2,) and P,(x,, уь, Z2) 
P,P. = Из — х)? + (уу — Y + (2, — 2)# = е 


Projection of the line segment e onto the coordinate axes 
е; =ecosa; ер = есовВ; е, = есову 


х, В, у angles which the line through the origin and parallel to the 
straight line which contains the line-segment e makes with the 


17* 
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coordinate axes. 

È = e? +e? e 

€ = €, cosa + €, cos В + e, cos y 

cos? х -+ сов? В -|- сов? у = 1 
cos «, cos В, cos y direction cosine of e. 
Division of a line segment P,P, in the ratio 4 


"EZ + åz, А > 0 for inner point of division 
81-34 2<0 for outer point of division 


+ Ay. 
и" + г 
„АЕ Az» 
= 


1-4 


Center Р, (£as Yos Zo) of the line segment P,P, 


ыы A d 4%. gia SEE da 
Weg P seni с; Wr 


Centroid C (£c, yc, Zc) of the triangle P,P,P, 


icit 20-13, yo = 2 Rih, 2c ee 


For material points in the vertices of the triangle holds: 


a max, + Mat, + Mss | ту + mayas + туз, 
CS = 
m, + ть + Mg ту + My + Mg 


_ MZ + mags + maga 


ёс 
my -+ ть + ms 


and generally with n mass points 


n n п 
У тұ У таур 2, туг 
1 1 

to > 5 Зол, а 
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Area of the triangle P, P,P; 
A = |142 + A? + AS, where 
Уу % 1 z m1 
1 1 
Harms Yo Zg 1 се: 25 Xa 1 
1 
1 
1 
Аз = 5 z уз 1 
23 Уз 1 


A becomes positive if the succession of the vectors ОР, ОР, ОР, 
corresponds to that of a right-handed system. 


Volume of the tetrahedron Р,Р,Р,Р, (Р, vertex) 


nhal Yi — X3 Yr — Уз 21 — 23 
y-l 25 у 29, 1| 1 

6 | as уз 25 1 6 Ti — Хз У — Уз 21 — 23 

€, Yq 24 1 Щи ур — Уа 21-24 


V becomes positive if the succession of the vectors Р,Р,, Р,Р,, P,P, 
corresponds to that of a right-handed system. 
Four points in a plane: V = 0. 


Angle t between two radius vectors 7, and v, 


COS T = COS Хү соз х, + cos В, cos В» + cos y, COS ys 
__ z + Vila + 2122 
Tifa 
«у, By 01 
Хэ Въ, Уз 


г, L Го => cost = 0 


| slope angles of the radius vector г; and r, 


4.2.3. Planes in space 
General equation of the plane 


E = Ax + Ву + 02 + р ~ 0 
(А, В, С not zero coincidentally) 


262 4. Analytical geometry 


Intercepts on the coordinate axes 


D D D 
a= ——; UEM. = 


A B C 


Perpendicular from the origin onto the plane 


dc D The root must be given the sign 
р - 
-4- V4? + В? р C2 opposite to that of D. 
Direction cosine of the plane 
A a, В, у are angles which the per- 
cos XX = ————— — ————— pendicular р makes with the 
74? + В+ С° positive direction of the axes. 
eae at 
+VA? + B? + 0? 
Sign of the root the same as 
ET C above. 
cos y = 


түл 


Special cases 


D=0 The plane passes through the origin: 
Ах + Ву + Cz = 0 
4-0 The plane is parallel to the x-axis; 


By+Cz+D=0 

The plane is parallel to the y-axis: 
Az+Cz+ D=0 

The plane is parallel to the z-axis: 
Ах + Ву +” = 0 

The plane is parallel to the x,y-plane: 
Cz+D=0 

The plane is parallel to the z,2-plane: 
By+ D—0 

The plane is parallel to the y,z-plane: 
Ах 4+ Р = 0 

The plane passes through the x-axis: 
Ву + Cz = 0 

The plane passes through the y-axis: 
Ax + Cz=0 

The plane passes through the z-axis: 
Ах + Ву = 0 


ї 1 
o o 


! 
© 


a d h bd h h су t 
Eoo oOo d ot 
> d a с © 
нЕ | 
c e Ф e 


| 
iv 
Jj 
© 
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Specific planes 
2 = 0 equation of the z,y-plane 
y = 0 equation of the z,z-plane 


х = 0 equation of the y,z-plane 
Intercept form of the equation of the plane 


= + 23 + Zai a, b, c intercepts of the axes (see page 262) 
a c 


Hessian normal form of the equation of the plane 
zcosx + у сов + 2 созу —p=0 


perpendicular from the origin onto the plane 


сов х, сов В, cos у direction cosine of the plane (see page 262) 
Transformation of the general form into the HxssrAN normal form: 


As + By + Cz +D _ (у where the root must be given the 
+ҮА? + В? + С? ' sign opposite to that of D. 


Distance of point P,(x,, Yas >) from the plane 
Аг + By + Cz 4 D—0 
A B C p 4-0, if P, lies on the same 
d= Ant [Тан NET side of the plane as the origin, 
XY4*-- Bc — otherwise positive. 
4 = 2% сов x + уо сов В + 20 cos y — p 


Plane through three points P,(2,, Уу» 21), Ра(хь ys 23), 
Ри(х., уз 23) 


у m : аа у HY 45-02) 

т 5^5 

X3 y» 79 1 =0 ог |, — уф 25 2, |= 0 
хз Уз 2; 1 Яз — 2 Уз — %— 2 


Plane through point P,(2,, Yo =) 
A(x — xo) + Bly — yo) + C(s — zo) = 0 
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Family of planes 


Е, = Ax + By +Cz+D,=0 


given planes 
Е, = Аз + By + Се + D, = 0 


Family of planes through the straight line of intersection between 
the two planes Ё, = 0 and Е, = 0: 


E,+AE,=0, AERN {0} 
Angle-bisecting planes with respect to two planes 

Е =0, Е, = 0 given planes 

Aw + By + бе + Юу, Ag By + Oz tD 4 
The signs of the roots are opposite to those of D, and D,, respectively. 


Point of intersection S(x;, Yi, 2;) of the three planes 


E,—0, Ё,--0, Е, = 0 given planes 


qp. -38 yi — 24, gj = 2, 
where 
A, B, С; 
4 =|A, В, С, |, 
4, В, С, 
D, B, С, A, D, C, 
A, =|D, В, C; 4Ay—|4ds Р, С, |, 
D, B, С, Аз Р, С, 
A, B, D, 
A, =|A, B, D, 
4, B, Р, 


Condition: 4 + 0 
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Four planes through a point 


The four planes are given in the general form. 


Angle т between two planes 
E,—0, E,—0 given planes 
cos т = на. т € 90? 
VAR + BE + CP) (42 + Bj + Су) 
The planes are parallel if 
A,:B,:C, = А,:В,:С, 
The planes are perpendicular to one another if 
4,4, + В,В, + 0,0, = 0 
Equation of two parallel planes 
Aq + By+Cz+D,=0 
Aye -+ Ву + Су + D,—0 
Projection of the plane surface A onto the x,y-, у,2-, x,z-plane 
A,,=Acosy, А, = А соза, Аз, = А соз В 


х, В, у are the angles which the perpendicular from the origin onto 
plane which contains the surface А makes with the coordinate axes. 


At = Aly + АБ + Ab, 
А = Аз созу + Ау, cosa + A, соз В 


4.2.4. Straight lines in space 
General form of the equation of the straight line 
Aye + By + Су -+ Р, = 0, inshort Е, = 0 
| + By + Caz + D,=0, inshort Е, = 0 


The straight line is the intersection of the two arbitrary planes. 
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Equation of straight line in two projected planes 


y = mz +b (plane perpendicular to the z,y-plane) 
2 = пх +c (plane perpendicular to the z,2-plane) 


Conversion of the general form into the latter one: 


d= m; DQ,—1; C,=0; DQ—-h 


Special eases 


Straight line parallel to the z,y-plane | : ini +6 
Straight line parallel to the 2,2-plane | р : Tc 
Straight line parallel to the y,z-plane |, 2 х 1-4 
Straight line parallel to the x-axis { : 2 j 
Straight line parallel to the y-axis | й = Я 
Straight line parallel to the z-axis | : a 5 
Straight line through the origin | _ ye 


Equation of the axes: 
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Angles «, 8, y between the straight lines te =" and the axes 
2 = 
|. 1| A Cl. аре аА, | 
cos х = | в, о, | cos f -3| 0, 4, 
|. 1/A, B, 
cos y =ү A, В, 
№? = B,C, гор C, A, ron А,В, Ё 
B,C, C, A, A, В, 


Angles «, B, » between the straight lines it =me Tb 
and the axes # == пх + с 


1 т 
сово = —————————; cos 8 =; 
Vi + m? + n Vi +m? +n? 
n 
созу = ——————— 
ҮЕ т? +n? 


cos? х + cos? В + сов? у = 1 


Equation of the straight line through P, (£, y, 21) 
with direction «, В, у 


Equation of straight line through P,(x,, у, =,) in parametric form 
ж == 2, + t cosa | 
у = у, + t cos В 
z = 2, + £ cos у 
General parametric representation of a straight line 
æ = at -H а; y= bit + ba; z= ct -F ca 


where бїл, б, с, need not satisfy the direction cosine relation but are 
arbitrary given numbers as are а», bz, сэ. 
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Straight line through two points P,(x,, y, 21) and P,(a,, Yo Z2) 


Special cases 


1. Straight line through P,(z,, у, 2,) and the origin 


Е = 0 


А В C 
Point of intersection of the straight line * —31.— ¥— 41 _ 8 — 5i 
with the plane E = 0 08 с cos 8 cos у 


а; = a, — t cos х 
— pud Ty a Ce E 
Yi = Yı — Ё соз В А сова + В cos B + C cosy 


Zi = 2 — Ё сов y 
Straight line parallel to the plane: 


A cos « + B cos B + C cosy = 0 


Point of intersection of the straight line M a eae with the 
plane E = 0 ере 


BE eC - D y; and 2; by substitution in the 
"RIT A+ mB + пс original equation 


Straight line parallel to the plane: 


A+ mB 4 nO —0 


4.2. Analytical geometry of space 269 


Condition for the intersection of two straight lines 


с EE 
Е, = A, x + Ву + Се + D,=0 

Ез = Agr + Bay + Cz -+ Р, = 0 

E, == Ах + By + С + Р, = о 
A, В, С, D, 
А, В, €, D, 
A, В. С. D, 
A, В, С, Р, 


given straight lines 


=0 


Point of intersection of two straight lines 


y= те + b, and [у = mm + b, 
ж == па + е, |= =n wx + с, 
ТӨРЧ by — bd, е, __ mb — mb, 
a 47 Ж =F B 
Wh — m у — fis i т — Mg 
NC — NC 
" 162 — "01 
ny — Mz 


Condition for point of intersection: роты Qu 
Ср Cy т 
Angle т between the straight line 


о 9g—9. 5-2 and the plane Е 0 
cos e eos 8 cos y 


A cos x + B cos B + C cosy 


шин т = 90° 
VA? + В? + C 


sin т = 


Straight line parallel to the plane: А соз х + B cos B + C cosy = 0 
Straight line perpendicular to the plane: T ee 


Intersecting angle t of the straight lines 
и y 9 Zi у Я: У 2757 


сов &, cos 8, сов у, COS ©, eos 8, COS У, 


соз т = сов ху COS х + cos В, cos В, + cos y, созу» 


Parallel straight lines: 


COS & == COS Xg, COS Ё, = соз, cosy, = созу» 
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Perpendicular straight lines: 
соз «ү COS хз + cos В, cos В, + cos y, cos y, = 0 


Intersecting angle т of the straight lines 


y= me + Б, and [У = mw + b, 
г = па + е, а= ња + е, 
PR 1 + тут, + пт 


V(t + my? + m?) (Е mj + n?) 


Parallel straight lines: m, = То; n, = ng 


Perpendicular straight lines: 1 + тут, + пут, = 0 


Distance between two skew straight lines in space 


given straight lines 


€ — 9 0—0 5—9 


соз хь соз, созу,» 


Xi — Хз Ур — Yo 74 — 22 


COS х1 cos 8, соз у, 


соз X» сов В; сов Уз 


сов 8, сов у; P сов ху сов В, P 


у 


4.2.5. Surfaces of the second order 


COS y, COS 0 | 


cos fj, cos y, COS уз COS Ay соя хз cos f), 


Sphere 
General equation: 


(e — af + (y— B + @— 6) — remo 


Center M(a, b, c) 
r radius 


Central equation 


x? -H y? i z? — 12 = 0 Center in the origin 


4.2. Analytical geometry of space 271 
Quadratic equation as a sphere: 


40 + у? + 22) + Bet+Cy+Dz+H=0 for 4-0 


Center M (- 2 С 2) 


24! 2А’ ЗА 
Radius r = zi ү В? + C? + D? — 4AE 
for В? + 0° -4+ D? > 4AE 

Tangential plane in point Р(х, yo, Zo) to the sphere 
(к — a)? + (y — b}? (2 c)? — r? = 0: 

(£ — a) (4 — a) + (y — b) (Yo — b) 

+ (z — 0) (о 0) —#=0 

If P, does not lie on the sphere, the equation represents the polar 
plane of Р, with respect to the sphere. 


Power p of the point P (x, Уо, 20) with respect to the sphere 
(к — a)? + (y — b} + (z 0) 02 =0 


P = (& — a)? + (Yo — 5)? + (Zo — c} — r? 
Power plane 


К, = (к — a)? + (у — b)? + (2 о) — т? = given 
Ky = (ш — as + (у — ba)? + (2 — ey — n = 0 | spheres 


К, K,=0 


The power plane is perpendicular to the line of centers of the two 
spheres. 


Radical axis with respect to three spheres 
K,—0; K,=0; K,=0 three given spheres 


K,— K,=0 


radical axis 
K,— K,—0 
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Ellipsoid 


Center at the origin; a, b, c semiaxes of the 
principal sections 


If two axes are equal, we have an ellipsoid of revolution. 
If three axes are equal, we have a sphere. 


Polar plane to pole Po(2%9; yo, 20): 


at), Wo» Zo] 


a b? c 


1f P, lies on the surface of the ellipsoid, the equation represents the 
tangential plane. 


Diametral plane: 


x COS х у сов 2 COS 
Дай ORY: n 


a? b2 с? 
х, B, у angles of direction of the associated diameters 
Three conjugate diameters: 


COS ху COS к as cos В, cos B созу; COS ys 0 
a b? c 


COS X, COS X, | COS В» соз Вз. сову, COS уз 0 
а? b? c 

COS «з соз ©; соз f, cos fi n сов Уз COS 7: g 
a T b2 c B 


да, Ву» V13 о» Bos Улз ®з› Вз, Уз angles of direction of the three conjugate 
diameters 


Each plane cuts the ellipsoid in a real or imaginary ellipse. 
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Hyperboloid 
Ee auo a 
а B ё 
Hyperboloid of one sheet 


(a, b transverse semiaxes, 
c conjugate semiaxis) 


Hyperboloid of two sheets 


(c transverse semiaxis, a and b conjugate semiaxes) 


a yb 2? Asymptotic cone for both 
a2 B c —— hyperboloids 


a = b hyperboloid of revolution (z-axis is axis of revolution) 


а, b, с semiaxes of the principal sections 


Diametral plane: 


LAM + шэн — LETI = 0 applies to both hyperboloids 
а с 


х, В, у angles of direction of the associated diameter 

Polar plane to pole Р,(хо, Yo, 20): 
SX» | Y 77 1 io positive sign for hyperboloid of two 
а? + в е zis sheets, negative sign for hyperboloid 


of one sheet 


If P, lies in the surface, the equation represents the tangential plane. 
The straight rulings of the hyperboloid of one sheet: 


First family 


18 Bartsch, Mathematical Formulas 
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Second family 


Each ruling of the first family intersects each ruling of the second 
family. 

A plane cuts the hyperboloid in a hyperbola, a parabola or ellipse, 
depending on whether the plane is parallel to two elements, to one 
element, or to no element of the asymptotic cone. 


Paraboloid 
а? y? а? y? 
Elliptical paraboloid 


The axis of the paraboloid is the z-axis. 

Vertex at the origin 

a = b in an elliptical paraboloid yields a paraboloid of revolution with 
the z-axis as axis of revolution. 

The z,y-plane is the tangential plane to the two paraboloids at the 
origin. 

Each plane parallel to the z-axis cuts the elliptical paraboloid in a 
parabola, each of the other planes cuts it in a real or imaginary 
ellipse. 

Each plane parallel to the z-axis cuts the hyperbolic paraboloid in 
a parabola, each of the other planes cuts it in a hyperbola. The 
x,y-plane and the y,z-plane are planes of symmetry for both para- 
boloids. 
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Tangential plane in Р,(хо, Yo, 20): 
TX | УУд 2 
ллы. 


If P, does not lie in the surface, then the equation represents the 
polar plane. 


'The straight rulings of the hyperbolic paraboloid: 


2-2 = =x parallel to the plane 
First family » Е 1 = m о 

= — 9 b 

a b x "i 

Уф) parallel to the plane 

1 а bo x y 

Second family = 

fe -— 2% 

a b A x,ÀA € ЕМ {0} 

Cone 


a, b semiaxes of the ellipse which is the direct- 
ing curve of the cone and whose plane is 
perpendicular to the z-axis 

c distance of the plane of the ellipse from the 
x,y-plane; 

vertex at origin 


Tangential plane to the cone (I) in Р,(Хо, Yo, 20)- 


270 1 Уу) 200 
a? b? e 
Right circular cone 
For a = b, the directing curve becomes the circle; the surface area of 
the circular cone then is represented by the equation 

а руі z2 

а cc 

and its tangential plane 

Ley t Уур (2000 0 

a ea 


18* 
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Equations of the rulings of the cone: 


x 2 Ту 
52: + eo a The regulus passes through the 
у vertex of the cone 
уйг. aces CAR À€ R^. (0) 
a с b 
Cylinder 
E 
a? 5p 


Elliptical cylinder perpendicular to the x,y-plane. 


a,z- and y,z-plane are planes of symmetry. 


The equation is tantamount to the ellipse 
аз a section in the х.у-рапе. 


Hyperbolic cylinder perpendicular to the 
x,y-plane. 


2,2- and y,z-planes are planes of symmetry. 


The section in the x,y-plane is a hyperbola. 
y? = 2px parabolic cylinder perpendicular to the 2,y-plane 


The 25,2-plane is a plane of symmetry. 


The y.z-plane is tangential plane which touches the surface in the 
z-axis. 


Sections perpendicular to the z,y-plane result in a real 2 
or imaginary pair of straight lines. Any other plane 
cuts the elliptical, hyperbolic or parabolic cylinder so 
that an ellipse, a hyperbola or parabola is obtained. 0 


| 
Equation of the tangential plane т Po(xo, yo. 20) | 


for an elliptical cylinder = + a =1 
а? 
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Tto Уу | 


for а hyperbolic cylinder 2 m 


for a parabolic cylinder yyy = p(x + ху) 


4.2.6. The general equation of the second degree in x, y, and z 


Из, у, 2) = аца? + 2a,5xy + asy? + 203312 
+ 2a;4yz + 4342? + 20345 
+ 20549 + 20342 + аа = 0 


The invariants of the surface of the second order: 


Qj, аз Ay, a 
11 Чу; Ug ац аң а ац 
y Оз Qoz Aag азд |. 
= 5 Ô = | бар бах as 
“зү Q32 @зз азд 


азу azg Ч: 
аду а» адз бад ыы 
$ = ац + бад + 033 
t= ауу а Azo 0353 O33 031 
Qiz O22 Q23 (33 азу ау, 


Note: In the determinants, the relation aj, = ав; holds. 


The general functional equation of the second degree represents a 
surface of the second order. It has a finite center if 6 + 0 (so-called 
central surface). Chords through the center are called diameters. The 
locus of the midpoints of parallel chords is a diametral plane. The 
diameter associated with the chords is conjugate with the diametral 
plane. 


The surface of the second order degenerates into a pair of planes if 


а биз 044 My Mig бид аз Mog бад 
аз бээ бад | + | бат аз ам jE | бээ баз би = 0 


бар Aaz @41 Aar баз ау Q49 баз ба 
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The following conditions hold for nondegenerate surfaces of the 
second order: 


Case 1: 5 + 0 (central planes) 


08 >0, £0 ôs and # not both > 0 
4-0 ellipsoid hyperboloid of two sheets 
4-0 imaginary ellipsoid hyperboloid of one sheet 
A=0 imaginary cone cone 
Саве 2: d = 0 
A<0, t>0 | A>0, t«0 
A +0 elliptical paraboloid | hyperbolic paraboloid 
t>0 t<0 t=0 
4-0 elliptical hyperbolic parabolic 


cylinder cylinder cylinder 


5. Differential calculus 


5.1. Limits 


A sequence of numbers {a,} has limit C for sufficiently large k if, 
with respect to an arbitrary number = > 0, a К = K(e) can be 
stated in such a way that for all k > K the following holds: 


ja, — €| <= 


We write: lim a, = C; {ap} > С = (a, — С} null sequence 
k—oo k—oo 

A sequence is said to be convergent if the 
limit exists, otherwise it is said to be di- 
vergent. 

A function y = f(x) has limit C at the 
point z — c if, with unlimited approach 
of ж to the point c, the function f(x) ap- 
proaches the value C uniquely. 


We write: lim f(x) = C 


2-»С 


Exact definition 

A function f(z) has the limit C at the point х = c if, for some quantity 
= > 0, however small, a number С > 0 can always be found so that 
function values in the interval f(x) € (С — e; С +€) correspond 
to x-values in the interval x € (c — С; e+ C). 


lim f(x) must not be mistaken for f(c). 
2-0 


Left-hand and right-hand limits 


C is a left-hand limit if, with increasing x-values, the function f(x) 
approaches the value C unlimitedly. 
We write: C = lim f(x) or С = lim f(z). 

Х-»С-0 qc 

z«c 

C is a right-hand limit if, with decreasing z-values, the function f(x) 
approaches the value C unlimitedly. 
We write: С = lim f(x) or С = lim f(z). 


z—c4-0 zc 
zc 
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Calculating with limits 


On condition that the limiting values occurring in the rules exist, 
the following holds: 


lim [f(z) + 9(2)] = lim f(x) + lim g(x) 
lim [(fz) g(z)] = lim f(x) lim g(x) 
lim [cf(2)] = clim f(x) 
fa) lim f(x) 
: x to : 
ын Tlaga Биг ан 
lim Vite) = ym f(x) 
rao -» 4 
lim [f(z)]* = нь Ka) 
“>a ra 
limf(z) 
lim cf(z) = 6228 СЕВ 
lim [log, f(z)] = log, | lima f(x) 
1—4 r—uüu 
И g(x) < Қа) < Ма) and limg(z) = C, lim Ма) = C, then 
lim Қа) = C holds. 28 28 i 


2-»0 


Examples of limits: 
1 for |а| 1 


: 1 
lim Ipar T for а= 1, divergent for а = —1 
n—>00 


: 1 13 
lim are tan — = — 
х->-+ 0 zx 2 
A 1 T 
lim are tan — = — — 
r>—0 x 9, 
sin a .. sin ne 


lim —1; lim 
тәф X 1-0 " 
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sin x 
lim — = 
ro T 
lim tan x -— lim tan nx =o 
е 7 п->9 n 
3 E 
lim (1 + ^)" = lim ( + i) = е = 2.71828... 
h->0 t->% n 
n 
lim (1 + =) = et 
n= n 


" "n 
lin = — 0 for a>1; *€N; lim —=0 


тоо A д-»со 6 
: а" а" — а 

lim — = 0; lim = na" 

поо "t! гэд 8-0 
. 7—1 

lim =Ina for a>0 

00 x 


lim [1 4- LE +: + p Inn) = С = 0.5772 ... 
g—oo0 2 3 n 
(Euler's constant) 
! — 
lim a. = Ven | (Stirling's formula) 
roo n" 6-9 ym 


lim MEL Se CE Т. = (Wallis’s product) 
zo |1:3:5. (2n — 1)] 28 2 
lim = =1 (Maskelyne’s rule) 
29 y Vcos x 
5.2. Difference quotient, differential quotient, differential 
We write: Difference quotient 21 
Differential quotient dy y^. f(x), ere) 
dz dx 
Ay ¥—Yo _ f(x) — Као) 
Axr 2 — xX £ — To 
m Keo t Ae) LC L tan o 


Да 
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The difference quotient indicates the gradient of the secant PoP. 
The triangle Р,АР is called secant triangle. 
dx лоо AX pony Е — X, 22-0 Az 


=tanty %E€X; у= №) Є Y 


The differential quotient (the derivative) of the function at the point x 
indicates the gradient of the tangent in point Py. The triangle Р,ВС 
is called tangent triangle. 

The function y = f(x) is differentiable at 
the point z € X if it is defined there 
and if the limit s exists at this point. 
The function y = f(x) is differentiable in 
an interval which belongs to the domain 
of definition (x € X) if it is differen- 
tiable at every point of the interval. 
Every function which is differentiable at 
the point а, is continuous there (this does not hold vice versa !). 


Left-hand derivative lim Ја) = Heo) 
z—z,—0 Я — To 
f(z) — (то) 


Right-hand derivative lim 
0+0 Я — X 


If, at the point zy, right-hand and left-hand derivatives differ, the 
function is not differentiable at 2. 
Concept of the differential 
4 14 14 
de = Р@ > dy = Ра) de 
х 
dy is called the differential of у that belongs to the differential ах. 


Higher derivatives and differentials 


Each derivative that represents itself a differentiable function of x 
can again be differentiated. 


Second derivative: 


d*y = 722 = fiz) = d? f(x) df’ (2) 


da? ах 
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Third derivative: 


Фу ун ayy) 216) dfe 
аЗ da? ах 
nth derivatives 
4"у а" TA _ Ч (а) 
— — y”) — К”) pad БЕ a) 
ах" У Per dx 
Accordingly, 


second differential: d*y = d(dy) = f'"(x) дә? 
third differential: d'y = d(d*y) = f" (x) da 


nth differential: — d" = d(d*-1y) = р(х) dz" 


5.8. Rules for differentiation 

1 у=С; y=0 

2. у= ш + Ug | ee Hups Y = H Ug эг 
Uy, Ugs ..., Up functions of x 

8. у = w; y = шо 4+- мо (product rule) 
у = ww; y = шою + www + wow' 

4. у = си; y = си! 

5. у = = y = c (quotient rule) for v + 0 

6. y = Ки); ч-00)) v= Ма) 


dy = f'(u) g'(v) h'(x) (chain rule) 
dx 


7. Simplified case: y = f(u); u = g(x) 
у = Ки) outer function, u = g(x) inner function 


dy 


122 f(u) g'(x) 
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8. If x = g(y) is the inverse of у = f(x), the following holds 


gy) = a pu = + for f'(r)-40 
E, , 
d = g'(y) +0 
a 
Examples: 
1. y =—9; y == () 


9. y = а фа? – а; y = бал + 2x — 7248 
3. у = (x? + a) (а? + ЗЬ) а р а= ш; и = За? 
y! = За?(а° + 3b) w+ 3b = v; "= 


+ (a3 + a) 2x 
y = 5х% -+ Oba? + 2ax 


4. у == 105; y' = 10- 625 

у’ = 6025 
+w 3 + 2r ш; ш == За? + 2 
(43 — 7? 400 T= 0 = Be 


y — CELDA- T) — (аа + 2а) ва 


e 
= 


(4x? — 7)? 
, 4х%— 292? — 14 
EN EXAM 
6. y = (1 — сові х)? = u? = Ки), where w-1--cs'x 
f(u) = 2u = 2(1 — cost x) 
и = 1 — cost x = 1 — vt = (0), where v= cos. 
g'(v) = —40% = —4 cos? x 
v = cos y = Мх); А (к) = —sinx 
2 = f(u) g'(x) k(x) = 2(1 — cost x) (—4 cos? x) (— зіп x) 
dy 


— = 8sin x cos? z(1 — cost x) 
dx 
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7. у = aretanz inversion: = tan y = g(y) 


; 1 
gy) = —;— = 1+ бап? у 
cos? y 


NU 23-23 1 
5 |) 1+ tanty 1-8 


Logarithmic differentiation 


Occasionally it is of advantage to determine the derivative of the 
function y = f(x) by finding the natural logarithm of the function 
first and then to differentiate with respect to 2 (logarithmic deri- 
vative). 

This procedure is particularly convenient in the case of functions in 
the form y = u(z)?™, 


In y = v(x) In u(x) 


Ly = v(x) In u(x) -+ v(a) we) 
u(x) 
| , ша) 
y = у [ (x) In u(x) + v(z) | 
u(x) 
y! = u(x) [re In u(x) + v(x) e| 
Example: 
y = (ате tan x)? 
In y = х In (are tan 2) 
Рак. ПРЕК ПЕ Я 
y” EI arctanz 1 + 2 
у’ = (ате tan x)” | (аге tan а) 4- BESTE 


Differentiation of functions of several variables = = f(x, y) 


Partial derivatives 
z f(x + Az, y) — f(x. у) 


— = z, =}, = lim 
ox «= 4Ат-»0 Ax 
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y 4 5 44-20 Ay 
aè 
д% a 
дл? соо Ox = fae = 222 
"EIC 
z 
dy? = p ^ Лу = *yy 
» (2 
ez — да) _ i P 
dau Oy | dy Поти 


On condition that the latter two derivatives are continuous at the 
point z, y, the theorem of Schwarz holds: 


8: _ 0x 
Ox ду = dy Ox 


Total derivatives: 


dz дг ёг dy 
dz ôx | by dz 


ад 022 2 @ dy | ёа (Фуү 
da? д? ôx дуах ду? Mz, 


Total differentials 


дг дг 
dz = — d: — 
idm Bd y 


фа = 5 ола + 25 


5.3. Rules for differentiation 


Example: 
2 = y?e* 
# gy # ош 
Ox 
2. 2. 2. 
VR cp бе у. Е. ош 
да? ду? дх д 


Total differentials 
dz = y?e* dx + 2ye? dy = ye*(y dx + 2dy) 
d?z = ye? da? + 2 - Зуе? ах dy + 2e* dy? 
= e*(y? da? + 4y dx dy + 2dy?) 


Differentiation of implicit functions f(x,y) = 0 


af. 
dy _ “Орж 9 Ё 
ёо! Ни! hy 
ду 
“ЭГЧ cum 
diy _ ,, ӧз? My Ox ду Ox ду ду 


= РАГА = DIET T РРА 
hj 
Example: 


f(x, y) = 33 — пу y5 = 0 


ef ef 2 
Boe as а= 
e 


e 
улайсан, ай би = 200" = fwy 
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e 
= =f, = 

Ox ду 2 lus 

dy _ За? — 2ay 

dx 5y! — a? 
Фу (6r — 2) (byt — ay — 2(— 22) Bat — 2xy) (Byt — а?) + 20y* (32? — 2.ry)? 
dæ (y! 22) 


Differentiation of functions in parametric form 


x= (t); y= y(t) 


dy 
dy dt (t) : 
= = — = 1 th +0 
de du^ 0) P(t) + 
dt 
diy _ di di d? dt — $0) t) — QU) EE) 
da? : i [ot]? 


or 
a(& 
dy Ada] dt 
da? dt da 
Example: 
a=lInt 
inco 
а 
ge 1, PEG E 
t t? a8 В 
1. фу 
dt (1-1 ав 


5.4. Derivatives of the elementary functions 


2 1i, i 1 
dy (0—08 t 


or 


KET 


Ar r 


Ap tanc 
= r cot c, where о represents the angle 
which the secant PP, makes with the 
position vector OP,. 

Differential quotient (derivative) 


Differential quotient 


7 angle which the tangent in P makes 
with the position vector OP. 


80-00 


bx. 
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92 1—0 
(t — t 


Put 
(1 — te 


2-1 


ИТЕ 


polar axis 
Connection 
dy ын sin p + r cos p 
ж = r cosg ly dp _ dp 
у —rsing p? dx dr 
— — cos p — rsin p 
dy dp 
5.4. Derivatives of the elementary functions 
у = x" Y= па" neRX\ (0) 
у = х y = 1 
у = е? у =e 
y = at y =а? ша 


19 Bartsch, Mathematical Formulas 
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‚ 1 
у = 10 2 y = — 
x 
" 1 
y = logg x y= = — log, € 
xlna c 
"E 0.4343 
у = л у = — lg e — 
x 
y = sin 2 у = cos x 
y = cos x y = —sinx 
, 1 
y = tanc y = = 1 - tan? z 
cos? ж 
, 1 2 
y = cot x y == —— = —(1 + cot? x) 
sin? a 
? 7 1 
y = arc віп g y = — for |a|<1 
y1 — 2 
7 1 
y = атс cos x y = —— for |z|«1 
1— а? 
= are tan x Gout 
y= : y “124 
re cot 4 : 
= are cot x = — 
d 5 1+ а? 
y = sinh x y = cosh x 
y = cosh x y = sinh 
{ап} Ё - 1 — tanh? x 
= tanh x = == р 
d 5 cosh? x 
, 1 
y = coth x y = 1 — coth? х 
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y = sinh x y= : 
1+ a? 
р 1 
y = cosh! x у = + fo 2>1 
2? — 1 
y = tanh" x y= 1 for |z| «1 
1— 2 
y = coth x У а z for |а| 21 
, fq) 
y = In f(x) y= 
f(x) 
A few derivatives of higher order 
у = а" y®) = m(m — 1) (m — 2) --- (m — n + 1am" 
у =a" y™ =n! für neN 


19* 


y = а," + a, x" -- Ap- |... + аул + do; у) = ап! 


25 з (n — 1)! 
y —nz 409 = (—1)"+1 ош 
y = loga = ие = (1m D 

2% ша 
y = er yo = et 
у= ema у = жет 
у = а? y™ = a*?(In а)" 
y = віп 2 y™ = sin (= + 5) 
у = cos z 409) = cos ( + 5) 
y — sin mx y™ = m" sin (me + 5) 


292 5. Differential calculus 


у = cos mz y™ = m” cos (ms + H 
inh x for even x 
= sinh x Qo — Jo 
y y | cosh x for odd n 
osh a for even n 
= cosh x yf) = | cos 
y y | sinh a for odd » 
y = uv yo es тг + () u- E (3) u- 


+e | " ) avion) + ul) 
n—1 
(LxrBNIZ's formula) 


(The structure of the formula corresponds to the binomial theorem.) 


5.5. Differentiation of a vector function 


Explanation 


v = v(t) is called а vector function of the scalar variable t if a certain 
value of v corresponds to each value of t. 
Veotor function represented in terms of components: 


Vom V, + Vy + Vz = vu + ој + 2K 


LE п, scalar function of £ 
Derivative of the vector function: 

Цагаар f(t + At) — ft) _ dv, 

dt At—0 AL dt 


dv, dv 
pp ey ek 
| dt it dt 


Differential of the vector function: 
dv — v dt 
Rules for the differentiation of vectors: 
Фу, + Va + Уз) _ dvi dv, , dv, 
dt dt dt dt 


d(gv) = yy 2 2 


—, where g is a scalar function of ¢ 
dt dt dt 
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dei = 22-08 
5.6. Graphieal differentiation 


If a function y = f(x) is given by its 
curve, the derived curve can approxima- 
tely be constructed in the following way: 
We draw lines tangent to the original 
curve at a conveniently large number of 
points A,, 4, As... of this curve and 

. draw through an arbitrary point [point 
(—1; 0) in the accompanying illustration], 
the so-called pole, lines parallel to them 
which intersect the y-axis in the respec- 
tive points В,, Bz}, B,,... Through points В,, В,, Bz, ... we draw 
lines parallel to the z-axis which intersect the perpendiculars dropped 
from A, А», Аз, ... on the z-axis in С,, Cy, Оз... The points 
Cis C, Cs, ... lie on the derived curve. 


5.7. Extrema of functions (maxima and minima) 


Extrema of functions in explicit form 

At point x = 20, the function y = f(x) has 

a maximum if f(z) = 0; f(a) < 0 

a minimum if (о) — 0; f(a) > 0 

General: If the first n — 1 derivatives of the function у = f(r) 


vanish for х = 2%, the function has, at point « = zy, a maximum 
for (х0) < 0, a minimum (n even) for /(9(z,) > 0. 
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Example: 
Find the locations of extrema of the function y = a? — 152? + 482—3 
y = За? — 30x + 48 
y" = 6x — 30 
y = 0 = За? — 30r + 48 = 0 
xı = 8; 22-02 ог Е = {8; 2} 
Га) = 6-8 — 30 = 18 2 minimum 


f (z) = 6-2 — 30 = —18 > maximum 


Associated extreme values: у = —67; у, = 41 
The extrema are: £,(8, —67) minimum 


Е,(2, 41) maximum 


Simplified calculation of extrema of fractional functions 


If f(x) = G2) then the first derivative f'(x) = ple) also is a 
Ма) q(x) 

fractional function so that the condition for the occurrence of an 

extremum is p(x) = 0; q(x) + 0. 

The kind of extremum is defined by the sign of the second derivative 


which takes the simple form f(x) = pu for all zeros of p(x). 
qx 


Example: 
= 2 
Find the locations of extrema of the function y — 2— 3st : 
24+ 3a + 2? 
m (2 + З= + 22)? 
NEC abut C NE | 
(2430427 (а) 
QE PM [in simplified form for the zeros of p(z)] 
ч 7 (2 + 3w + 22)? P p 
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y =0= 642 —12=0 with B= {y2, үг} 


2 12 V2 m 
Ї (y2) = зе >0 > mmimum 
f (- ү?) = = _ «0 - maximum 


(2 + Зх + 2)? 
Associated extreme values: 
| 4-372. T 44372 
4-3/2 "^ 4-372 
The extrema are 
T 2-3 m minimum 
44372 
4-3 
үх, +372 
4—3y2 


Exirema of implicit functions 


ceu maximum 


The function (2, у) = 0 has extrema if the following conditional 
equations apply to it: 


f(x, y) = 9 
[= = 9, fy + 0 


A maximum is given if for the point in question fa :fy > 0, whereas 
a minimum is given if for the point in question fzz :fy < 0. 


Example: 


Find the extrema of the function f(x, у) = 23 — Зах + y? = 0. 
f; = За? — За?; у = 39; fer = Ox 


Ka, у) =0 and |, = 0 ә 23 — Зах + уз = 0 
За? — За? = 0 


with Е = fla, a£); [o —ay2)} 
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For P a 7) we have: 


3 
|, = За V4 +0 lazily = — d > 0 > maximum 
fre = ба За? Y£ 
3 
for (za, —а 5) we have 
3 
і, = За? үз +0 | foc _—ва_ 


= < 0 2 minimum 
fog = — ба 


За? ya 
Extrema of functions in parametric representation 


The function x = g(t); y = y(t) has extrema if the following con- 
ditional equations apply to it: 


pt) = 0; p(t) +0 


A maximum is given if for the point in question g(t) < 0; 
a minimum is given if g(t) > 0. 


Example: 
Find the extrema of the function x = a cost = ф(Ф) 


y = b sint = y(t) 
g(t) = —a sint; (t) = 0 соѕ і; Q(t) = —bsint 
pit) = 02 Б cost = 0 with а= 75 ta = — 
$(h) =0;  $(5) +O 
$() = —b sin = —b < 0-5 maximum 
9(Б) = +b > 0 2 minimum 
Associated extrema: 


т п 
ж, = а cos — = 0; у, = bsin— = b 
1 3 Yı 2 


Зп Зл 
ж; = а cos — = 0; = b sin — == —b 
2 2 Y2 2 
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We obtain E, = (0, b] as a maximum and E, = (0, —b} as a mini- 
mum. 


Extrema of the function z = f(a, y) 


(Minimum and maximum points of a surface) 
Conditional equations 


Ь=9; fy= 05 duly — (fy) > 0 
Maximum for f}, < 0 
Minimum for fp, > 0 
For fesfyy — (fey)? < 0 the point in question is a saddle point. 


For feslyy — (fry)? = 0 it cannot be decided whether a maximum or 
minimum or neither of them is existing. 


Maxima and minima with supplementary conditions 
(Method of multipliers) 


Н the extrema are to be found for the function z = f(x, y) and the 
extrema are linked by the equation (supplementary condition) 
ф(х, y) = 0, then the following conditional equations hold: 


gi, y) = 0; ze. y) + Ара, y)] = 0 


5063) Jets 0 = 0 LER 


The three unknowns z, y, A are found with the help of the three 
equations. 
Decision on the kind of extremum: 


а= | - 2 d др др 


да? ду дж ду mr Әу 


t Of -+ Ag) Е Ї < 0 => maximum 


oy? Ox > 0 > minimum 


| where f means f(x, y) and 9 means g(x, y).] 
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Example: 


Find the extrema of the function z= f(z,y)=2%+ay+y¥’. 
Supplementary condition: 


glz, y) = ху —9—0 
Conditional equations from which л, у, А can be calculated: 
ay —9=0 Геба, y) = 0] 


TUER (Сие "EXE o) 


zd 2y + dx =0 (= (ea + wean o) 


Жүз = +3 


Yi; = £3; А=—3 


Extreme values at P,(3, 3, 27) and at Р„(—8, —3, —27) 
Decision on the kind of extremum: 


2 2 2 
Sp) _ 9, (S) - =: call eae a 
да? ду Ox ду 
2 
a, p CUD a 
Ox ду ey? 


Hence, 
A = 23? — 2(1 + Ajay + 2? 
For P, holds: 
4—2.9—2(1—3)-3.3.- 2.9 = 72 > 0 > minimum 
For P, holds: 


A = 2.9 — 2(1 — 3) -9 + 2.9 = 72 > 0 2 minimum 
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5.8. Mean-value theorems 


Rolle’s theorem 


И y = f(x) is singlevalued, continuous in the interval [a,b] and 
differentiable in the interval (а, Б), and if 

Ка) = f(b) in addition, then in the interval У 

(а, b) there is at least one point x = & for 
which holds 


Р) = 0 


Interval 


(a,b) means a «zx «b (open interval) 
[a,b] means a E xz b (closed interval) 
[a, b) means a € х < Ь (half-open interval) 
(a,b] means a «x b (half-open interval) 
Geometrically the theorem of ROLLE states that, in the interval 


under consideration, there is at least one point with a tangent parallel 
to the z-axis. 


Mean-value theorem of the differential calculus 


If y = f(x) is singlevalued, continuous in the interval [a,b], and 
differentiable in the interval (a, b), then there is at least one value 
ж == & in the interval for which holds 


fe) fe), 


(=) for € € (а, Б) 
b—a 


Other form 


fe fe = f'(x + 9%) for 9 Є (0, 1) 


Geometrically the mean-value theorem states that, under the given 
conditions in the interval, there is a point where the tangent to the 
curve of the chord between the endpoints of the interval is parallel to 
the chord. 
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Generalized mean-value theorem of the differential caleulus 


If the two functions y = f(x) and y = g(x) are continuous in the inter- 
val [а, 6] and differentiable in the interval (а, b), where g'(x) + О, 
then there is in the interval under consideration at least one point 
æ = & for which holds 


Ha А еке 


gb) — gla) 918) 


5.9. Indeterminate expressions 
6602? “со” 
Expressions of the form or 
oo 
ссу? 
Н ф(х) = Ha) for x — a assumes the indeterminate form —— or 


» g(x) 


——— , PHospital's rule applies: 
со 


fe) fi 


lim —— = lim —— 
roa 003) roa J (x) 


if this limit exists. 
Tf the new limit again appears in an indeterminate form, the proco- 
dure must be repeated. 


Example: 


го? 


_sin 2x —2sinz | g(0) has the form = 2 


Ф@) = 2e — a2 — 9ш —2^ 


1 : 2 cos 2x — 2 соз х 
lim g(x) = lim ————————— — 
z-0 1—0 2e* — 2x — 2 


—4 sin 2х + 2 sin x 


= lim 
a0 2е® — 2 
. —8 cos 27 + 2 cosa 
= lim = —3 


z—>0 2e* 
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Expressions of the form “0 - оо”? 


If ф(х) = Қа) (25) for x = a takes the indeterminate form “0 - оо”, 
then 


lim ф(х) = lim 18) or lim gla) 
Ta T0 ^. а->8 ^ 
ge) 16) «п? 3 111 
holds whereby the case is reduced to the form WE or 2 
со 


Example: 


ф(х) = (1 — sin x) tan z; 9 (5) then has the form “Ө. со”. 


1 — sing с —cos д 
lim —————— = lim ——— ———————— 
а 1 = 1 1 
1 — го OT —M 
2 tana 2 1 ќап2 х сов? a 
3 
. cos? ж Д : 
= fi = = lim (cos x sin? x) = 0 
т COS* 2 T == 
я аә 
2 sin? g 


Expressions of the form “со — со” 


“Tf g(x) = f(x) — g(x) for x = а takes the indeterminate form 
“oo — oo", then 


22 212222 
lim [/® pose A 
хэ. гу... 
На) gle) . 
holds whereby the case is reduced to the form Bale 
Example: 
p(x) = A E g(1) has the form “оо — оо”. 
x—1 Ine 
Ec 
1 In z — (x — 1) = lin x 
rl (x — 1) Ine 2—1 ше 
= lim ызы» г. = Н —1 1 


im ——————— = — 
go 2 пх - 1 :эй1414 2 2 
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Expressions of the form “0°, 00%, 6] оо?» 
И g(x) = f(z)(? for х = a takes the indeterminate form “09” or 
oo?” ог “1%”, then 


lim f(x)$/2 — lim ед 01072) 
29 za 


holds whereby the exponent is reduced to the form “0. оо”. 
Example: 


p(x) = (sin хуи; (5) has the form “190”, 


lim etan7in sing has the form ‘‘e%:0”’, 
T 
1-»--- 
2 


For the exponent, the following holds: 


>——— r —— 
2 tana 2 бат? = cos? x 


= lim [—cot x tan? x cos? ж] = lim (—sin x cos x) = 0; 


T T 
=> => 
hence 
lim (sin x)t@n® — е0 — 1 
T 
> 


2 


Note: Sometimes an expansion in increasing powers of х (series 
expansion) may more readily lead to a result. 


Example: 

ф(х) = sees $(0) has the form —— 

sin? x 0 

2 2 
ieee — (г-н ы ) 

21 4! 2! 4! 
аЗ 2 1 а? 2 

24 | 2 2[— Бар 
sin? x Е "TE ) di T ) 
d fois 
1 — cos х : 91 4! 
lim = lim = 


6. Differential geometry 


Differential geometry is the application of differential calculus to the 
study of curves and surfaces. A continuous curve corresponds to 
each continuous function. A smooth curve, i.e. a curve without 
discontinuities and breaks, corresponds to each differentiable func- 
tion. 


6.1. Plane curves 


6.1.1. Main elements of plane curves 
Are element of a curve 
ds = V1 + y^? dx for curve y = f(x) 


ds = V(t)? + p(t)? dt for curve x = @(t); y = y(t) 
dr\? ; 

ds = y" + (2) dp forcurve r= f(g) 
9 


Are length and curve have a positive direction (corresponds to in- 
creasing values of =, t, Фф). 


Tangent and normal 


A positive direction of the tangent corresponds to the positive 
direction of the curve. A positive direction of the normal is obtained 
by rotating the positive tangent through 90? 
in the positive sense (anticlockwise rota- 
tion). 

For the angle « which the positive tangent 
makes with the positive direction of the 
x-axis. 


: dy dx dy 
=; =—; tana =~ 
sin « Ta? соз x di Ha 
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Angle B which the positive tangent makes 
with the positive direction of the radius 
vector, is calculated from 

e dp dr 


sin В -r—-i; соз = —; 
ds 


Equation of the tangent; point of contact Р(х, y); consecutive co- 
ordinates £, 7 


n — y = y'(E — =) for curve y = f(x) 


(5-2) oh + (= wee == 0 for curve f(x, у) = 0 
ear ду 


(Е — e — (o — yp =9 for curve x = g(t); y = p(t) 


Equation of the normal; point of curve P(x, y); consecutive coordi- 
nates 8, 7 


жуык КЕЕ) for curve y = f(x) 
y 
д д 
(E -- x) e s (у = m = 0 for curve f(x, y) = 0 
oy Qa 
(Е — a) + (n — yp = 0 for curve x = q(f): y = y(t) 


Tangent length t= | - 114-42 | 
y 


Length of normal n = | yY1 +y”? | for curve 


y — f(x) 


Subtangent & == | 4. | 
х d 


Subnormal Sn = | yy’ | 


| for curve 


Tangent length бе|— |” + [o т = fip) 
(polar tangent length) ar 9 
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Length of normal 


(length of polar normal) in 
r2 
Subtangent & = T for curve 
(polar subtangent) ah r = f(g) 
dp 
Subnormal east dr 
(polar subnormal) ^ [dg 


Tangeney of two curves 


The two curves y = f(x) and y = g(x) have a tangency of the nth 
order in point Р,(20, yo) if 


f(x) = 9(2), Г (хо) = 9 (00), F (£o) = 9" (6)... 
Као) = g(x), but К (о) + 909000) 


If n is even, the curves intersect each other in the common point of 
contact; if n is odd, they touch each other without intersection. 


Circle of curvature, radius of curvature, curvature, 
center of curvature 


The circle of curvature of a curve at a point is defined as the circle 
that has a contact of the second or higher order with the curve at 
the point concerned. The radius of this circle is called the radius of 
curvature о. 

Its center (center of curvature) М (ё, n) lies on the normal to the curve 
at the point concerned. 


The reciprocal of о is called curvature k = t : 


For curve у = f(x) [point of contact P(x, y)] we have 


3 
qs Et | T 
y” 
a ry?) 
201 12 1 ^2 
Ё Dr neato 


20 Bartsch, Mathematical Formulas 
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For curve f(x, у) = 0 we have 


1 
(nee coe 
m yf? t hj 
E = x — mfz; n = у — mfy 
where 
tèt hè 


Е heady? T^ 2 eh ын mE 
For curve x = g(t); y = p(t) we have 
o| PW], pa 199 


HM 
9 9 


For curve r = f(p) we have 


3 


ЕЕЕ 
e= = ; = 


|^ + (2) | совф + 2 sin d 
ё БЭЭ rosp—- PIE i] 

| + (2) | sin g — Z cos d 
= rap сш Es 408 2-1 


6.1. Plane curves 307 


For g or k we also have 


pe lim ds is. Afar 
| 4-4 dt 


At represents the angle through which one of the $ 
two positive tangents must be rotated to cause 

it to coincide with the second one. 4s is the 

arc of the curve between the two points of contact. 


dr is called angle of contingence. 


The radius of curvature and the curvature are taken as positive or 
negative, depending on whether the center of curvature is to the 
left or to the right of the curve when tracing the curve in the positive 
sense. 

The points of a curve in which the curvature exhibits a maximum 
or minimum are called vertices (principal vertex and secondary vertex, 
respeotively). 

Convex and concave behavior of a curve 


At point P a curve is convex from the outside (clockwise curvature) 
if k < 0; it is concave (anticlockwise curvature) if k > 0. 


Points of inflection 


Points of inflection are points in a curve where the convex behavior 
of the curve changes to a concave behavior, or conversely. 

A point of inflection is given if .//(z) = 0; f” (zi) = 0;...; 
K-D (x) = 0; f(a) + 0 for odd п 2 3. 

If, at the same time, /’(z,) = 0 at the inflection point, the tangent to 
the point of inflection is horizontal. 

The condition /7(2)--0 for inflection points in the curve 
x = p(t); у = p(t) is represented by 


$ 9| o 
9 9 
in the curve r = f(y) by 
dr Y? d?r 
249 t ee oe 
eu (5) "ар 
in the curve f(x, y) = 0 by 
Ї fey fe 
tye fw |= 0 
h fy 9 


20* 
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Singular points 


Conditional equations: 


Ка, y) =0; fe=03 fy=0 
Crunode if additionally 2, > ру, 
Cusp if additionally fry = frefyy> 
Acnode if additionally 2, < фи. 
Ürunodes have two real distinct tangents. 
Cusps have one common tangent. 


Acnodes have no real tangents. 


Example 1: 

Check the curve f(x, у) == 22 -|- y? — 3azy = 0 for singular points. 
fe == За? — Зау 
1, = Зу? — Зах 


fey = —3а; fes = 62; fy = бу 
fr =0 and f,—02 E = (0,0) ә Р(0, 0) 
= [у = 902 and f,—0 and f,—0 
= fiy > йуу => erunode 

See Cartesian oval, page 319. 


Example 2: 
Sheck the curve f(x, y) = 23 — y?(a — x) = 0 for singular points. 


ЯГ, 
h = 2xy — дау 
hey = 293 fee 60€; fyy = 2x — 2a 


fp =0 and f,=05E = (0,0) > P(0, 0) 
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eR OM CC Е v NUUS Fc E 
>fiy=0 and f,—0 and fy = —2а 
> fiy XT fork yy => cusp 


See cissoid, page 319. 


Example 3: 
Check the function f(x, у) = у? — 22 + 7a? — 16x -+ 12 = 0 for 
singular points. 


р = —3a2 + 145 — 16 


Ty 
fey =93 fee = —6e +14; fy—2 
fy = 0 and f, =0 > E = {2,0} > Р(2, 0) 


>fry=0 and f,—2 and fy, =2 


> fiy < Ви > acnode I(2, 0) 


Asymptotes 


A straight line is called an asymptote of a curve extending to infinity 
if the distance between a point P of the curve and the straight line 
converges to zero if P approaches infinity along the curve. 
Asymptotes of the curve y = f(x) that are parallel to the axes have 
equations 


n=limy or & = ох (&, 1 consecutive coordinates) 
z—-00 у->со 


Asymptotes of arbitrary direction have equation 


т = тё +b, where m = lim №; b = lim (y — mz) 


z—oo X 1-00 


Asymptotes in the case of polar coordinates: 
If lin r — co, « determines the direction of the asymptote. The 


oa 
distance of the asymptote from the pole is given by 


p = lim [r sin (х — g)]. 


qe 
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Envelope 


This is à curve that is tangent to each member of a given family of 
curves. The envelope of the family of curves f(x, у, р) = 0, where 
p is the variable parameter independent of x and y, is given by the 
pair of equations: 


Of(x, y, p) 
Hx, y. р) = 0; IMP. 
D 
These parametric equations of the envelope may be used to eliminate 
the parameter. The tangent to one point of the envelope is also 
tangent to one curve of the family of curves. 


Evolute 


The evolute of a curve is the set of all centers of curvature. 

The equation of the evolute is obtained by eliminating x and y from 
the equation of the curve and from the equations of the coordinates 
&, n of the center of curvature, where &, 7 then are the consecutive 
coordinates. 

The tangents of the evolute are also normals to the given curve. 

The difference between two radii of curvature is equal to the length 
of the evolute are between the associated centers of curvature. 
(For equations of the evolute with respect to the parabola, ellipse, 
and hyperbola see pages 230, 238, 240.) 


Involute 


When unwinding the tangent to an evolute from the evolute, any 
point of the tangent describes a curve parallel to the original curve. 
This family of parallel curves including the original curve are called 
involutes of the given curve. 

Each radius of curvature is normal to the involute and tangent to the 
evolute. 

The radii of curvature of the evolute and involute are to each other 
as the associated arc elements. 


Involute of a circle 


When unwinding the tangent to a given circle, any point of the 
tangent describes an involute of the circle. 
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x = a(cos t + tsin t) 
y — a(sin t — t cost) 


a radius of the given circle; 
t angle rolled through 


In polar coordinates 


(Unwinding starts at A) 


6.1.2. A few important plane curves 
Cycloids 


Common cycloid 


If a circle is rolled along a straight line, the curve traced out by a 
point on its circumference is called a (common) cycloid. 


д = a(t — sint); y = a(1 — cost) 


ж = a ато cos 2 — yy(2a — y) 
a 


a radius of the circle 
t angle rolled through 


Length of arc OP: 
1 = 8а sin? Ea 
4 
Length of a full arc: l = 8a 


Area under a full cyeloidal arc: 
А = 8та? 


Period = 2ra 


The evolute of a cycloid is a congruent cycloid, displaced by xa in 
the direction of the positive x-axis, displaced by 2a in the direction 
of the negative y-axis. 


Prolate cycloid (trochoid) 


The path described by a point on a diameter of a circle as the circle 
rolls along a straight line. The generating point is a distance c from 
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the center (c > a). 
д = аі — csint 
y=a—cecost 


Curtate cycloid (trochoid) 
The generating point on the dia- 
meter of the circle is within the 
circle a distance c from the center 
(c <a). 

x = at — csin t 


у = а — ccost 


Epicycloids 
Common epicycloid 


The path described by a point on the circumference of a circle rolled 
on the exterior of another circle is called an epicycloid. 


ХЭ 2057-2438 52: 
а а 

daran каш ЕЗ 
а а 


a radius of the fixed circle 
b radius of the rolled circle 
t angle through which the circle has rolled 


or 


z = (a + b) cos y — b cos < Lm 


ydg sag лусыг 


X х angle of rotation 


If the ratio — m is an integer, the curve consists of m arcs linked 
together, otherwise the arcs overlap. 


8(а + b) 


Length of DA = 
eng ot an arc 1 " 
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Length of the whole curve (if m is an integer): | = 8(a -+ b) 
Area under one complete arc (between epicycloid and fixed circle): 
nb*(3a + 2b) 
А------- 
а 


Curtate and prolate epicycloids (epitrochoids) 

The path described by a point on the diameter of a circle rolled on the 
exterior of another circle is either a curtate or a prolate epicycloid, 
depending on the distance c of the generating point from the center 
of the rolling circle. 

c « b: curtate epicycloid 

€ > b: prolate epicycloid 


gestu ан aoo ЕРУ 
a a 
Sud ees un 
a 
or 
z = (a + b) cos y — c cos — b 
y = (a + b) sin x — c sin < By 


Special case: 


If m = 1, hence a = b, the common epi- 
cycloid changes into a cardioid. 


ж = a(2 cos t — cos 2t) 


y = a(2 sin é — sin 2t) 


or 
(x? + у — at)? = баа — a)? + yl 
or 
r = 2a(1 — cos g) (pole on the cireumference of the fixed 
circle, polar axis as extension of the 
diameter belonging to the pole) 
Hypocyeloids 


The path described by a point on the circumference of a circle that is 
rolled on the inner side of the circumference of another circle is 
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called a hypocycloid. 


Soe ae Бан 
a 
үн ева = 
a a 
or 
a—b 
x = (a — b) cos x + b cos X 
| ‚ а— 
y = (a — b) sin у — b sin Х 


а radius of the fixed circle 

b radius of the rolling circle 

t angle through which the circle has rolled 
x angle of rotation 


If the ratio Е = т is an integer (in the figure, m = 3), the curve 


consists of m arcs linked together, otherwise the arcs overlap each 


other. 
Length of an are: 1, = 8(a — b) 


m 
Length of the whole curve (if m is an integer): | = 8(а — b) 
Area under a complete arc (between hypocycloid and fixed circle): 
mb?(3a — 2b) 
d M Ган 
a 
Curtate and prolate hypocycloids (hypotrochoids) 


The generating point lies on the diameter of the rolling circle outside 
or within this circle at a distance c from the center of the rolling 
circle. 


€ « b: curtate hypocycloid 
c > b: prolate hypocycloid 


Zb, 


x = (a — b) а 
a 


= 


y= eset ETE 
a 
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or 
æ = (a — b) созу + c cos 0 


—b 


y = (a — b) sin x — c sin —- X 
Special cases: 


lf m = 4, hence b = ES a, the common hypocycloid changes into an 
astroid. 4 


1 
ж = a cos? —t 
4 


1 
= а sin? — t 
d 4 
or 
3 2 3. 
x3 + y? — а3 
ог 


(a? + y? — a)? + 27022542 = 0 


If m = 2, hence b = La, the common hypocycloid changes into a 


straight line, that is, it degenerates into the diameter of the fixed 
circle (possibility of converting a rotary motion into a reciprocating 
motion). 1 

If m = 2, hence b = $^ the curtate and prolate hypocycloids be- 


come ellipses with the equations 


д = 22-4-6 ULM ENS ес sint 
BU 25-9743 2 
(possibility of converting a rotary motion into an elliptical motion) 


Cassini ovals 


A Cassini oval is the set of all points whose distances from two fixed 
points have a constant product a?. 


a? yf? — дед? — y?) = ай — ef 
y y 
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or 


r? = e? cos Эф + үе! cos? 2p + at — et (FF, = 2e) 
For a? > 2e? and for a? = 2e? the 


oval has an ellipselike shape. 


For а? < 2e? but а? > е? 
the curve has two flattened parts. 


For a? < е? the curve consists of 
two separate egg-shaped parts 
about one of the two fixed points 
each. 


Lemniscate 


The lemniscate is a special case of the Cassini oval, namely, for a? = е?. 


(22 + yP)? = 20548 — y") 


r = a [2 cos 2p 


or 


Origin is a crunode which is a point 
of inflection at the same time. 


a : 2a? 
Radius of curvature: o — Эр 
r 


22-е Атев of one loop: А = a? 
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Helical lines 


Logarithmic spiral 


т = ck? (k > 0) 


AC A) 
A logarithmic spiral cuts all rays emitted from 


the origin at the same angle о. 


соб х = k 


The pole is an asymptotic point. 
Length of the arc P,P,: 


1 
IH + № (т. — r) 
Limiting case: P, approaches the origin. 
Ф, ттт. 


2 
Area of the sector in this limiting case: А = m 
Radius of curvature: о = r |1 -- k? 
Archimedean spiral 


A point moving on a radius vector (from the origin) at constant 
speed while the radius vector rotates about a pole at constant speed 
describes an Archimedean spiral. 


т = ар 
Length of arc OP: 


ERE MN 2 
= 5 (Ф Vg? + 1 + sinh Ф) RS ES (for large ф) 


Area of sector Р,ОР,: 
а? 
a =T (pè — Ф) 


Radius of curvature: 
3 3 
Сэ ag 1)? 


2a? + r? 9? +2 9-0 
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Hyperbolic spiral 


a 
r=— 


9 


Asymptote: y = a 
The pole is an asymptotic point. 
Area of sector Р,ОР,: 


Radius of curvature: 


2\3 2 2 
Е 
Ф 9 
Catenary 


A cable, perfectly flexible and heavy, suspended at two points in 
equilibrium takes the form of a catenary. 


r zr 


у 2 Gau) = a cosh È 
2 a 


Vertex V(0; a) 
Near the lowest point (V), the parabola 


y= = + a closely follows the catenary (соп - 
a 


tact of the third order). 
Area between the catenary, the x-axis and the straight lines z = 0 
and x = x: 


A = a? sinh 2 
2 
Length of arc VP: 
z: Мыз 
8 __ а 
l=a sinh — = a* ы 
а 2 


Radius of curvature: 


2 


x 
о = — = а cosh? — 
a a 
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Tractrix 
A material point at the end of a nonextensible thread of length a 


describes a tractrix if the starting point of the thread is moved along 
the straight line y = 0; initial position of the point (0, a). 


2.42 
ж = acosh— F ya? — yè = aln а + Та? — y 
y y 


ele р 


Asymptote: y = 0 
The points S(0, а) and S(0, —a) are cusps. 


7| 
y 


x 
Radius of curvature: о = a cot — 
y 


Length of are SP: | — aln 


Cartesian oval 


а + y? — sary = 0 
or 
За sin ф cos p 
sin? p + cos? р 


Asymptote of the curve: y = —x — а 


Vertex V (s a, = a) 
2 2 


Area of the loop = area between the curve and its asymptote: 


A 22:23:48 
2 


Cissoid 


(а — х) = х3 
ог 
_ авш р 


= asi фа, 
mum in p tan g 


Asymptote: х = a 
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Area between the curve and the asymptote: 


А = — па? 
4 
Strophoid 
(a — зу? = (a 4- x)? 
or 
_ —а соз 2g 
^ сов 9 


Vertex V(—a, 0) 
Asymptote: x = a 
Area of the loop: 


A, = 2a? — нэ 
2 
Area between the curve and the asymptote: 
A, = 2a? + oa 


Conchoid (of Nikomedes) 
(а — a)? (x? + у?) = Ба? 
or 


a 


cos ф 


Vertices V,(a + b, 0) and „(а — b, 0) 
Asymptote: = = a 
Origin for b < a an acnode (cf. illustration) 

for b > а а crunode 

for b = a a cusp 
Area between the outer branch and the asym- 
ptote: A = oo 


6.2. Space curves 


Representation in rectangular coordinates 


As a curve of intersection of two surfaces 


Ка, у, 2) = 0; glz, 9,2) = 0 
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By projection of the curve onto two planes, e.g. the z,y-plane and the 
2,2-plane 


y = p(x); zz) 


In parametric representation 


x = p(t); y = y(t); z = yt) (t arbitrary parameter) 


ж = 2(s); у = y(s); z = 2(3) (parameter s is the arc length 
from a fixed starting point P, 


t : 
"M f Prete dt to the point P concerned) 
to 


Representation in vector form 
= r(t) = z(tá -+ y(t)j + z(t)k (t see above) 
r = r(s) = x(s)i -+ y(s)j + 2(8)К (s see above) 
Are element of а space curve 
ds = Vda? + dy? + dz? 
рта 


= |dr| = г) dt] = 


| 


In cylindrical coordinates 


ds = Тао? +- о? dg? + dz? 


In spherical coordinates 


ds = ydr? + r? 49? + r? sin? 9 dg? 


Definitions 


The tangent at a point P, is the limiting position of a secant P,P, for 
P, > Po 

The positive direction of a tangent corresponds to the positive direc- 
tion of the curve (in the sense of increasing values of the variable or 
the parameter 0). 

The osculating plane in point P, is the limiting position of a plane 
through the tangent at P, and a point of curve P, for P, — P,. 


21 Bartsch, Mathematical Formulas 
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The normal plane is the plane perpendicular to the tangent at its 

point of contact. Any straight line passing through the point of 

tangency and lying in the normal plane is called normal. The normal 

that at the same time belongs to the osculating plane is called the 

principal normal. 

The normal that is perpendicular to the osculating plane is called the 

binormal. 

A plane formed by the tangent and the binormal is called rectification 

plane. А 

t tangential vector (unit vector in the direc- 
tion of the tangent) 


n principal normal vector (unit vector in 
the direction of the principal norma!) 


b  binormal vector (unit vector in the direc- 
tion of the binormal) 


N normal plane, S osculating plane, R rec- 
tification plane 


Slope angles of the tangent, the prineipal normal, the binormal 


For the slope angles «, В, у of the tangent, the following relations 
hold: 


dx dy dz 
cosa =—; со В =—; cosy = — 
ds ds ds 


For the slope angles l, т, n of the principal normal, the following 
relations hold: 


cos | = фу. cos m = Фу. cos n = са 
еда’ = баз — eds 
For the slope angles A, и, v of the binormal, the following relations 
hold: 
2 2 
cos A = p D ALIM C d 
ds 488 ds 48 


о radius of curvature 


Note: In the formulas given on pages 822... 326 all occurring deriva- 
tives must be calculated at point Pp. 
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Equation of the tangent to the space curve at Po(Xos Yos Zo) 


7-2 У — yo 7 — 7?» 
1, | te 5 
gy 9: 9r Dy 


№ 1, 
9: 9: 


for curve f(a, y, 2) = 0; g(x, y,z) = 0 


for curve х = g(t); y= y(t); z= x(t) 
dr 
r=r НА, for curve r = r(t); AER 


(г variable radius vector; ry radius vector to Po) 
Equation of the normal plane in Р, (ас, Yos Za) 


о Y— уо 2 25 
fz hy i, |=0 
9: 9, 9: 


to curve f(x, y, 2) = 0 
Wx, y. 2) = 0 


(x — zo) + wy — Yo) + X(6 — 29) = 0 
to curve x = g(t); y= y(t); z= x(t) 
(r—r, 128240 to curve r= r(t) 
vu zi 


(г variable radius vector; го radius vector to Py) 


Equation of the osculating plane in Р„(ж„, У, Ze) 


v — 439 У- Уо 8-2 to curve x = g(t) 
$ y X =0 y = y(t) 
ф v X z = x(t) 
2 
t= Zo to curve r = r(t) 


21* 
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Equation of the binormal in P,(z,, Yas Ze) 


€ 0-39 У Vo _ 2—20 for curve x = g(t) 
| x | Ф| 19 4 у = y(t) 
Жэ |7@Ф| lë? z = xt) 
1 р 
т =т +4 (2 as) for curve г = r(t) 


Equation of the principal normal in P,(a,, Yos Ze) 


и | 9-0) ШИНЭ” for curve 2 = p(t) 
$ X 4 9 $ * у = wt) 
COS Jj COS v cos v cos y | | cos À созш z = x(t) 


A, н.» slope angles of the binormal (see page 322) 


dr dr {її 
dt dt de 


r = 00 4:4 X x as) for curve r — r(t); AER 


Equation of the tangential plane to P,(2, Yos Zo) 


Һа — ху) + КУ уо) + fl — 29) = 0 


to surface f(x, y, z) = 0 


д @ 
(а) + —(y—y) бо surface z = f(x, y) 
Ox ey 


ї— Зо y — Yo 95-20 


Ox oy Oz to surface x = x(u, v) 
ди ди ди =0 y = y(u, v) 
ax ay дг z = z(u, v) 
Ov Ov Ov 

(т —r)n = 0 to surface r = r(u, v) 


(г variable radius vector; ry radius vector to Ру; n vector in the 
direction of the normal to the surface) 
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Equation of the normal to a surface at P,( 5 Yos Zo) 


= = ——7 for surface f(x, у, z) = 0 
fr fy IP 
2 — 2 у — У, 
2 9 = m 9 —2—2 for surface z = f(x, y) 
ex ду 
v— w | 2% 
ду ez 92 0v ди ду. for surface x = z(u, v) 
9 
ди ди u ди ди ди y = y(u, v) 
ay & | | a ae | | ae ay a= қыз) 
Ov Ov Ov д дъ Ov 
r=r,+ An for curver — r(u, v) 


(г variable vector; ry radius vector to Ру; n vector in the direction of 
the normal to the surface) 


Equation of the rectification plane with P,(2,, Yos Zo) as point of 
contact of the tangent 


2—20 y — Уо 2 — 20 for curve x = g(t) 
ф y 1 |=0 y = y(t) 
cosÀ cosu соз» z = y(t) 


A, и, v angles of slope of the binormal 


dr (dr dr 
(т — ro) dt (@ x =) =0 for curve г = r(t) 


Circle of curvature, radius of curvature, curvature, 
center of curvature 


The circle of curvature of a space curve in point P, is the limiting 
position of a circle through the points of curve Р,, Py, P, for P, — P, 
and P, -> Рь. Its center (center of curvature) lies on the principal 
normal. Its radius is the radius of curvature о. 
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The reciprocal value of o is called curvature: k = 1 Е 
k and о are always positive. e 


where At represents the angle through which the tangent rotates 
if the points of contact are separated Бу a distance As. dr is called 
angle of contingence. 


А dx\2 dy\2 dz\2 for curve x = 2(8) 
~ (5. T 3 Е (=) y = y(8) 


(e. en nio 
NIE 
z dr ү213 

[2j 
РРР @+ gt #) — e+ yy + y 


Gg y 
for curve r = r(t) = z(t)i + y(t)j + z(t)k 


Æ] j/(fxV , (фуү (Фү 
EF (=) + (2) F (=) 


for curve г = r(s) = 2(8)1 + y(s)j + 2(8)Е 


Coordinates of the center of curvature 


42х 
= m i 
ё-25-0 de 
Torsion 


If the are element between two adjacent points of a curve P, and 
P, are denoted by As and the angle that the binormals make at P, 
and Р, by Ae, then we have 


lim 2€ 41. , 
As—>0 As ds T 


T torsion; v radius of torsion; de angle of torsion 
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A torsion is positive or negative according as the curve is right-handed 
or left-handed (sense of twist anticlockwise or clockwise) 


T — 0 2 plane curve 
T + 0 2 skew curve 


T= 2 dr dr 


ds ds? ds? 
with 
. dx . du eo d? : 
$——; $———; #=—; e radius of curvature 
ds ds? ds? 


for curve г = r(t) = z(t)i 4- y(t)] + 2(t)k 
Example: 


Common helix 


le y, 2) 


ж = т cost, y =r sint, z = 
TE 


A А (№ pitch) 
htcR 
Caleulation of the curvature and torsion 


(22 + g* + 22)8 


2 


: 3734 AES 
(= sin? £ + 72 cos? t + 4) (r? cos? ¢ + r? sin? t) 
лс 


4n? 


(72 sin t cos t — r? sint cost)? r? 


: ARAS 12 \2 
далд дал r? + — 
4n? 


: Цаг 
72 sin? і + r? cos? t + ss) 
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( : А үг : h 
7? 4- —rsint rcost— 
E 4n? 2x 
=— № Nm 
Р dau e rot rsint 0 
4n? rsint —rcost 0 
> 
m 1 h? m 
Е АА h?\ 2x К д2 
ye fp? Sx. 
( p es) um 


6.3. Curved surfaces 


Representation 
Ka, y, 2) = 0 
z = f(x, y) 
x = x(u, 0); y = y(u, v); 
w;v€R 


r = r(u, v) = z(u, v) + y(u, v) j 


(implicit form) 


(explicit form) 


z= z(u, v) (parametric form) 


(vector form) 


+ 2(u, v)k 


The pair of parameter values «, v are referred to as curvilinear co- 
ordinates of the point P(x, y, 2) of a surface. 
The so-called v-lines or u-lines are obtained for constant и and variable 


v or for constant v and variable ч. 


For extreme values of the function z = f(x, y) see page 297. 
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Singular points of surface 


И point Рух, Yo 20) is a singular point of the surface f(x, у, 2) = 0, 
its coordinates satisfy the equations 


Íz = 0; fy = 0; Ь= 0 


Tangents through ап ordinary point of a surface lie in the tangential 
plane, whereas the tangents through a singular point form a cone of 
the second order. 


Ч. Integral calculus 


7.1. Definition of the indefinite integral 


f Қа) de = F(a) + € where F’(x) = f(x). f(x) is called the integrand. 


F(x) is called an antiderivative of the given function f(x). Due to the 
occurrence of the arbitrary constant C (constant of integration), an 
infinite number of integrals may be obtained from a given inte- 
grand. 

Geometrically this means that an infinite number of integral curves 
exist which follow from one another by parallel displacement in the 
direction of the ordinate axis. 


7.2. Basic integrals 


qn 
г. farde = ire for n€ RN {—1} 
n 


tw 


ЕЕЕ for «+0 
x 
3. fetdz = е + С 


r 
e Гаа 0 = at loga + 0 
Ina 


ел 


. f sine de = — соз x + О 


c 


‚ J cos æ dz = sinz + C 


al E == tang + C for pe tir nel 


cos? ж 2 
dx 
8. —— = сох БС for rnr nel 
sin? x 
dx : 
9. = arc sin x -- С = —are cosx + C, for || <1 
y1— 3 
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10. f: Z = artane + 0 = —are cot z + C, 


11. f sinh z dz = cosh z -- C 
12. Ј cosh ж de = sinh z + С 


13. d = tanh z 4- C 
cosh? x 


ч. f 25 = —cotha+C for «+0 
sinh? 2 


15. KL = sinh! x + C = In (x + ya? + 1) NO C 
ya? --1 


а? — 1 


"f ug = cosh ж + C = In (x + Va? — 1) + C for |x| > 1 


ii] 35 eae Oe с for ш|<1 
1— 2 2 1-2 

18. ae ile ako osten for |r| > 1 
1—2 2 х—1 

19, fo cette $0 = pin +0 for |x| > 1 

1.8. Rules of integration 


Integration of a sum or difference: 
J Ut + g(x) — Ма) de = | Ка) dz + f g(a) dz — | h(x) dz 


Integration of a function with constant factor: 


f са) dz = c | f(x) dz 


Integration by substitution: 


J Кг) dz = f fto) oo at 
where х = g(t) and dx = ġ(t) dt 
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Frequently occurring substitutions: 


ах =} pea 
a 
ОРЫГ ах = a dt 
a 
шинэ de = —Ż dt 
а р 
а? =t 4х = dr 
tlha 
Ух — dx = 2tdt 
ev =t dz = — dt 
Ina = dx = et dt 
at+be=t dx = — dt 
dt 
а? + 22 = # da = ——— 
2 yt — a? 
Va + бх —t ds I 
a+ ба? = і 4х = 9r 
2 ybt — ab 
Ya? 4-33 =} dx = 22 
12-02 
tdt 
үа? — 12 =t ах = — 
a2 — t2 
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Substitutions with respect to special integrals 
1. Ј tle, Ya? — a?) 4х 


Substitution: x = а sint; dx = а cost dt 


yields f Ка sin t, а cos t) a cos t dt 


where: 
sint = 5 ; tant= Ы 
а үа? — gz? 
2_ 32 2— 
cost = Yat =a cot t = Ja? — 2 
a x 
2. f He, үа? — a?) dx 
Substitution: x = a tanh t; dx = m 
cosh? £ 
yields Ң а tanh t, E EMEN CLE 
cosh 4) cosh? £ 
where: 
sinh t = : tanh t = 2 
a — а? а 
cosh ¢ = — € coth t = 2 
a? — а? v 
3. Ї ile, ya? + a?) dx 
d 
Substitution: x = a tant; dx = ш 
cos? $ 


yields fia tan t, саше 
cos? tJ cos? t 


where: 
А ЕЯ x 
sin Ё = ; tant — — 
а? + 22 а 
а 
cost = ; cott = — 
x 


334 


4. ] Kz, Ya? + x) dx 
Substitution: x = a sinh t; dx = a cosh t dt 


yields Ї f(a sinh t, a cosh t) a cosh t dt 


where: 
sinht = —; tanh? = T 
а үа? + a? 
y 2 2 2 2 
cosh Ё = ae coth £ = а 
а x 
5. ] f. ja? — a?) dx 
a sin t dt 
Substitution: a = ; ах = каше 
cos t cos? t 
: sin t dt 
yields IL L, a tan i) s 
/ J \cos t cos? t 
where: 
Vx? — a? 2 ai 
sin Ё = 2 т ; tant= а 
x a 
a 
cost = £; cot = 
x а? pane а? 


6. f Қа, үа? — a?) dx 


Substitution: x = acosht; dæ = a sinh tdt 


yields J Ка cosh t, a sinh t) a sinh t dt 


where: 
2 q? a? — а? 
sinh t — 2 T, tanh t = EE 
a x 
cosh # = 2 coth t = z 


a Ya? — а? 
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7. f f(sin z, cos x, tan x, cot x) dx 


Substitution: tan 7. =t; dz = dt 


2 
1-8 


А 2t 1—1? 2t 1—№ 2ш 
yields | /{———, —, ——-, ——] ——. 
140 1+ 1-8 2t 14-0 


In this case, the integrand of the initial integral must be a rational 
function of the four trigonometric functions. 
8. f f(sinh x, cosh x, tanh z, coth x) dx 


2dt 
1—# 


A 1e UA м ой 
р ЖЕЕ, LU 58 
views Г гс 1—8' 14.08 2 hc 


where the integrand of the initial integral must be a rational 
function of the hyperbolic functions. 


Substitution: tanh < =t; dz = 


9. 1 f(e*) da: 
di 


Substitution: e* = t; dx = ҮҮ 


yields | f(t) dt 


10. IE" Yax + Б) ах 
Substitution: ax + b = t; dx = 


yields f f(t) dt 


Таг ах -+ b 2: cine A dx 
сх +d сх +d 
Substitution: ЕЁ = 

сх +d 


yields f Kt) dt 


(п is the smallest common multiple of the exponents р, q, .. ; 
ad — be + 0) 


ktk-1 di 
a 


і" 


336 7. Integral calculus 


12. J f. Vax? + bx + c) da 
Substitutions according to EULER result in f f(t) dt. 
Case 1 
a> 0, substitution: Vax? + bx +c =2 Ya +t 
Ре —1 Ya + bt — c Ya 


€ = — —; dr=2 


b — 91 Ya (b — 2t Yay 
Case 2 
с> 0, x + 0, substitution: Yax? + bx + c = at + Ve 
i = 2 
QU Ae b de 2016 Qbt + 9t Ve u 


а-8 7 (a — ї?)? 


Case 3 


The radicand has the real roots x, and ту. 
Substitution: Vax? F ba 4- c = t(x — ту) 
2: "иаа, dx = os di 
Integration by parts 
Jw dx = uv — f ти! ах where u = u(x); v= v(x) 


This may also be written as J u de = w — Ј v аи 


Example: 
Јах wine | dv = ade 
t= Ei (= 
x 4 
4 
[Галай = ms- E cd Wee 23 dx 
| 4 4J 4 4 4 
1 z 
= ine ee 
RES рыр 
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Integration by conversion into partial fractions 


Decomposition of a proper fraction Í НЕ z) into partial fractions 
Case 1 
The equation g(x) = 0 has only simple real roots 2, 25... Then 
I can be expanded into partial fractions in the following way: 
x A B 
а 
where 
E: йе cedido 


fe) + tea [ dx +в | 4х «ef dx TT 
g(x) а — t £ — 2 = — ty 


The denominators A, В, C,... of the partial fractions can also be 
found by the method of the indefinite coefficients (comparison of coeffi- 
cients); frequently, this procedure may lead to a solution more 
quickly. 


Example: 


152? — 702 — 95 т 
13 — 62? — 182 + 42 


аЗ — ôr? — 13x +42 = 0 әз = 2; x, -8) ag = 7 


152? — 70x — 95 A B C 


385—145 L4 72-25 113735 


_ A(x + 3) (x — 7) + Blz — 2) (x — 7) + Ole — 2) (x +3) 
E (= — 2) (= + 3) (x — 7) 
_ (A + B + C)a? — (44 + 9B — С)х — (214 — 14B + 6C) 
m (к — 2) (x + 3) (= — 7) 


By equating the coefficients of equal powers of x in the numerator 
of the first and last fractions, we obtain the following system of 


22 Bartsch, Mathematical Formulas 
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equations: 
АВС = 15 
4А -9B — C = 10 >А=7; B=5;C=3 
21A — 14B + 6C = 95 


or 


Hence, the following holds: 


2. — = A 
15x 70x — 95 PEE dx 4-5 4х 
аЗ — ба? — 13x 4- 42 r—2 2 4- З 


| So = Tin je — 2 + 5n e+ 3| --31n|z — 7| C 


а — 


Сазе 2 


The roots of the equation g(x) == © are real, but they occur several 
times, e.g. root x, х times, root х, В times, etc. 


fo) = EN 6 4 + Loa _ 6. 4. 
gx) (x=) (x— az)! (r—amy х — 
B, B; B, Ур Bs 
т Ga 2-4 
LO. 20 = ps — EE esa ~f C, -i ... 
(x = xy (ит (x — 23) Г 5 qos. : 


The constants A,, Áz ..., Ви, By, ..., Сү, Съ, ... are calculated accord- 
ing to the method of indefinite coefficients. 


Example: 


32? + 102? — 2 
фа 


(32-1)? —022,—2,—1 and аз =z, = —1 
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8:3-4-1022-:5 A, A, B, B, 
(2-1)  (œ— pha it (ж + 1)? Шш (ж 4-1) 
_ Ац + 1)? + Aale + 1)? (ж — 1) + Bye — 1)? + By(z — 1 (z + 1) 
(x — 1) (x + 1)? 

= (As + By) 33 + (A, + А, + В, — В) а? + (24; — А, — 2B, — By) 
(@ — 1)? (œ 1 

(А, А, + B, + By) 

(ау — 1)? (zy + 1) 


+ 


The method of the indefinite coefficients leads to the system of 
equations 


A, — A, + B, + B, = 0 
Hence, the following holds: 


323 + 10a? — x 
—————————— da 
З 


+ dx = dx 
2-0 iura (ж + 1)? ju 


3 2 
= — 41 — 1| — ——-1 1 С 
И аан 


Саве 3 


The equation g(x) = 0 has, besides real roots, simple complex roots 
which occur in the conjugate complex form. The above-mentioned 
procedures of decomposition into partial fractions may also be 
applied to this case, however, complex numerators may be involved. 
Calculating with complex quantities can be avoided by reducing 
the partial fractions that were obtained from complex roots to a 
common denominator. If, for example, тү and v, are two conjugate 
complex roots, the statement is 


М) ___һ+ 
g(x) (x — xı) (x — 23) 


22* 
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where the coefficients are to be found by the method of the indefinite 
coefficients. 
For the integration of the expression 


Pr+Q _ +9 
(х— a) (x — а) а? +pr+q 


a solution can be found by the following formula: 


Pr -Q P 
dx = — In |22 
Drag eee 
-2 2d | 


are tan 


p p 
g — t SE 
Example: 


7а? — 10x - 37 
lr 
аз — За? -+ 9x 4+ 13 


аз — За? + 9х + 13 = 0 = 


уау i; 23=94- 3j; а= 2 — 3j 


7а2 — 10x +37 _ А Рх + Ө 
a? — За? + 9x + 13 2-1 22 45 4 13 


A(x? — 4x + 13) + (Pa + ©) (x + 1) 
аЗ — 3a? + 9х + 13 


_ (A + Py? — (44 — Ө — Р)х + (134 + Q) 
Ж аЗ — За? + 9x + 13 


The method of indefinite coefficients leads to the system of equations 


А-Р = 7 
44 — Q — P = 10 $ >A=3; Р=4; Q= —2 
134 +Q = 37 
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Hence, the following holds: 


742 — 10x + 37 = 
аЗ — За? + 9x + 13 


23 dx + 45 — 2 de 
2-1 а? — 4a + 13 


= 31n |z И + 21а |z? — 4x + 13| + 2 аге tan 


r—2 


+С 


Саве 4 


The equation g(x) = 0 has multiple complex roots besides real roots, 
The best thing to do is to reduce the fractions obtained from con- 
jugate complex roots to a common denominator, as in the example 
mentioned above. The decomposed form is: 


Р, + ©, Pox +Q 
(a -+ px +g)? (2 + pe + 9) 


In the example under consideration, x, appears as a triple real root 
and the conjugate complex roots appear as twofold roots. 


7.4. A few special integrals 


Note: To simplify the representation, the constants of integration 
have been omitted from the indefinite integrals. 


7.4.1. Integrals of rational functions 
(ax +- буу! 
a(n -- 1) 


| dr үн Де 
ax +b а 


1. fe + b)” dx = (n =: —1) 


(aa + Бут 2 Мах + bn 
a(n + 2) a(n + 1) 


3. fre + b)" dz = n + —1; —2) 
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xdx b 
5. = = ——— Z in jae -|- b| 
le +6)? aar + Т 


ко АС Мз йз. НЕ 
J aa" Оо" (no 2) (uc 407 
(n + 1; 2) 
а? dæ _ 1 (ax +b) _ | 
7. [= Ра Баз 2b(ax -+ b) -|- b? ln |ax 4 7 


8. | = FIL Но — 2bIn lax 4- 0| — 


ax + by a? 


“ах ЕЕ ; 


a? da: 1 2b p? 
—_ = — |! b ————— 
(ах + b)? al doner ах + b 2(ax -|- "d 
10 de Al 1 
` J (ax + by" a (n — 3) (ax + b)" 
2 
ос ес ie Fd ВЕ 
(п — 2) (ax 4- byn-? (n — 1) (ax + b)" 
T dx " ERES ax 4-0 
` J aaa +b) 5 
dx 1 a ах 4- b 
А 
8 Mer + 5) bx Bs b2 Е | 
гор БОХ ЭВЭРТ ee НЫ 
` J аах + by b*(ax -- b) арх b x 
14. us = RA аге tan Š 
а’ a a 
dx 1 x 1, а-х 
: = —— tanh! — = — I 
е а а SS a 2a ate es) 
16. шаш == зул eoth-t И нй (ja| > а) 
а? — а? а. a 2a aha 
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17. = 
J aa? + be +e 


2 дах + b 
= —————aretan — іог 4ас-012:0 
У4ас — b? У4ас — 52 
2 ах + b 
= ——————— _ tanh"! —————— for 4ac — b? < 0 
762 — 4ac y? — 4ac 
f : Сүүт 
— ЭРЭ Б Ws] РЭН ТЭЭ? 
yb? — 4ac |2ax -- b + yb? — 4ac 


a 42: 1 b dx 
18. | —— ——— — = — In jar? + b —— | ————_ 
[Кетте а ee = 


тх | п т, 
19. | ———— — dz = — 1 ? p 
| гс ga ый TE 


2an — bm —€— 2ах 4- b 


а y4ac — b? У4ас — 6? 


for 4ас — b? > 0 


= 2 ln jar? + bx + e| 


2a 
295208 E 208-199 for 4ac — b? < 0 
а yb? — 4ac b? — 4ac 
20 dx = 2ax + b 
` J (аа? +- bx +c)” (т — 1) (Час — b?) (аа? + ba + суу! 
+ (2n — 3) 2a dx 
(n — 1) (4ac — b?) ! (ax? + bx + в)" 

21 x dx Ca. bx + 2c 
77 J (аад + bx с (n — 1) (4ac — b?) (аа? + bx + с)" 


u —b(2n — 3) 4х 
(п — 1) (4ac — b?) J (ax? + bx + c) 


22, c 
g(ax? - bx -- c) 2e 
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74.2. Integrals of irrational functions 


1. [Vet =H ae => (eV Ё + a ave sin =) (Ix| < a) 
a 


ь 


А fe Ja? — 2? dx EX а?) 


= (a! а?) үа? — 2? (|z| <a) 


(Ya? — a? ya — = 
за, ya? — a? |2108) (ара 
x х 
4. Lae ee (|z| < а) 
ya? — д? a 
2 2 
= = a? — a? + ©-аговїп — (12| < a) 
ya? 25 2 2 a 
6. Г + adr B Va? + a? + а? sinh 2| 
а 
т, [ае dx = LVEF OP = аи 
үз? 2 2 5 
an а-+ Ya? + a 
2 x 


9. jug tue —Inlz + ya? + a | 
x? 


+ a? 


ю. [AL = уе а 
Ня 


21 02 
Е 2 
(be LU үз 2 
Va? F a? 2 2 a 
а? 4+ ше Ya? а? L | 
12, hth id ee = mE a + Ya? + a? 
х үа? + а? a x a ое, 
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134 —— == _ ye ta 
"| ae yx? a ax 
14. Пева = (= 722 — a? F а? cosh"! =) 
а 
= [e y= F aè In (+ Ye — 3)) (el 2 а) 


— for «>0, + for «<0 


15. fe 72? — a? dx = Ve - 02) 


S(t ay fea (г>) 


2. „2 
16, [RE i are cos (e= ap 
x 2 


dx x 
17. | ———— = cosh! |>| = 1 = 
ju sesta (lal > а) 
Е ет 
a? — а? 

а? dx 2 a x 
19. = — Ja? — a? — cosh! |— 

a? а? 2 2 a 


= ede — а# + atin (а + Y а) (| = lel) 


20. GEL сы CE 2 Yalaz? + bx + c) + Зах + 0] 
ах? + bz -+c Ya 

(а > 0) 

вш сане ual. 


1 
Ve У4ас — b? 
1 
“Ve 


(а > 0; 4ac — b? > 0) 


In | 2aa + b| (а > 0; 4ас — b = 0) 


1 . 2ax+-b 
are sin —————_ (a < 0; 4ac — D? < 0) 
y—a Vb? — 4ac 
21 дах Ра Yaa? + Ба ре b 
` Yaa? + p a 2a | Vax? + bx + с 
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7.4.8. Integrals of trigonometric functions 


: 1 
1. | sinca dx = — — cos сх 
с 
! віп"! cx cos cx міг. 
9. |sin* ex d = — ———————— + віп“ скіх (n > 0) 
nc n 
. : Ssincr 2 Coser 
З. | asin сх da = — —— 
c? c 
4 х" n Же 
4. | 2" віп сх 4х = —— cos cx + — |271 соз сх х (n> 0) 
с с 
1 3 5 
8 sin сх dunt darc: (са) _ (cx) 2. 
x 3.3! 5 
i sin cx 1 sin ca с COS Ca’ 
а" n—1 xni n— a" 
^ 
dx 1 сх 
1. - = — In| tan — 
sin cx с 2 


= 


da: 1 COS cx n — 2 dx 
ОЕ ——. (8d) 
sin" cx e(n — 1)sin"! cx  m--14J sin”? cx 

9. PEN LES == £ tan ЕЕ 
1+ sin ex с 2 4 
jo del ей чь 
1 — віп сх с 2 4 

11. NEC гэ ү, esu doas 

і sin сх с 2 4 с? 

x dx x т сх 

12. | ———— = — cot [— — — 2-1 
1 — sin сх с 4 2 


13. IEEE tan (15° 


1+ sin ex 


cx 
sin — 
8-9) 


| 


“lk 


с 


14, foo ex de = 23 sin сх 
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15. 


16. 


17. 


18. 


19. 


20. 


= 


21. 


22. 


2З. 


24. 


25. 


26. 


27. 


28. 


Ї cos" ca dz = 


cos cx 
æ cos ca dx = —— + 
d 


f: 


] 
/ 


/ 
] 


ne 


"n 


asin сх 


с 


п 
" cos ca dx: = айс — Ба сх dx 
с с 
COS cx (са)? (сх) 
4х = 1а |с | — —— et 
Ї x 188) 2-2! Tdi 4! "uen 
cos cx PCIE 008% _ с sin ca dx 
z^ (n —1)"-! 7-1 gni 
dx сх т 
== —]n|tan (~ + — 
cos cx 2 4 
| de _ _ 1 sin сх n—2 dx 
J eos" cx c(n — 1) cos*tex n —1 сов"-2 cx 
4х 1 23 
— = — tan — 
1 + cos сх с 2 
йй = — > cot = 
1 — cos сх 2 
жс ане IT E 216 cos — 
1 + cos cx c 2 
шаа NR — E eot 4 tin sin Z 
1 — сов сх с 2 
cos cz dx Е 
1 + eos сх 2 
cos ca dx 1 сх 
— = —r — — cot — 
1 — сов cx с 2 
ei da 


IL ELS 
det 


сов ex T sin cx 


cos сх — sin сх 


cos"-lersinez n—1 
———— 4 cos"-2 сх dx 


347 


(n + 1) 


(п 


> 1) 
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ГП МЕЕ. ЗЫР 082205 
(сов сх -+ зіп cz)? 2с 4 
31. DT. PESE Ал PEE 
(cos ca — sin cx)? (26 4 


32. (aa = = [e -F In|sin (= + alll 


сов сх + since 2с 
1 1 
вл (cx + In |cos сх + sin 02) 


21 
т 
сов (= + 2) | 


83. Ї cos ca da 1 ЕЗ Xm 
1 : 
= — (—ca + № | соз cx — sin са |) 
2c 


cos cx — sin cx = 2c 
34. | Зэн sin (= +2) 


сов сх + since 2с 
1 1 
m (cx — In | eos cx +- sin cx|) 
c 


35. | == In | сов (= +®)| 


cos cx — sin ex 2c 
1 : 
= “ze -+ In | eos ex — sin cx|) 
c 


36:22 22222 РВ a Ld 
sin cx(1 -- cos cx) 4c 2 2с 

97: 25 LLL, х gt ацан ое 
sin с2(1 — cos сх) 4c 2 2c 2 


38. | DERI. жи ор рш 
J cosex(1 + зіп сх) 4с 2 4 
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39. sin cx dg 22 1 tan? ex Е т. 
соз са(1 — sin сх) 4c 2 4 


40. 


41. 


42. 


48. 


44. 


45. 


46. 


47. 


48. 


oo 


1 
—— Ш 
2c 


Cx T 
“(+ 


А та 
sin cx cos ca da == j шн ex 
c 


— 


sin” cz cos сх dx = eee зіп сх (n + —1) 
e(n + 1) 
: 1 
sin cx cos” ca dz = — —————- cos™+1 сх (n + —1) 
e(n + 1) 


Sin"-1 cz cos™+1 ca 


sin” cx cos? cx dz = — 
e(n -- m) 


=s 


n — 


1 : 
sin" ca cos" ca da 
n+m 


sin”+ cx cos™—! cx 


e(n + m) 
т— 1 [. 
+ Sin" сх cos™-2 ca dx 
n+m 
(m; n > 0) 
а = mot In | tan cx | 
sin cx cos cx с 
V i 4 dx 
‘sin cx сов? cx || e(n — 1) cos"! ex sin cx cos?-? cx 
(n + 1) 
ЭЭГ, MAS = ызы "ЕЁ с, ЫЙ ы “т 
sin? ca cos cx e(n — 1) sin?-! ex sin”? cx cos cx 
(n + 1) 
sin cz dx 1 
[Ree трояны "+ 
cos" ca e(n — 1) cos?-l ca 


in? 
Е pre 25 зо Шалан 
c 


cos ex € 


х сх 
tan їл + 5) 
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sin? cx dx sin cx 1 da 
49, | —— — = ————————[——— (n+ 1) 
cos" сх c(n — 1) cos*er n — 1 J cos"? сх 


in? зт 2—1 inn-2 
50. J5 cx dx ., Bin vef ca ах (n + 1) 


COS Cx c(n — 1) COS сх 

51 sin” ex dx віп cx n — m + 2 f sin? сх dx 

61.0) 2 ыг Se SO oe ci 

cos ca: с(т — 1) cos™-! cx т — 1 cos™—2 су 

(т + 1) 

sin"! cx ^ — 1 f віп"? сх dx 
c(n — m) cos" cx n — т соз? сх 
(m + п) 
віп®-1 ca n — 1 f sin” ez dx 
c(m -- 1) eos?-' ex m — 1 cos™—2 бу 
(m + 1) 


cos ох dg dæ _ 1 (n + 1) 


ЕГ ЕСГ — 1) sin”? ex 


сов? сх 4х сх dx 1 
= — {cos ca -+ In 
с 


tan = — 
sin ca 


сов? ca da 1 соз сх dx 
54. Enero o БР ыз че +1 
ps sin” cx п — 1 ( Sin?-1 ca m =) Vir) 


сов" сх da ск йд сов"-Їсх cos"-? ca dx 
55. =—— ————— — _ (n+ 1) 
sin cx c(n — 1) sin cx 
56. cos™exda _ cog" сх n—m+2 f сов" сх dx 
5 ER 2 о ЕНЕР ги D dini аа 
“нїп” ca e(m -- 1) sin™ 1 ex т —1 sin™—? cx 
(m + 1) 
cos™—! сх п — 1 f сов"? сх dx 
e(n — т) sin™! ez п-т sin™ ca: 
(m + n) 
с087-1 сх п — 1 f cos” сх dx 
c(m — 1) зіп®1 ex m—1 sin?^-? ca 


(m +1) 
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1 

57. | tan ca dz = — — In |с08 cx| 
c 


58. | tan* ex dz — ELE tan™-! cz — | tan"-?cxzdx (п + 1) 
e(n — 1) 


n 
go, (ient er de + tamer (n+ —1) 
cos? cx c(n + 1) 
dx 2 1 
60. | ————— = — + — In [sin ez + eos ex 
Jac 2 3: | 5 | 
61. РВ o cba ere 
tan сх — 1 2 2 
62. | merde Ls L n [sin er + cos ez] 
J tancr+1 2 2 
63. меде: аа оаа) 
tance—1 2 2 


64. foot ox dx = Lin [sin cx] 
с 


65. | cot" cz dx = — ren M cot"-1 сх — | cot"-?exdx (п + 1) 
c(n — 1) 


n 
п 25-22 s ИЕ 
sin? сх e(n + 1) 


67 ах _ f tanex dx 
1 1+ cote _ tan ex +1 
68. dx = tan ex dx 
1 — cot сх tan cx — 1 

7.4.4. Integrals of the hyperbolic functions 


1. I сх ах = 23 cosh cx 
с 


2. Ге сх ах = 2L inh сх 
€ 
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« + 1 1 4 w 
3. | sinh? сх 4х = — sinh св — — 
4c 2 


4, fost сх 4х = e anb 2сх + 25 
4с 2 


: 14 
5. || sinh” ez dx = — sinh*-! сх cosh cx 


n — 


= [sioe схах (п > 0) 


== E ИН sinh** сх cosh cx 
e(n + 1) 


|^ 12 
n+1 


К схах (n<0; п + —1) 


1... 
6. Í cosh” cx dæ = — sinh ex соз! ca 
cn 


+ 225 | өмөн сх іх (п > 0) 
1 " 
— — sinh сх cosh"+! ez 
c(n + 1) 
+ яаг femme (n < 0; n + —1) 
п 4 1 
r (8 Las нам оог t 
sinh ex с 2 с sinh cx 
і і sinh сх = 1, cosh cx — 1 
^ € cosh сх + 1| 2с cosh cx + 1 


8. f йт = = аге tan ед” 
9 ах _ _ Ш 1 cosh cx a 2 dx 
` J sinh? сх —— c(n — 1) sinb” cx n—1/J sinh” cr 


(n +1) 
10 dr č 1 sinh ex з=? 4х 
' P eosh" cx — c(n — 1) cosh*2ex © m — 1 J cosh"-? ex 


(n + 1) 
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n " 8-1 
и. | cosh” ca: d 1 cosh®—! сх 


ж = —— 
sinh™ ca c(n — m) sinh™-! сх 


Е, n—2 
+ = - eel Tiet (m +n) 
n—m sinh? car 


: 1 cosh™+! сх 


c(m — 1) sinh?! сх 


n — 2 h” 
d т + Jo ex 


————— d 2-1 
m—1 inh?-? су ub e 


1 cosh?-1 сх 


от — 1) sinh cx 
п — 1 f cosh"-? сх 
———— dr (m+1 
== шинэс ub 
1 m 1 т—1 " 
12. sinh™ cx ies 1 sinh ca: 
cosh” сх c(m — n) cosh?-! cx 
IE i m-2 
m 1 f sinh?-? cx di cad 
т -—n cosh” cx 
Ён 1 _ sinh™+! ez 
e(n — 1) cosh"! cx 


om — mn + =f sinh? cx 


——_ 1 
n—1 cosh?-? сд Pew 


x 1 sinh™—! cx 
^ от — 1) cosh?-! ex 


m — 1 Г sinh™? сх 
Ss 


n—1 


-1 
cosh?-? ca de eon 


13. | wsinh сх 4х = 316 cosh сх — = sinh сх 
с 


1 
14. | х cosh сх ах = 2 sinh cx — = cosh сх 
с 


15. | tanh сх ах = us In | cosh ex | 
с 


16. 


coth сх ах = = In {sinh ez | 
с 


93 Bartsch, Mathematical Formulas 
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17. | tanh" er 4х == — —— tanh” cx + | tanh*-? сх dx 
e(n — 1) 
(n + 1) 
18. | coth” сх dz = — € coth?-! cx -+ | coth”? cx dx 
c(n — 1) 
(n + 1) 


19. [sion ba sinh ex dz = } (b sinh cx cosh bx 
12-62 


—ccoshexsinh bx) (62 + c?) 


— csinh ca cosh bz) (b? + c?) 


cosh bx sinh сх da = 


20. f cosh bz cosh сх dz = : (b sinh bz cosh cx 
b2 fa с? 
21. | 


m E 2 (b sinh bz sinh cx 


— e cosh bx cosh сх) (5? + c?) 


cosh (ax + Б) sin (cx + d) 


22. [oon (ах +- b) sin (ex + d) dz = $ 2 2 
а? + с 


: sinh (ax - b) cos (cx + d) 


^a с 
23. p (ax -+ b) cos (сх + d) da = Z cosh (ax + b) cos (ex + d) 
at c? 
dE AR ; sinh (ах +- b) sin (ex + d) 


24. IE (ax + b) sin (cz + d) dz = 2 2 à sinh (ax + b) sin (cz + d) 


= cosh (ах + 5) cos (сх + 4) 


а? + с 


25. Ге (ax + b) cos (сх + d) da = т sinh (ax + b) cos (cx + d) 


+ cosh (ax + b) sin (cx + d) 


a? - е? 
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7.4.5. Integrals of exponential functions 


1. Јев е 
с 
ect 
2. иг хн 
c 
2 9 
5 а? ест dy = ect LN Бал 
с с? сз 
4. fe e 4х = i. eck — 2 Га ест dx 
с с 


pu US koe, 
sf х. ЭЛЭГ Ра TER 


e dx 1 ect ect йу 
«f m iui (n + 1) 
* gez 
‚ [етей (еа f ес =) 
g 2 


e 


-1 


cz 


€ 
c-r 


8. [= sin ba dx = (c sin bx — b cos bx) 
ect 
. | ес cos bx dx = ——— (c cos bx + b sin bz) 
Eb 


: egsin" ly, . 
10. fer sin” x dx = тата (c sin x — n соз х) 
с n 


+ n(n — 1) ect gin” ж ах 
e + п? 


ё 5 сов"-1 x А 
11. | е2 cos" x dx = ———— (с сов x + nsin 2) 
e+ n? 


+ n(n — 1) ес 008-2 x dx 
chao 


23* 
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1.1.6. Integrals of the logarithmie functions 
For 2 >> 0, the following holds: 
1. ITI = Ша — t 


9; f dn w)? d.e = a(In x)? — 2a In x -+ 2x 


3. no x)? dz = a(ina)® — n T (In ж) dr (n + —1) 
dx (Inz | (In aj? 
4. | — = 1 
In x imn Ba о 3.3! 
шз гасы PN. LR — 1 
Й їе x)" (n — 1) (In a)" + т — 1 Ге gy (n = 1) 
, a maf me 1 
6. | ат In a da = artt (25 Б T 5) (m + —1) 
м 1 ^ 
7. [amin т)” dx = агч (In а)" IS eue (In 2)? da: 
. т 1 т 4-1 
(m;n + —1) 
д 1 
8. [тете EU EZ idis =й 
2! п -- 1 
In x dx In x 1 
‹ . == — oer —<—.—— , 1 
) am (m "IK Тит (m NM 19 gm (m + ) 
10. [02de L (na) n (In z)"-! dæ (m + 1) 
| а 0 (m — 1)x™1 т—1 m (n + —1) 
a" dx gm т -+ 1 a ах 
жыбыр ШШ -22-- 1 
A Js 2)" (n — 1) (шар) + n — WE gy (n + 1) 


12. | E 
rlnnz 


dx (n — 1} (In x)? 
13. {aman mine - (n — Ier o7 


(n — 1)8 (In x) 
i 3.3! 


dx 1 
14. |: (In x)” (n =, 1) (In gy (n + ) 
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15. fo (In z) dz = = [sin (In x) — cos (In 2)] 


16. [cos (In =) dx = Е [sin (In x) + сов (In 2)] 


CL gdy 
17. [o mem (еа f =) 
с x 


7.4.7. Integrals of the inverse trigonometric functions 
(are functions) 


1. [жез = de = 2 are sin + je — x? 
с с 


x? 


x с? x а 1—5 
А 7 in — dx —[— — —] arc віп — + — yc? — 2? 
ILLI aX Е +) : + 21 


bo 


3 2 
Гечев а = uem + 20 
с 3 с 9 


e 


Vo? — 22 


x x 
4. [or cos — dx = x are сов — — Je? — a? 
c c 


ба 


2 2 " Ч 

х x с x zo 

; | «are cos Žas = — — =) are eos — — — yc? — x? 
2 4 4 


J € с 
аз 24 98 --- 
6. Hate сон ds = amo hc pet 
с 3 с 9 
7. СЕСЕ НЕЕ 
с с 2 
2 2 
8. ware tan —dzx = © ta аге tan — Z 
c 2 c 2 
2 
9 a? are tan — da = — are tan — — — + — In (e? + a?) 
с с 6 6 
n+ nag 
10. a? arc tan = dr = 5 are tan — — “ЗАЛЬ 
с п 1 с n+1if e-par 
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11. fers cot 2. dz = zarccot-- + Sin (c? + a?) 
c c 


2 2 
12. [rare cot =“ Eg are cot 4 = 
c с 2 
e 23 2 3 
13. | a? arc cot dx = — are соб + а (c? +- a) 
с 3 с 6 6 


‘a : n+l . 1 4. 
14. |a" are cot Š dx — 2 arc cot— + ы T T 
с п+1 с »nc-1J &+2 


(6-4) 


7.4.8. Integrals of the inverse hyperbolic functions 
(area functions) 


1. Ї sinh! dy = æ sinh“? = — ya? + с? 
(9 € 


2. [5 25 dx = x cosh! Lm Vx? — с? 
c с 


3. Ге Ё de = x tanh! — + > In |6? — 22| (Ја < jel) 
с с 


4. foot Таг =2 сог! — + PR |z? — c?| (|x| > Jel) 


7.5. Definite integral 
1.5.1. General 
Definition 


For x =a and x = b, theindefinite integral Ј f(x) dz = F(x) + С 
takes on nonunique values F(a) + С and F(b) + C, respectively. 
If we find the difference, the indefinite constant of integration is 
eliminated and we obtain a definite value, the so-called definite 
integral between the lower limit a and the upper limit b: 


b 
J fe) dz = ffi) da, = F@) = РО) — F(a) 
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Calculating rules for definite integrals 
b a 
J Ка) de = —f f(a) dz 
b 


a 


a 


f Қа) dz =0 
b с b 
| Ha) ах | Ка) du + | fle) de 


b b b b 
| Ue + glx) + Ма) dz = f Ка) dz + J g(x) dz + | h(x) dx 


b 


Ј Кә) 4х = ef He) dx 


a 


Example: 


3 


f (2a + 322) dx = J (2a + За?) de |2 = (a? + 2°) È 
i 


=(0 + 27) — (1 + 1) = 34 


7.5.2. Mean-value theorems for integral calculus 


If y = f(x) is continuous in the interval [a, b], at least one value € 
exists within the interval for which 


b 
J Hx) dz = (b — a) К) 
This may also be written as: 


b 
J Ка) dx = (6 — а) Да + 90 —a) for 0<8<1 
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Extended mean-value theorem for integrals 


И f(x) and g(x) are continuous in the interval [a, b] and if g(x) retains 
its sign within the interval, then 


b 
ffo glx) dx = f(5) | gto) dx 
e 
5 is a value in the interval (a, б) 
n He) de = [а 00 — a f a d for 0<9<1 


Arithmetic mean 


of the function /(2) between the limits a and b 


b 
AM — pfo da 
b—a 
а 


Root-mean-square 


of the function f(x) between the limits a and b 


RMS — реј f fix)? da 


Definite integral as a function of the upper limit 


The definite integral with variable upper limit is a continuous function 
of this limit of integration. 


J На) dz = Fle) — Fla) 


7.5.3. Geometrical interpretation of the definite integral 


b 
The definite integral J f(x)dx numerically states the area which is 


a 
bounded by the curve y = f(x), the z-axis and the ordinates f(a) 
and f(b). Areas below the z-axis take a negative sign in calculation, 
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hence they must be taken in absolute value. If the function has one 
or several] zeros within the limits, we calculate the area as a sum of 
the individual subareas above and/or below the z-axis, taking the 
subareas below the z-axis in absolute value. 


7.5.42 Methods of approximation for definite integrals 


Rectangle formula 
b 
b —а 
[vs memet el Jo b 
a n-8 


n number of equal parts of the interval 


Trapezoidal formula 
" b 
— a 
f^ —5 Өв 20, + 202 
12 


a 


+o и) 


n see above 


Tangent formula 


b 
2(b — : 
nz Ri и + Уз + Ys + + а-л) (п із even) 


a 


Simpson's rule 
b 
b—a 
ILE “ур a +2 + 49, и + 
a 
RS 2уд-: T 4ул-1 F Yo) 
Kepler’s barrel rule 
b 
b—a 
ve^ Ya + 4y, + yy) (n= 2) 


а 
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Example: 


т 
+5 + 
Л соз dz = [sin 2] ie 2 
T = 


—- “2 
2 


By Kepler’s barrel rule, we obtain 


cos nde = (0 + 4-1 +0) = 1х 2.004 


rela 


Integration by expansion in series 


If the function to be integrated can be expanded in a convergent 
power series f(x) = a) + аул + аз? +- and if the limits of inte- 
gration lie within the range of convergence, then: 


b b b b 
J Hla) dx = а, f de +a, | æde + а, f a? dz + Ө, 
а а а а 

where |a] <r; |b] <r (r radius of convergence) 


Applications 


Sine integral 


T 
i 7 
Ызаа z ош 
0 


t 3.3! 5-5! 7.7! 
for |x] < оо 


Cosine integral 
x xt 28 


2.231 4.4! 6-6! 


оо 
ЫЕ: dt = 0 — In |x| — 
z 
+= for (| «со 
C (Euler's constant) = 0.5772... 
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Exponential integral 


а? аз 


| Pet x 
Bile) = (à = + mie e + + 
—оо 


1.1) 3.281 8.815 7 


for = < 0 С see above 


Logarithmic integral 


2 
: dt In x (In x)? In х) 
(х) = аа: ВИЙ "yET гал 
0 


for 0-12« со C see above 
Gaussian error integral 


2 


в 
1 —— 
P(x) = — 2 dt 
= ] 2 


—00 


1 1 үх аз 25 x 
E lo na I IM 


for |z| < oo 
7.5.6. Graphical integration 


b 
To construct the integral curve F(x) = [| Қа) ах belonging to a 


в 

given curve y = f(x), the curve y = f(x) is replaced by a step 
function with steps parallel to the abscissa in such a way that the 
two hatched corners associated with each step have the same area. 
The ordinates of the steps are marked off on the y-axis, OB,, OB,, 
etc., the points B,, B,, etc. are connected by lines with the pole 
P(—1, 0). We then draw lines parallel to these joining lines, starting 
from Су in such a way that СС, || РВ,, С.С, || РВ,, CC, || PBs, 
etc. The open polygon obtained in this way represents a number of 
tangents of the desired integral curve which contact the curve at 
the points Су, Dı» Da» Ds, etc. The integral curve is then drawn with 
the help of a French curve. 
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7.5.6. Improper integrals 
Explanation 


Integrals with infinite limits and integrals which become infinite 
within the interval of integration are called improper integrals. 


Jo dr = lim fie da 


b>+00 a 


E Қа) dx = lim ў Ка) da 


а —00 а 


Лә dx = lim jio da 


0—00 68 

а->+ со 
If the limit exists, it is taken as the value of the improper integral. 
For integrals of dicsontinuous functions, the following limit is to be 
found: 


Ji a) 4х = lim Fie) dx for lim f(z) 
e>0 a zb 


If this limit exists, it is referred to as the value of the improper 
integral. 
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БЭ 5 


1-4 ү1 
1. == а-ја tin |; 2 | = 1 ( — aces 
£0 =—0 — Nye 1—n є-»0 


The last limit exists for 1 — > 0 = п < 1 and has value 0. 


1 
285554 
gin үз pn 
2. — = lim = lim ———— 
„- 35 boo [1 — aji bœ 1—7 
1 


This limit exists for n — 1 > 0 э» > 1. 


dx 1 
[574 (n > 1) 


dx : : 
8. | — does not exist because In О does not exist. 
x 


7.5.7. A few definite integrals 


1 
dx 


n — а® 


«f ах = 
(1 + 2) Үс 
0 


*[———: 
Пе a) 6 — z) 


а 


1. 


т 
2 
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8 ada _ Зла? 
Jax — а? 8 
0 
oo 
9 da —0 
(1 — а) үх 
0 
2b 
2 
10 5 — a3 de = X 
0 
+1 


12. fea" dz = (n € NN. (0) 
0 


со 


13. ie dx = iL 


0 
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oo 
oo 
15. aa -= 
6 
0 
oo — for a0 
16. ere 
—— for a<0 
oo 
cos ax dx 


17. 


18. [oo ax dx = he cosan 
a 


0 


т 


sin ат 
19. E ах ах = 
а 


e 


90. ILI = f oost ede = tpe 


0 0 
(n € NN (0) 
T T 
2 2 
21. | віп?" х dx = | соз" x 4х = сбора. 
1-8-5. (2n + 1) 
0 
(n € N М (0) 
т 
в 


эз, [LIC 
1+ cosx 


368 7. Integral calculus 


т 
оо о: for а> 0 
23. pes ax de _ = 


0 um for а< 0 
2 


hd 
4 
24. Їю д dx = <n 2 


0 


oo oo 


95. E x dr _ cos x dx m e ys 
ys 


28. 


W 
— - 

= 
+ 
ы 

Бы 

| 

5 

bo 


29. [DE dr = È 
д? —1 8 


7.5.8. Applications of the definite integral 
Geometrical applications 


Areas 


1. An area bounded by the curve y = f(x), the z-axis and the straight 
lines х = z, and z = t, 


Te 
A= f io da: (see page 361) 
21 
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For the determination of the absolute area, the dimensions of the 
parts of the area below the abscissa which have negative sign must 
be taken in absolute value, otherwise we will obtain the so-called 
relative area. 


Example: X 


2 yd 62-15) 
Find the area of the surface bounded by 
the curve 


y= t (x3 — 2a? — 152), 


the x-axis and the parallel lines x = —4 
and х = 4. 
Zeros: x, = —3; 2 = 0; t; = 5; 2321 € X 


4 
А = ffe) dz = 
-4 ` 


-3 


-3 
f f(x) ах 
—4 


0 4 
+ f fla) de ре dx 
-3 о 


= aka — 2x? + 15а) dx 
-4 
i 0 
E cos — 9g — 
4 10 (23 — 2x? — 15a) dx 


+ ip | @ — 28 — 159 
0 


и 
10| 4 2 
деа 
1014 

1 fat 23 
КИРЕ 


_|1/(_117 , 40 
7110 4 3 


= 14 2 units of area 
60 


1 117 1 296 
ta 76) 


24 Bartsch, Mathematical Formulas 
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2. An area bounded by the curve x = g(t); y = y(t), the x-axis and 
the ordinates p(é,) and (55) 


ta 
A= f y(t) $t) dx 
tá 


3. An area bounded from above by the curve y — f(x) and from 
below by the curve y = g(x) and lying between the parallel lines 
x = x, апа х = 2, 


A = fto) — ga de 


4. An area bounded by the curve г = f(y) and the radius vectors 


ri == f(p) апа ry = f(y) 


Ta 
1f, (Leibniz's 2 
doe ] "9 sector formula) 2 | 
91 


5. An area bounded by the curve x = p(t); y = y(t) and the radius 
vectors OP, and OP, 


ts 
А = E f [ov — ġy]dt (Leibniz’s sector formula) 
t 


Arc length 


Length s of a curve element between the points P, and P, 
To 
8 = ] V1 + у? 4х for curve у = f(x) 
231 


t; 
8 = ] уф? - $24 forcurve = = g(t); у = y(t)t 
ty 


for curve г = f(g) 
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Surface-areas of solids of revolution (complanation) 


т: 
Ag, = 2n | V Y1 у dz when curve у = (х) rotates 
" | Wty about the z-axis 


ёр whencurve у = f(x) rotates 
As, = 2 3 (S) + about the y-axis 


Ag, = 2 32 dt when curve x = g(t); y = y(t) 
" fy ww T rotates about the x-axis 


te 
Ag, = 2x f ф Ve? + pat about the y-axis 
ty 
Р Я А dr\? when curve r= (gy) 
А, = an ed E + A dP rotates about the a-axis 
As, = zl cos "үе y — Jae about the y-axis 


Volume of solids of revolution (cubature) 


Ta 
V,=0 f y? dx when y = f(x) rotates about the 
РА z-axis 
Ve 
Ё,=т ] [g(y) ах when y = f(x) rotates about the 
; y-axis 
Ta 
=n а?у х у = ьа) & x = gly) 
ai 
ts 
У, = тп Ј wep dt when curve «= Ф(#); y = y(t) 
ü rotates about the x-axis 


ta 
V, == п Ј фр dt about the y-axis 
ty 
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2: 2 dr А 
Г, = “|” sin? р (Zoe — rsing) ар 


pı 
when curve т = f(y) rotates about the x-axis 


Pa 
Уу = п J 72 cos? ф (2 sin g - r cos 2 dp about the y-axis 
9 


91 


Use in engineering 


Work 


$3 
= | Риз 
81 


Static moments 


1. Static moment of a homogeneous plane element of a curve (density 
0-1) 


T 
M, = f s И + y? d (with respect to the x-axis) 
А for curve y = f(x) 


Ts 
M, = ] x y1 4- y? ах (with respect to the y-axis) 
91 
ts 
M, = J v Vo + 9 dt (with respect to the x-axis) 
ü for curve x = g(t); y = p(t) 


ta 
M, = Je Ve + pdt (with respect to the y-axis) 


ty 


for curve r = f(g) 


$2 
M, = f А ү” ES Z sin ф dp (with respect to the x-axis) 
9 
71 
Фа 


2 
M, =[, ү + (5. сов фар (with respect to the y-axis) 
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2. Static moment of a homogeneous plane element of a surface which 
is bounded by the curve y = f(x), the z-axis and the straight lines 
x = 2, and x = 2, 


т, 
М, = + ! у? dx (with respect to the x-axis) 
2 
Хз 
М, = ] ay dx (with respect to the y-axis) 
24 


3. Static moment of a homogeneous plane element of a surface which 
is bounded from above by the curve y = f(z), from below by the 
curve у = g(x) and by the straight lines x = 2, and х = x, (0 = 1) 


, 


Ta 
M,= E I U/(x)* — g(z)?] da (with respect to the x-axis) 
ЫГ 


Ts 
М, = J a[f(x) — g(x)] ах (with respect to the y-axis) 


Tı 


4. Static moment of a homogeneous solid of revolution (о = 1) 


та (with respect to they, z-plane 
Му. = п J xy? dx perpendicular to the axis of 
2 revolution x at the origin) 
Centroid 


1. Centroid of a homogeneous plane element of the curve у = f(z) 
between points P, and P, 


Ta 
Ја Vi + y? dx 
тү = 


M 
REN 20. 
хс = Pm B H 
JV eyes 
Tı 
Ts 
ЈУ + y? dz 
__ Жї _ М; 
Wei mmo. 


Ts 
] yt + у? dx 
Ti 
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2. Centroid of a homogeneous plane element of a surface that is 
bounded by the curve y = f(x), the x-axis and the straight lines 
ж = z, and x= t 


Ta To 


ay dx y? dx 
PELLE NE Ныг » 
QI mx. Ус = = т. uds: 

] 9 dx 2 f y dæ 

Zi Ti 


3. Centroid of a homogeneous plane surface that is bounded from 
above by the curve y = f(x) and from below by the curve у = g(x) 


Ts 


Ја) — 962] dz 


te = B = s 
J Ut — gto dx 

7 49 — ga] dx 79 

SS. Өтүт дал P" 


2 f tfe) — gta] da 


4. Center of gravity of a homogeneous solid of revolution generated 
by the curve y = f(x) rotating about the z-axis 


Ха 
J зу? ах 
oa Е. ус = 0; 20-0 
Ја ах 
Tı 
5. Center of gravity of a solid 
] «ау Јуау 
Р: үүнд 
©су yeu ET y 
] «av 
= Ma 
V V 


For curves in parametric representation or in polar coordinates, the 
centroid is found on the basis of the moment and the arc or area. 
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Areal moments of inertia (theory of the strength of materials) 


1. Equatorial moment of inertia of a plane arc of a curve s 


ЁЛ 
1,- f y И Y y? dz (with respect to the x-axis) 
44 for curve y = f(x) 
Ta 
I= f a? y1 + y? dx (with respect to the y-axis) 
Tı 
ta 
1, = T y? Vg? + 9? dt (with respect to the x-axis) 
ü for curve x = g(t);y = y(t) 


ty 
I, = J P yg? + y? dt (with respect to the y-axis) 
и 


for curve г = f(g) 


Фа 
1, = | 13 gin? |” E (2 dp (with respect to the x-axis) 
dg 
ui 


Фа 
2 
1, = | 7? cos? р у + (5. dp (with respect to the y-axis) 
91 


2. Equatorial moments of inertia of the surface A, general 


I,— fy}? dA; 1,= fa*dA ЧА element of surface 
A A 


Theorem of STEINER Г = Ig + а?А Iç moment of intertia with 
respect to centroid 
а distance between refer- 
ence axis and centroid 


3. Equatorial moment of inertia of a homogeneous plane surface 


bounded by the curve y = f(x), the z-axis and the straight lines 
х= 4, and х = z, 


Te 
I, E Г y? dx (with respect to the z-axis) 
a 
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T2 
1, = ] а?у dx (with respect to the y-axis) 
zi 


See also page 384 


4. Equatorial moment of inertia of a homogeneous plane surface 
bounded from above by the curve y = f(x), from below by the 
curve у = g(x) and by the straight lines 2 = 2, and «= 2, 


Zs 


I,— i f ([f(2)]8 — [g(x)P) dx (with respect to the x-axis) 
I= [ — g(x)] dx (with respect to the y-axis) 


5. Polar moment of inertia 


I= f r? dA = I; + 1, (with respect to the origin) 
A 


See also page 385. 
6. Centrifugal moment of inertia 


Тау = ] ту dA dA element of surface 
4 


Mass moment of inertia (dynamics) 


J = [т dm mass element = o dV 
m dV volume element 
r distance from center of revolution 


Mass moment of inertia of a homogeneous solid of density о that is 
generated by revolution of the plane surface bounded by the curve 
y = f(x), the x-axis, and the straight lines z = 2; and «=a, 
about the x-axis 


Zz 


т 
„= ve 


ЫГ 
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Mass moment of inertia of a homogeneous soild of density o that is 
generated by revolution of a plane surface bounded by the curves 
x = g(y) and the straight lines y = y, and у = у, about the 


y-axis 
Уз 
то 
Jy = * [ a4 dy 
Yı 
7.6. Line integral 


7.6.1. Line integrals in the plane 


A line integral is defined as a definite integral whose path of integration 
is not established by two points of the x-axis but by an element of 
a curve C[r = f(t), y = g(t)] given in the form of an equation. The 
limits of integration are A and B with # = and ¢ = tg. 


B 
I f [P(z, y) ах + Q(x, y) dy] 
y (С) 


In this case we speak of a line integral taken over the curve С between 
the points A and B. 
For calculating, we use the definite integral 


{в 
І = | АРІ), 0011) + ФО), 00190) at 
ta 


The value of the line interval is independent of both the position of 
the coordinate system and the choice of the parameter. 
By exchanging the limits A and B, we obtain 


B 
f [P(x, y) dz + Qx, y) dy] 
A (€) 
A 
тгк. f [P(z, y) dx + Q(x, y) dy] 
B (С) 


If the line integral is taken over a closed path, a contour, with the 
direction chosen in such a way that the interior of the closed curve 


is to the left, we write ф (contour integral). 
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Area of a plane figure 


1 C curved boundary of the 
5 ф (z dy i y de) plane figure 


Line integral of a complete differential 


If the condition of integrability 


is satisfied, i.e. if P dx + Q dy is a complete differential of a function 
Ф(2, y), the line integral is independent of the path of integration taken. 
Then the line integral only depends on the limits A and B. 

From this follows: The value of the line integral of a complete 
differential taken over a closed path of integration is zero. 
Conversely: If the value of a line integral taken over a closed path 
of integration in a simply connected range is equal to zero, the in- 
tegrand is a complete differential. 

If the integrability condition for the vector F = Pi 4- Qj is given, 
the field is called a potential field. 


Example: 
Find the line integral Í Кау + y?) dx T x dy] over the parabola 


y= 222 between the limits A(0, 0) and Be, 8). If the curve is given 
in explicit form, one of the unknowns is chosen as parameter. We 
choose х, hence y = 227; dy = 4x dz. 


n= fie 23? + 40 4 ж. 42) dz = 44 7- 


7.6.2. Line integrals in space 


The theorems given in section “Line integrals in a plane” can directly 
be applied to problems of space. 


B 
L = f [P(x у, 2) dx + Oe, у. 2) dy + R(x, y. 2) dz] 
A (€) 
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where C is given in the form: 


x = jlt); у=9(@); z= h(t); А(тд, уа, 24); B(xp. Ув» zB). 
ів 
І = f Pitt), gt), MEF) + ЧО, 900), AE) GO) 
ta 


+ RUf(t), 900), МО 8(0) dt 


The line integral becomes independent of the path of integration if the 
condition of integrability 


aR Ro 2 OR 020 ӘР 


ду a ° æ Ox ) дх ду 
holds. 


1.6.8. Line integral of a vector 


Е = P(x, y, z)i + Q(z, у, 2)] + R(x, у, 2) К 


The vector is called field vector, the associated space field of the 
vector F. 

The space curve C over which the line integral is taken is given in 
the vector form r = r(t). 

The scalar product 


Е. dr = (Pi + Qj + ЕК). (dai + dyj + dzk) 
= Рах + Q dy + Е dz 


turns out to be the integrand of the line integral (see 7.6.1.). 
Hence: 
B 
L= Jj Еа 
A ©) 


This line integral is referred to as the line integral of vector F over 
the curve C within the limits A and B. 


Example: 
Given the field of force F = —yi + zj + ть. What is the 
2 


work W = f Е dr to be done to move a point particle in the field 


of force along the helix r = (acost)i-+ (asint)j + “К from 
P,(a, 0, 0) to Ра, 0, 2тс) (c Е N)? 
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From the equation of the helix follows that 
x = a cost; y-—asint; z-—cl 
dx = —asintdt; ау —acostdt; | dz —cdt 


Hence 
dr = [(—a sin t) i + (a cos t) j + ck] dt 


Limits: 


= tant; {= arc tan 2 
2 cos t x 


0 
For P, we have ¢, = arc tan — = arc tan 0 = 0; п; 2m; ...; 
a 
with z, = cf, = 0 only & = 0 is possible. 
0 
For Р, we have t, = arc tan — = 0; п; 2п;...; 
a 


with z, = ct, = 2xc we obtain t, = 2x 


Here, arc tan x must be taken as an ambiguous function because 
c turns of the helix are given. 
Thus, the integral is written as 


an 
: : 1 " : 
W -| Їл sin t) i + (a cost) + 711%) [(—a sin £) i 


0 
т 


2 

+ (a cos t) j + ck] dé = (е віп $ -+ a? сов t -- aa) dt 
ct +1 

0 


= ла? + In (2ле -| 1) 


7.7. Multiple integrals 


34.1. Double integral 


Double integrals are obtained from functions of two variables 
z = f(x, y) [or f(r, ф)] and are extended over a surface A in the x,y- 
plane [or r,g-plane]. They yield à number as the sum of the limit 
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n 
lim У f(x; yj) AA; all ДА; — 0 where f(x; yj) is the value of the 
n—oo 4 
function z for an arbitrary point P; (P; lies in the surface A or on its 
contour) and ЛА; is the associated surface element. 
Geometrically, the double integral represents the coefficient of measure 
of the volume of the cylindrical body that is bounded by the surface A 
in the z,y-plane, the perpendiculars erected on the contour of A 
parallel to the z-axis, and a part of the surface z = f(z, y). 
The volume found is positive if z is positive, otherwise it is negative. 
If the surface z= f(x, у) intersects the z,y-plane within A, the 
operation must be based on the respective number of parts whose 
coefficient of measure must be taken in absolute value. 
For z = f(x,y) = 1, the calculation 
of the double integral comes to the 
calculation of an area: 


Ta ga(r) 
А = Ј ] аа, 


ДЕТ: у=9:(2) 


dA = dx dy surface differential, 


where g,(x) and g,(x) are the variable limits of the variable y. 


Calculation of the double integral 


In Cartesian coordinates: 


оа) 
| Л ке) al dz 


galz) 
Кх, y) dy dx 


[fe у) dA = 
A 


b 
J 
a 

b 
J 
а gi(2) 


g,(x) and g,(x) are the variable limits of the 
variable y. We always integrate over the 
variable with fixed limits last. With h,(y) and 
h,(y) as variable limits, the above integral 
becomes 
d ha(y) 
J Ка, ува =f f fig de dy 
A 


с (у) 
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In polar coordinates: 


фз glp) 
Fenis J ЈК е) таар 
ті glp) 


Example: 


Find the volume of the sphere 22 + y? + 22 = r?. 
It will suffice to determine the first octant «20: у 2 0; 220 
because a symmetrical solid is given. 


y 
ЭЭ fienda 
A 


where f(x, y) = 2 = yr? — a? — y? 
dA = da dy 
Limits: 


a extends from 0 to yr - 9. 

(From the equation of the sphere for z = 0, 
i.e. in the z,y-plane) 

y extends from 0 to r. 

With this we have 


ги 
«7 йог, 2— yẹ de dy zz0;yz0 


Substitution: x = V2 — y?sing with de = Vr? — y? cos p dp 
New limits: 


For x = 0, we have ф = 0; for х= |? р, we have ре 


т п? 
anf feo - 4?) sin? p — y? Yr? — y? cos p dp dy 
0 0 
т/2 
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T т/2 


=f [02 — yn cos p dp dy 


T 
л[ 
[e ке. y?) is + = sin 21 ? dy - [© -— y?) = dy 
о 


2 
0 
Zf W[| om 2 (0) 
Ч "| 8? P 
"4 
/ 


hence V = at 


"4 
AO P, 
BES 


1. Area of a plane surface in the x,y-plane general 


Applications of double integrals 


А = f 44 
A 
in Cartesian coordinates 
та 04(2) 
= f Јауах 
т: g(x) 


in polar coordinates 


фз glp) 


А=] Јанар 


Фі 910) 


2. Area of a part of a surface z — f(x, y) whose projection onto the 
x,y-plane is 
in general 


= ыг where y is the angle between the tangent 
cos y 


to the даг element and the x,y-plane, 
in Cartesian coordinates 


2: galZ) 
Аз = | J Vf? + f? + 1 dy dx 


zı 93(2) 
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in polar coordinates 


Фа 9309) 
Asc f |] ҮЗ 2 t dr dy 


Фі gi? 


3. Static moment 
general 


M, — } «4А 
A 


in Cartesian coordinates 


та 92(2) та 012) 
M,= | fy dy dz; M, = | ILL 
ту gi) тү giu) 


in polar coordinates 


фз бз(ф) 
M,=f | sing dr dg 
91 flp) 
Та 92) 
М, = | J т cos р dr dp 
Фі 91(9) 


in parametric representation : 
It is advisable to convert this representation into one of the above 
representations. 


4. Centroid of a plane homogeneous surface 


general 
M M 
1g = 0; =e 
Ts A 983572 
5. Axial areal moments of inertia 
general 
І. = | dA 
А 


1, = | з 4А 
А 


7.7. Multiple integrals 


in Cartesian coordinates 


Ta 0403) 
I,= ] Jy dy dx 
zı 012) 
fa p(z) 
І, = Ј Je dy dx 
zı 9102) 


in polar coordinates 


9 04(9) 
I=] Ј 7 sin? dr dy 
pı 9109) 
фа 8:(9) 
1, = | ] сой p dr dp 
91 91(9) 


in parametric representation 
See note under 3. 


6. Polar moment of inertia 
general 


Ip= ] пад 
А 


in Cartesian coordinates 


f. gu) 
ь=] CE dy da 
ту gi(x) 


in polar coordinates 


Фа PP) 
Ір = Ј Ј 73 dr dp 


Фу 0109) 


in parametric representation. 
See note under 3. 


7. Volume of a cylinder 
general 


V = f 224 
A 
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in Cartesian coordinates 


т. 92(2) 
У = f Í z dy dx 
zı g(r) 


in polar coordinates 


тз 939) 


y-f | er dr др 


Фу 91(9) 


7.7.9. Triple integrals 


7. Integral calculus 


Triple integrals are obtained from functions of three variables 
u = f(x, y, 2) in cylindrical coordinates u = f(e, y, 2) or in spherical 
coordinates u = f(r, p. 9), taken over a volume in space. 


Caleulation of triple integrals 


In Cartesian coordinates: 
b 


fiend = | 
y 


a 


b фз(т) №(2,0) 


а! 


а 


Í f(x, y, 2) dz 


м 


J Ла, y, z) dz dy dx 


The limits (ж, y) and h(x, у) are the lower and upper bounding 
surfaces of the volume V which are separated by the boundary curve 


of the volume (line connecting the points 
of contact of all tangential planes to the 
volume parallel to the z-axis). The limits 
gı(x) and gs(x) are the lower and upper parts 
of the curve in the z,y-plane which is ob- 
tained by projecting the boundary curve 
onto the z,y-plane. The limits x = а and 
х = b separate the two curves g,(x) and 


galz). 


2 hiy) boundary 
27 


Similarly to the double integral, the triple integral can be solved by 
integrating in any convenient succession; it should be noted that the 
limits are changed, however. Again we integrate over the variable 


with fixed limits last. 
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In cylindrical coordinates we have 


Фа 04(Ф) halos) 
Лех adV=f | f Ke pz) 0424046 


Фі ile) №1(0,Ф) 
In spherical coordinates 


аз gely) №(0,р) 
Tentar Ј ] f 1 9,0) sind dr dð dp 
Фі 91(Ф) №099) 
Applications of triple integrals 


1. Volume of a solid 
general 


y — fav 
; 


in Cartesian coordinates 
X. galz) hi(z,y) 
y = ] ] j dz dy dx 
тү 91(2) hy) 


in cylindrical coordinates 


9s 9s(9) hlo) 
у=] ] Jeria 
Фі 91(Ф) h(oo) 
in spherical coordinates 


Ps Gal) hi(0,9) 
V=f f | твіпд аа9ар 
Фі gs) h(9,9) 


2. Center of gravity of a homogeneous solid 


general 
feav fuar feav 
= Im 14 y == 
тс = у Ус y ° 20 Y 
i zi galz) Вау) 
= — dz dy d. 
to y [ x dz dy dx 


zi 0105) 15677) 
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1 їз g(x) (т) 
m y dz dy dx 
y y y 

тү (a) Ga) 


Ус = 


Ta GT) (ту) 
20 al 1 | 2 dz dy dx 


zr, qur) Һу) 


Example: 
Find the volume of the solid bounded by the following surfaces: 


2 = ау, (x — 2)? +y = 4, 2--0, уг 0. 


Limits: 
z from 0 to 2a?y 


y from 0 to V4x — a? because (т — 2)? + YP = 4; 
a? — da +4-+ y? = 4; 
y = [к аз 
x from 0 to 4; this follows from the equation of the circle. 


4 Var—2* 22*y 4 Уак а? 


v= f | dzdydx = f J 2:99 dy de 
0 0 0 оо 


-[ =” dx = five — 24) dx 
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4 
= 51.2 units of volume 
0 5 


8. Differential equations 


8.1, General 


Definition of the differential equation 


Equations involving, besides one or several variables, functions of 
these variables and their derivatives are called differential equations. 


Ordinary differential equations are conditional equations for a func- 
tion of an independent variable which contain at least one derivative 
of the unknown function with respect to this variable. 


Ke, Ys W's у”, ... y?) =0 


Partial differential equations are conditional equations for a function 
of several independent variables which contain at least one derivative 
of the unknown function with respect to one of the independent 
variables. 

For example for 2(x, y): f(x, y. 2, 25» Zy 2,1» ур Za =) = 0 


Detinition of the solution of a differential equation 


The solution (integral) of a differential equation is defined as the set 
of all funetions whose derivatives identically satisfy the differential 
equation. The general solution of a differential equation of nth order 
is the set of all functions of solution which contain exactly n arbitrary 
parameters (constants). 

A particular solution of a differential equation is obtained if, by 
imposition of additional initial or boundary conditions, the values of 
the parameters are specified. 

A solution of a differential equation is called singular if it cannot 
be obtained from the general solution by the choice of a special 
parameter. 


Order, degree of a differential equation 


The order of the highest derivative of the function to be found 
occurring in a differential equation is its order (nth derivative > 
differential equation of the nth order). 
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The highest power of the function to be found or its derivatives is the 
degree of the differential equation. 


Geometrical interpretation of the differential equation 


The graphical representation of a general solution of a differential 
equation of the nth order is a family of curves with n parameters. 
Conversely, every family of curves has its differential equations. 
The particular solution corresponds to a certain curve of the family 
of curves (curve of solution, integral curve). 
Differential equations of the first order determine, for each point 
(z, y) of the domain of definition of the function, the direction 
y' — tan « of the curve through this point and included in the family 
of curves of the general solution of the 
y differential equation {(х, у, у’) = 0 or 
y =, у). 
By the set of three values (x, y, y), one line 
element of the family of curves of the solu- 
| tion set is fixed; all linie elements yield 
! the directional field in the Cartesian sys- 
| tem of coordinates. The family of curves 
0 % x ОЁ the solution set of a differential equation 
includes all curves whose directions at 
each point correspond to the directional field. 
The lines joining all points with the same direction of the line ele- 
ments are called isoclinic lines (y’ = const.). 
If the isoclinic lines are known, solution curves of differential equa- 
tions can be derived and plotted on a graph, giving good approxi- 
mations. 


Examples: 


Ly = fle) = а 


Equation of isoclinics: 


- -15 -1 -05 0 05 1 15 2х у =C>x=2 
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2. y = —y y 


Equation of isoclinics: 1 C=-1 
-0.75 
y =0 y= 0 05 -05 
" ? -05 
The decreasing exponential 
function y = e^? is clearly re- д 05 7 75 Pu 


presented. 

Differential equations of the second order determine direction and 
curvature of the arc elements for each point of the domain of defi- 
nition. The isoclinie method is to be used by putting y’ = f(t) =z 
(t is à parameter) and converting the differential equation in x of 
the second order into a differential equation in z of the first order. 
Curves that cut each curve of a family of curves exactly once are 
called trajectories of this family of curves. 

Curves that cut a given family of curves at a constant angle are 
called isogonal trajectories. If the intersection occurs at the angle of 
90°, they are called orthogonal trajectories. 

Application: Determination of the potential surfaces or potential 
lines of a given field of lines at a given behavior. 

For differential equations of the first order, the following relations 
hold: 


Given family of curves F(a, у, с) = 0 y = f(x, с) 
Differential equation of the OF , ЭР, — r 
family of curves ôx * ду у= y = g(t, у) 
кеен ГОР y 
Direction of the curves y= F y = g(x, y) 
y 

Orthogonal trajectories 28 у = 0 у= — ы 

ду ôx glz, y) 

—F,/F, + tang 


y — и E a 
Tsogonal trajectories 1+ ЁЁ tang 


(angle of intersection g) o gis 9) + tang 


5 © 1 — g(x,y) tan 9 
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Example: 

Given family of curves 4a? + бу + с = 

Differential equation of the family of curves 
82 + 5у = 0 

Orthogonal trajectories 5 — Say’ = 0 

Isogonal trajectories 


(angle of intersection p — 30?) 


== + tan 30° 


у= 5 
1 + — tan 30? 
42 


4842 — 202 УЗ — (60x + 25 3 )у = 0 


Setting up differential equations 


We differentiate the equation of the family of curves repeatedly until 
the parameters can be eliminated. 


Example: 


Find the differential equation of all paraboles which are open to the 
right. 


Solution: 


Statement of the equation for the family of curves, using the para- 
meters c, d and p: 


(y — dy = 2p(z — c) 
aly — ау’ = 2p 

(y — dy" -- y? —0 

уу" + (y — dy + 2у'у” —0 


The differential equation of all parabolas follows from the last two 
equations 


y" y? — Зуу? = 0 


8.2. Ordinary differential equations of the first order 


8.2. Ordinary differential equations of the first order 


8.2.1. Separation of variables 


Differential equations of the form y’ = 295 
yy) 
25 yields p(y) dy = p(x) dx 
dx wy) 
Solution: 


Joly) dy = fox) dx + € 
Examples: 
1. xe?" = уу’ or xett dx = y dy 
xe? dæ = ye” dy 
Ј хе" dz = f ye” dy 
e? — fe? dz = —ye-! + f eY dy (integration by parts) 
е0 — 1) = —e*( +y) +C 


2. yx — Т) + y(242 — 3x — 14) = 0 


dy (2a — 7) = —(22? — 3x — 14) 
ах 


3 — Зи — 
dy _ _ 218 — 38 — 14 = —(x + 2) dx 
y 2x — 7 
[£- -[е+®& 
їл =- w40 
= ~2r+e -Ear -È ar 
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8.2.2. Homogeneous differential equations of the first order 


= 


^ g(x, y 
P(T, у 


y or g(x, y) dx — у(х, y) dy = 0 


= 


where ф(х, у) and y(x, y) are homogeneous functions of the same 
degree (for homogeneous functions see page 106). 


Solution: Substituting SJ... leads to a differential equation to 
x 


which the method of separation of variables can be applied. 


Example: 


(3x — 2y) dx — x dy = 0 
Substituting es 2; y —zx; y = a2’ + z; 
at 


dy = x dz 4- z dx 
we get: 
(3x — 2zx) dæ — x(x dz +- z dx) = 0 


3 dz 
1— 


2 2 
ЕЯ! дг 
2 1-2 


3lng = —In(í—2)--C 


(separation of variables) 


ma =m (1—2) +0 
x 


n (et = с; In (22 — 22у) = C 
23 — ay = е0 = О, 


8.2.3. Inhomogeneous differential equations of the first order 


у'ф(®) + yyle) + ole) = 0 


8.2. Ordinary differential equations of the first order 


Solution 1: 


Integration by substitution 


‚‚ ya) , o) 


Ad 2 
90) | 90) 
y + yPG) + Qe) =0 
where 
Poy Y). guy 909) 
mci ele) 


Substitution y = wv; у = шо + ш" 
wv + uv’ + wP(x) + Q(z) = 0 
wv + ши’ 4- vP(z)] + Q(z) = 0 


v is chosen in such a way that the factor of и in (1) vanishes. 


v + vP(x) = 0; 
v = eSP(a)ax 
Thus, equation (1) is written as 
we-SPla)dx — —Q(z); и = —Q(a)e fP(a)dx 
и = —f Qla PD de + О 
у = uv = е-/Р(®)йх [— Гео da 4- С 


(general solution) 


Example: 
(4 + ay’ + y = 6 + 2x 


_ 6+ 25 _ 
4 |-х 4 fa 


0 


yy 


P(x) = 


4+ ғ 


395 
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[Ped = fy dz =In|44+2/+C, 


+2 


=Inj/4+2|+In€,=In| C4(4 + x) | 


6 + 2x 
Qe) = +, 
442 
Qlæjef Pdr dz = — 6 + 2x сдана) di 


4 4 х 
= — [0.66 + 22) dz = —C,(6x + a?) + С, 
y= en lC4(4 4-2) [С,(62 + а?) 22 C4] 


1 бх + а? + €, 
= ——————- [0,(6 2) — C] = —————— 
Qu ha EtA al zT 
Solution 2: 
Integration by variation of the constauts 
¥' P(x) + yyl) + olz) = 0 (1) 


At first we solve the homogeneous equation 
97 (5) + yylz) = 0 
(Here, the word homogeneous refers to the fact that the term free of 
y is missing.) 
Separation of variables leads to the result 


v) dz 


y= aiia 


We replace the constant C by a function 2(2). 


= 30 ae 
y = (ше 499 
~ [x0 - [xm 
y = 2’e vut" + ze IE dd Е zo] (2) 
gx) 


From (1) and (2) we obtain z and finally y. 
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Example: 
(4 + ж)у' + y = 6 + 2x (3) 
Homogeneous equation (4 + х)у + y = 0 


1 
_{—d 
y= Ce faz цн Се-їа14--214С: 


С €, 


= Cet Catol — 7 — 
C4 +x) 4-4 


Variation of constants yields 


y = z(x) E = l —£ : 
ЗОО 0 рээ зар эйр 

1 1 1 
4 4- а) [2 ME c NE. 
| eap "uuu qu 
z’ = 6 -+ 2x 


2 
г = бк +25 + б, = bx +a? C, 


1 
ed mp e се 


8.2.4. Total (exact) differential equations of the first order 
p(z, y) dz + w(x, y) dy = 0 
on condition that the left-hand side represents a complete differential: 


plx, y) _ ду, у) 


(integrability condition) 
ey Ox 


Direct integration leads to the solution 


1 le y) de + f [re y) — Ї илэн ar] dy =C 0) 


398 8. Differential equations 


f v(x, y) dy + Ї [ve y)— i а оу dx = С (П) 


Example; 


or 


(34? + 8аж |- 2by? + 3y) dx + (Abxy 4: 3a + 5) dy = 0 
0(3a? + 8ax + 2by? + 3y) 
ду 


9(46ху + 3x + 5) 
Ox 


= 4by + 3 


= 4by + З 


Hence, the left-hand side of the equation represents a complete 
differential. 
Application of the solution formula (I) 


f (За? +- Вах -4 Wy? |- By) de 
+ f [ху + З= + 5 — f (Aby + 3) d] dy = C 
23 + 4aa? + 2bzy? + 3xy 


+ f [bay + 3x - 5 — (4bzy + 3x + €] dy = С 


a? + dax? + 2bxy? + 3vy + (5 + С,)у = C; 


8.2.5. Integrating factors 


A function u(x, y) is called an integrating factor of the differential 
equation (x, y) dæ + p(x, y) dy = 0 if the left-hand side of the equa- 
tion is converted into a complete differential by multiplication by 
ш, y): 
oma, у)ф(х, y)) _ ulz, yu v)] 
ду i дх 


Often the solution can be simplified by treating u(x, y) as depending 
only on х or y ог by setting up special combinations of the two such as 


у’, 2, ete. 
y 
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Special integrating factors 


The integrating factor is a function of x only: 
1(др ap 
pee Fs 5) oz 
The integrating factor is a function of y only: 


д д 
FG ~ ap) 
wre y 


The integrating factor is a function of xy only: 


іа) 
— – jd: 
po e) rowr 97; P ay 


The integrating factor is a function of Д only: 


v 
1 a? (z 28) а: 
ESTE д 0%] 7” 


The integrating factor is a function of 2? + y? only: 


а |S 


1 ду дф Ж 
u= daa (> a^. 2= 22 4 у? 
Note: For brevity, ф takes the place of ф(х, у) апа y the place of 
p(x, y) in these formulas. 
Example: 
(3x — 2y) ах —ady=0 
Proof of the integrability condition 


28% — 2y) _ 9 Е 
ду Ox 


The integrability condition is not satisfied. 
Assumption: The integrating factor is a function of x only. 


1 
ЗЕЕ йг 
а =e 5 — gmn =g 


ue 
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Multiplication of the initial equation by и = = yields 


(322 — 2xy) dz — x? dy = 0 (total differential equation) 


Solution: 23 — 32y = С 


8.2.6. Bernoulli differential equation 


у -Fe(x)y = v(x)y? (п = 1) 


Substitution: 


1 1 
1—7 


у= 2"; у = 


z (1 — n)pl(a)z = (1 — n)ple) 


Example: 


y M sat 0 
3 


1 
Substitution: y= 2173 =z 2, у =- >: 
(ek Ea 
а 2 +z ?-am 
2 2 


2'ж — 2z = —223 


By variation of the constants, this differential equation yields the 
solution z = z?(C — 2%). 


a*y (C — 2х) —1=0 


8.9.7. Clairaut differential equation 
y = ху + oy’) 
By differentiation with respect to z we obtain 


0 = yie + 9'(y^)] 
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This equation is satisfied either by у” = 0 with the solution 
у = Cx -H С, (general integral) or by = -+ g'(y) = 0. When we 
eliminate y' from the last equation and from the initial equation, we 
obtain y = g(x) (singular solution). 

Geometrically interpreted, the general integral is a family of straight 
lines, whereas the singular solution is the envelope of this family of 
straight lines. 


Example: 
y = :у — 2y? + y 
0 = ay” — Ay'y" + y" =У — 4у + 1) 
у= 0 >y = Сук -+ С, (general integral) 


+1 
ody $105 y =E 


Solution: 
ned ofer D cio d ду 


== 2 


4 16 4 8 


8.9.8. Riceati differential equation 
y = ф(ж)у* + v(a)y + oz) 
A solution is only possible if a particular integral y, can be found. 


Substitution: y — у, = 2s 
2 


Example: 
а?у! + ху — а?у? + 1 = 0 (1) 
pios cn 1 
go ——J9—-— (2) 
x EA 


Due to the given form of the equation, a trial can be made with 


у= 2 to find a particular integral: 
x 


A » A 

y = —; ЕЯ 

Ка x 
4-34-42-1-0 


96 Bartsch, Mathematical Formulas 
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402 
Substitution: y — — = t, y = sA z’ — t 
Р) g7 d 
БЕ ЦЕ СЕ Е СРЕ Ei ix "A 
z? а? 2 a viz a a? 
B 4-—---1=0 
2 
According to the method of variation of constants we obtain 
2 Е н 2x 
2 d €,— а? 
8.3. Ordinary differential equations of the second order 


Special cases 


8.3.1. 
Differential equation without y and y^ 


y” = qx) 
y = f [f 92) dz] de + Or + С, 


Example: 
y” = 4a? + 5x 


Differential equation without x and y’ 


y” = ply) 
Substitution: y = p > y" = p' = ply). 


d d 
Paap ply) 


, d, 
p y 

ly dy dy 

Solution by separation of variables yields an equation for y’ whose 


quadrature leads to y. 


8.3. Ordinary differential equations of the second order 


Example: 

wv А 
ye 
dp y EN 
qu up а 
р фр-- 8 dy 

1 
Шин 
pU. deos 
9 9да? FA 


р 2068 


|в 
| VC, + у 


a = asinh- 4 + Сз 
y = ҮС, sinh *— ©; 
а 


Differential equation without х and y 
y” = fy) 

Substitution: y’ = p 

Example: 
y” = 2у%; y =p; y =p 
p = 2р? 
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Differential equation without y 
y= fy.) 

Substitution: y = p 

Example: 
xy” +y —-1=0 


dp _ 4 


1—» = 
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—In(p — 1) = In z + In €, = In Cox 


y = gp In lel + e+ б = ae буп jel + б, 
1 


8.3. Ordinary differential equations of the second order 


Differential equation without x 


y” = Ку, у) 
Substitution: y’ = p 
Example 1: 
22:00 , "EL 
y'—yy"y Зу; y =P; y =o 
y 
d 
p t = р?у + Зу 
y 
dp — ру = 3y BERNOULLI equation, 
dy p procedure for solution see page 400 
Example 2: 
MT Р » QE 
У; у=р; у?- р 
y dy 
Goat 
dy y 
dp dy 
p y 
In p = iny + In C, = In Суу 
dy 
= as = Cy 
dy = C dx 
y 


In у = С: + С, > у = eie = Себе 
Differential equation without y' 


y” = Қу, х) see the following Sections 


405 


8.3.2. Linear homogeneous differential equation of the second 


order with constant coefficients 
ay" + by’ + су = 0 
Statement у = e'* > у’ =re™ and y” = ret 


are™ 4- bret + се = 0 


(1) 
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Characteristic equation 


ат -- br + с = 0 


Саве Lir т rire Є В 
Solution of the differential equation 
y = C,en? 4- Cent 
Case 2: т, = т ="; fofr ER 
Solution of the differential equation 
y = (Cpe A- Ca) 
Case 3: ri; = а + 6j 
Solution of the differential equation 
y == e9*(C, cos bx + C, sin ба) 
Example 1: 
2y" — Ву | by = 0 
2r? — 8r -6 = 0 


(Case 1) 
7? — 47 +3 = 0 with r,—3; n —1 
y = Сүе3® + Се? 
Example 2: 
By” -|- 18y' -- 27y = 0 
B? -р 18r -|- 27 — 0; Tig = —3 (Case 2) 
y = e*(Cqx + С.) 
Example 3: 
y" +2y’ -+ бу = 0 
So-pErop 50; vua Е 2j (Case 3) 


у = e *(C, cos 2x -|- C, sin 22) 
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8.8.8. Linear homogeneous differential equation of the second 
order with variable coefficients 


y'e(x) + урба) + yo(z) = 0 
A particular integral y, must be found for its solution. 


Statement for solution: 


у= 92 


By further substitution z’ = u, a differential equation of the first 
order (reduction of the order) is obtained. 


Example: 
(ln a — ijy” — xy’ -у=0 
Ap 
y = уг = 42 
y = а’ 4-2 
y" = az" -| 22 
(ln x — 1)2" + 22(2 ша — 3)z/ = 0; 2 =u; 2% =U’ 
zw (In x — 1) = u(3 — 21n x) 


du 3 —2шх 


u a(In x — 1) 


Substitution: In z = v; de — dv 
2 


ЇЗ-3| dv -2f vdv 
u v—1 v-—1 
2 1 
Inw=3in@—1) ~2f (t+ )® 
v—1 


Inu = 31а (v — 1) — 2e — 21n (v — 1) + In C, 


Ina— 1 
и = О, 


22 
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dic Qe 


m 
z = 0, — Оа 
x 


y = Cx — Cy ln |5] 
8.8.4. Euler differential equation 


Euler differential equation of the second order without disturbance 
funetion (homogeneous Euler differential equation) 


а?у + ху + cy = 0 
Statement: 
у=а47; yo = та y” == r(r— 1) 
aa?r(r — Lat? + раға -|- cat = 0 
x [ar(r — 1) + br -- c] = 0 
x" = 0 yields the trivial solution y = 0. 
Characteristic equation for r 


ar(r — 1) + br+c=0 


_a—b (a—0? с 
пал 20, +y 4a? a 


Case 1:7; “т; ть CR 


Solution of the differential equation у = С" + Coat: 
Саве 2: т = 7 =T; 7,7,7 ER 

Solution of the differential equation у = a"(C, In |z| + Ca) 
Case 3: ғ. = a, + bij 

Solution of the differential equation 


y == [С cos (b, In |x|) + C, sin (b, In |4] 
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Example 1: 
32?" + 15ху’ — 86у = 0 
vy” + бху — 12у = 0 
Characteristic equation 
т? + (5 — 1)r —12 — 0 with r, —2, r= —6 (Case 1) 


Solution of the differential equation 


y = Сна? + Crt = Оа? + os 
E, 
Example 2: 
4a?y" — 16zy' + 25у = 0 
Characteristic equation 
4r? + (—16 — 4)r + 25 = 0 


(Case 2) 


to] са 


4r? — 20r + 25 = 0 with т = т = 
Solution of the differential equation 


5 
y = =? (C, In |а| + С.) = Va (C, In |a] + C3) 


= 22 Yæ (C, In |e] + С, | 
Example 3: 


vy” — Try’ + 20у = 0 
Characteristic equation 

12 + (—7—1)r 20 =0 

r? — 8r + 20 =0 with т = 44 2j (Case 3) 
Solution of the differential equation 


у = a*[C, cos (2 In |2|) + €; sin (2 In |z])] 
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Euler differential equation of the second order with disturbance 
function (complete Euler differential equation) 


axty” + bry’ + су = (x) 
We first solve the homogeneous Euler differential equation 
az?y" + bry’ + cy = 0 


For solution see previous Section. 

By choosing a statement which is appropriate for the degree and the 
form of the disturbance term ф(х), frequently a particular integral 
of the complete differential equation can additionally be found. 
Then the solution of the differential equation is the sum obtained 
from the solution of the homogeneous equation and the particular 
integral. 


Statements for the finding of a particular integral 


а) The disturbance term g(x) is a rational integral function of the n th 
degree. 
Statement: y = Aa” -|- Bat! 4- Cat? -|-... -- К 

b) The disturbance term is an exponential function. 
Statement: y = 4e"? where e”? is the exponential function 
occurring in the disturbance term. 


с) The disturbance term is a function of sin ma or of cos ma or 
віп mz and, cos mx. 
Statement: у = A віп mz + B cos mx 


d) The disturbance term is a function of sinh mz or of cosh ma or 
of sinh mx and cosh mz. 
Statement: y = A sinh mz + B cosh mx 


e) The disturbance term is an algebraic sum of the functions indi- 
vidually given abovo. 
Statement: Then the statement also is an algebraic sum of the 
individual statements. 


Example: 
а?у”! — 2xy' — 10у = 2a? — Зх + 10 
Solution of the homogeneous differential equation 


ау” — 2ry’ — 10у = 0 
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Characteristic equation 

P+ (—2 — 1" — 10 = 0 

r? — 3r — 10 = 0 yields м = 5; т = —2 
Thus, for the homogeneous differential equation 

y = C4 + Ca? 


Determination of a particular integral: 
Statement: 


y = Аз? + Вх + С 
у = 2Ах + В 


By insertion into the initial equation 
а? .2А — 22(2Ax + B) — 10( Ax? + Вх + С) = 22? — 3x + 10 


By comparison of coefficients follows 


Hes cae, en С--1 
6 4 
: : 1 1 
Particular integral y, = — rx + on —1 
Hence, solution of the complete differential equation: 
y = Cp? + Ca? +y = Qa p ud, —1 
а? 6 4 


8.3.5. Linear inhomogeneous differential equation of the second 
order with constant coefficients 


ay" + by’ + су = ф(х) ф(х) +0 
or by division by a 


y" -|- dy’ + ey = w(x) with (x)=: 0 (normal form) 
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First we solve the homogeneous equation for w(x) = 0 in the same 
way as given in the above Sections dealing with homogeneous 
equations. 

Then we apply the method of variation of constants to the inhomo- 
geneous differential equation (with disturbance function). In indi- 
vidual cases we may arrive at a solution more readily when using 
one of the following statements: 


y = Ay + Aya + e + Аа" 


or 
у = Aen 
ог 
y = Asin ma + В cos nx 
or 


y = Asinh mx + B cosh nx 


or an algebraic sum of the above functions. 

Then the solution of the differential equation is composed of the 
solution of the associated homogeneous differential equation and the 
particular integral. 

If the disturbance function or a term of it also is a solution of the 
homogeneous differential equation (case of resonance), then the 
variation of constants will give a result though this procedure may be 
time-consuming. 


Example 1: 
y" — 2y’ — 8у = Звша + 4 
Solution of the homogeneous differential equation 
y" — 2y' — 8у = 0 
Characteristic equation 
1 —2r —8 = 0. with r,—4; m= —2 
Solution of the homogeneous differential equation: 
y = Сүн + C,e 37 
Statement for the determination of a particular integral: 


y = Asinz4- Bcosz + C 


У’ = Á cosx — Bsinx 


и! 


y" = —Asina — В cos 
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Insertion into the initial equation 


A sin x — B cos — 2А cosa + 2B sin x 


— 8À sin х — 8B cos x — 8C = 3sinz + 4 
By comparison of coefficients we obtain 


2 
85' 


Ж. opor Ad 
85 2 


Hence, solution of the differential equation 


C 277 6 1 
= (её 2 i a === 
у ей? + 257 85 sin 2 4 85 cos 2: 2 


Example 2 (case of resonance): 
y" у — 2y = cosh x 

Characteristic equation of the homogeneous differential equation 
P+r—2=0 with r,—1; r= —2 

Solution of the homogeneous differential equation 
y = Сей + Се 22 

For cosh x we may put cosh x = 4 (e* + e77). 


With С, = T and C, — 0, the solution of the homogeneous equation 


becomes a term of the disturbance function and thus we have a 
case of resonance. We proceed by variation of constants: 


y = дет + ны 
Y = гүе* -H z,e* + z,'e-?* — 22,0-?7 
Additional condition: z,’e7 + z,'e-?* = 0 


y" = z,'e* + ге — 22,e?* +. 4z,0-?* 
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Inserted into the initial equation, we have 


‘ет T /g-2T -22 =: 20 
ге + де 22, 6-25 + 42,672 + 246 22,6 


22162 — 22,6 ?* = cosh x 
From this follows that 


z,e* — 22,'€-?* = cosh x (the terms with 2, and z, will 
always vanish) 


In connection with the above statement, a system of equations with 
the two unknowns z,’ and 2, is obtained: 


zye? — 22,/e ?* = cosh x 


2, e t ze?" = 0 
: cosh a: cosh a: 
From this 2,’ = and zy = – ——— 
Зе? 3e-?7 
-т 
ЖЕЕ ве 
WAS ыле 
6e* 


Separation of the variables 


dz, — + (Е + е 27) dx 
1 1 
= ем K 
HIST Бин 
1 ar т {К 
25 = —— ё — e* -J-K 
18 


Solution of the differential equation 


1 1 1 1 
== (5=- ГЭ + ку) = (5° кае К) е 


d 
y= et (к. + 5) T + Kye 
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8.3.6. Linear inhomogeneous differential equation of the second 
order with variable coefficients 


у(х) + yeux) + yga(x) = palz) фү(2) = 0 
фа(2) = 0 


or after division by p(x) 
y" + y'e(x) + у(х) = w(x) with w(x)+=0 (normal form) 


Solution: 


Let us assume y, = у(х) to be a nonidentically vanishing solution of 
the homogeneous equation y” + y'g(x) + yy(x) = 0. If we put 


z = z(x) = 8 (У ‚ this equation changes into the linear homoge- 
dz \у 


1 
neous differential equation of the first order 
Зуу 


Yı 


= + (» +- | -0, ф = ф(х) 


which can be integrated according to the method of separation of 
variables. If z is a particular integral, then y; = y;(x) = 9i f 2 da 
is a second particular integral, linearly independent of y,, of 

у t ye + yp = 0, y= ylz) 
Hence, у = Су, + Суз is the general integral of the homogeneous 
differential equation. 


We find the general integral of the inhomogeneous differential 
equation 


V" + y'9 + yv = o(x) 


by variation of the constants of integration. 


Example: 
а?у” — Bay’ + (2? + 2)y = ал 
Division by 2? leads to the normal form 


, 2, 242 
У 


У == а? 


а? 
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We first solve the homogeneous differential equation 


which has the particular integral y, = x sin x. 


If we put z = ME | y ) then follows that у = x sin «|» ах and 


dx \x sin x 
y = (sine + x cos а) f z de + xz sin x 
y" —(2cosx — x sin) | zde + 2z(sin x + x cos x) + gz’ sin x 
By inserting into the differential equation we obtain 


(2 cos x — x sin 2) f z dx + 2z(sin x + x cos x) + az’ sin x 


— (сн t sa [зат —2esine -+ rsin [е 
a 


+ Paine [deo or gz’ sina + 222 соз х = 0; 


x 

+ 

z 2 cos x 1 

—=———; 1р |а| = —2In [sin z| 

2 sin x 

1 
Hence z = — . 
sin? x 


From this follows for the second integral linearly independent of y, 


2 dax 5 
Yo = x sin z|-——— = -280120082----200828 
sin? x 


Thus, the general integral of the homogeneous differential equation to 
be found is 


у = 2(C; sin x + C, cos 2) = Cy, -H Coys 


We find the general integral of the inhomogeneous differential equa- 
tion by variation of the constants. 

If we replace C, and C, by the functions z, = z,(z) and 2, = 2,(2), 
then y = 2191 + 2505. 

If we insert this into the inhomogeneous differential equation, 
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another condition must be imposed upon the functions 2; and z, in 
order to determine them: 


Additional condition: z,’y, + 2,'y; = 0 
Then the following relations hold: 


Y = 20 аа 
y" =з ayy’ + Za Yg + ayy” + ZY” 
By inserting them into the normal form we obtain 


, + , , Р H 2 , 2 ^ 
210 + 249: Рау” F ZY — рчл ын 2 2505 + 2101 


2 2 
+ 254» + ea + да 200: — а? 
L ГА , * at 2 , 2 
BY F eY d 9 (n TE Tu 222 


ve 2 , 2 5 
а (а —— 9% XE 
x x 


Since y, and y, are particular integrals of the homogeneous diffe- 
rential equation, the expressions in parantheses are equal to zero. 
Thus, together with the additional condition, the following system of 
equations holds: 


tap 7 Iu’ y2 
89i F 229: = X 


2141 +292 =0 


The determinant of this system is 
Ол 
yi У 


= (sin x + x cos x) (— cos 2) 


A= = ууз — Yr N 


— (—cos z + х зіп z)z sin z = —а? = 0 


The above system of equations yields 


Н А yy а? 
2 
PM 0 y and z aa ЕД 0 


E" 5 A 


27 Bartsch, Mathematical Formulas 
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? : : 22у, dx 
By integration we obtain z; = m and 2 = — 


- « 


2(— 
21 = 26222 = fæ cos æ de = сод тзп г + Сз 


m 


$ : 
x? asin т Е : 
Za == 1 de [ssim odo = sine — e cos e + C, 


—д? 
The general integral of the inhomogeneous differential equation 
y = (cos x + xsin x + Сз)х sin x 
+ (sin z— x eos x + С,) (—x cos 2) 


= a? + Cyr зіп x — Car cos x 


8.4. Ordinary differential equations of the third order 


8.4.1. Linear homogeneous differential equation of the third 
order with constant coefficients 


y" + ay” + by’ + су = 0 


According to the explanations given on page 405, the statement 
y = 675 leads to the characteristic equation 


Ptar+brt+tc=0 
Case 1: 

TLE TZ = 7з; 7,7, 3 К 
Solution of the differential equation 

y = Cent + Ce -- Сет 
Case 2: 

T= з= гу fyc 1,74ЄЁ 
Solution of the differential equation 


y = (Сук + Ce? + Су 
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Case 3: 
TQ = fy = =; r€R 
Solution of the differential equation 
y = (Cg? + Се + Cet? 
Case 4: 


т € R; Teg = Q = by 


Solution of the differential equation 
у = Се" -+ (C, cos bx + Cy sin b,z)e^i* 


This procedure can easily be generalized to be applicable to a linear 
homogeneous differential equation of nth order with constant coeffi- 
cients. 


8.4.2. Linear inhomogeneous differential equation of the third 
order with constant coefficients 


y" + ay” + by’ 4 cy = ф(х) 


This differential equation is treated in practically the same way 
as the inhomogeneous differential equation of the second order (see 
page 411); that is to say, we first solve the associated homogeneous 
equation and then find a particular integral by means of a suitable 
statement. By addition of these results, we obtain the general solution 
of the differential equation. 

Analogously this procedure can also be applied to differential equa- 
tions of higher orders. 


8.5. Integration of differential equations by power series 


This method yields approximate solutions. It is used if a differential 
equation cannot be brought into one of the forms explained above. 
We insert 


у = ag + ах + аз? + - + аа" 
together with the associated derivatives into the differential equation 


27* 
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and compare the coefficients of the same powers of x. The initial 
conditions give ар by means of which all other coefficients can be 
determined (method of indefinite coefficients, comparison of coeffi- 
cients). 

We obtain the same result by differentiating several times both 
the differential equation and the statement in the form of a series 
and put x equal to zero; in this way the coefficients are obtained when 
equating the respective derivatives. 


Example: 

y’ = y? + 23 with the initial condition x = 0, y = —1 
Statement: 

y = dg + аул + аза? + аза? + -o + а" 
with 

y = a, -- Зах + Заза? + --- 
inserted into the differential equation 

а, +- Зах +- Заза? -+ 4a42? -p ++ 

== (ag + aye + аза? + aga? + ---)® + 23 

== Ag? + Зах + (а? + Zaoa)? 

+ (1 + 20а + 2а,а»)а% -| --- 
By comparison of coefficients 
а = а? 
2a, == 24а, 
Заз == a4? -+ 244 


4a, = 1 + 2a a; + 20а, 


etc. 
From the initial conditions z = 0, y = —1 it follows that 
i 
% 1; а=1; a 1; аз = 1; ac 


Thus, the approximate solution of the differential equation reads 


им ipaa фа ай 
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8.6. Partial differential equations 


General form: f(x, y, 2, Zz; Zy "ago Zyp Zaye + .) for a function 2(2, y). 

A partial differential equation is said to be linear if it is linear with 
respect to the quantities 2, z,, Zy 254» бүр Эду» +++ 

A partial differential equation of the first order is called homogeneous 
if no term free of z and its derivatives occurs, otherwise the equation 
is called inhomogeneous. 

The order of a partial differential equation is determined by the order 
of the highest partial derivative occurring in it. 

The general solution of a partial differential equation is distinguished 
from that of an ordinary differential equation by the fact that 
arbitrary functions of the independent variables occur in the place of 
arbitrary constants. 


8.6.1. Simple partial differential equations 


Solution: 
2, = 0 z = wy) 
2, = z = w(x) 
in = 2 = zwy(y) + wey) 
zy =0 z= ywa) + wala) 
2 = z = w(x) + waly) 
ZQ— žy =0 — z—w(r-cy) 
ш = f(z, y) = f f Hey) de dy + w(x) + шуу) 
£u — yy =0 z= (x+y) + wx — y) 
2)-43) 0-0 z = w(z— y) 
2 — L 0 z= wfe + ty) + gle — ty) 


( real constant) 


az, + bz, =0 z = w(ay — bx) 
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25 Рау =O z= w(x + jy) b wx — jy) 
2,gy — 29 = 0 z = wl|g(z, y)] 

(g given function of л and y) 

Vy — yz, =0 z = w(vy) 


yz, 22, =0 z = w£ + y?) 


8.6.2. Linear partial differential equation of the first order 
for z= f(x,y) 


Pz, + R= Е 
where Р, Q, В are given functions of 2, y, 2. 
dx:dy:dz = P:Q:R 


or written as 


Two of these ordinary differential equations at a time give the solu- 
tions 


ux, у, 2) = C, and 
v(x, y, z) = С, 


from which the general solution of the partial differential equation is 
obtained: 


w(u, v) — 0 
The great number of solutions is due to the arbitrary function w; 


we have to find particular solutions by determining the arbitrary 
function w with the help of additional boundary conditions. 


Example: 
LYZ + Ay", = ау 


da:dy:dz = 2xy:4y?:a?y 
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Differential equation for the determination of u 


dz ay к 
dy 4y 2y 
dx dy 
a ду 


Ins= iny + C, 


2 шах — Iny = С,” 


2 2 
n= = 0; Чи 
у 


Differential equation for the determination of v 


dx ху 2 
dz = Č dr 
2 
а? a? 
2 ТОР 2 272 " v 


Further, we have to find the particular solution that takes the values 


2020, 4) = Le for y — 4. 


424 
From these two equations it follows that 
C=C 
аргын, 


Particular solution 
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9. Infinite series, Fourier series, 
Fourier integral, Laplace transformation 


9.1. Infinite series 


9.1.1. General 
The sequence {a}orgered = бү» Ag аз»... With ordered terms has the 
partial sums Sp, = у а; = а + а. + а; + +++ а. Partial sum 
k=1 
Series {5} огаегеа == S» S2 ЭН Ay F Ag, а, + Ay + Az, ... 
со 


The infinite series У, a, is another representation of the partial sum 
sequence. Цай! 


Example: 
1 1 1 
dered = 13 3 703 7259 
{ау} огаегеа 2 1 8 
1 1 1 1 1 
=1;1+—-; 1--4-114-4- 
{36} огаегеа + 5 + 2 ЫН 1 is 2 + 4 
1 1 3 7 
=} see у I; 1-1 
$ 8 2 4 8 
= 1 1 1 
ea ee a 
"E F 2 t 4 + 8 + 
9.1.2. Convergence criteria 
Convergent and divergent infinite series 
со n 
The infinite series У, a, converges if for the partial sums s, = У, a, 
k=1 k=1 
the limit value lim s, exists and has a finite value s. s is called the sum 


п->со 
of the convergent series. 
An infinite series is termed “definitely divergent” if lim s, = co 
п->со 
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(improper limit value) or “indefinitely divergent" if the limit value 
lim s, does not exist. 


п—»00 оо 
The series У, a, is called “absolutely convergent" if the series of the 
k=1 oo 
absolute values У) |a| converges. 
co k=1 
The series У, a, is called “unconditionally convergent" if its sum is 
k=1 


independent of the sequence of the terms, otherwise it is called 
“conditionally convergent". 

The remainder Ё„ is the difference between the sum s of the series 
and the partial sum s,: 


Ra = 8 — 8, 
For convergent series we have 


lim №, = 0 


11-00 
Main criterion for series with arbitrary terms 


lim (54,5 — 8) = 0 pen 


Ё—>оо 
This criterion is necessary and also sufficient. 


lim а; = 0 
k->00 


is a necessary but not sufficient convergence criterion. Sufficient but 
not necessary convergence criteria for series with positive terms are: 


| ee d : 
Quotient criterion: |Æ] ql (D'ALEMBERT) 
а 
Е 
Root criterion: Via, | Sq<il (Caucuy) 


The two criteria written in a different manner: 


k 
<1; На Иан — 1 


Loo 


Орч 


ар 


lim 


К—>со 


If the limit values > 1 — divergence 
= 1, no direct decision can be made with regard 
to convergence or divergence. 
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Method of series comparison (for series with positive terms) 


oo со 

lf by S ay is always valid in the а> а anda by, the convergence 
1 1 
of the series 5 b, is a consequence of the convergence of the series 
со k=1 oo 
Y ау. In this case, the series У) a, is called “convergent majorant^ 
k=1 со k=1 
or superseries of the series У, бу. 
k=1 


If in the series 5 a, and 5 b, always b, = ау, the divergence of the 
series y b, is 3 consequence of the divergence of the series 5 279 
In this pa the series 5 a, is called "divergent minorant" or Pe 
of the series 5 by. = 

k=1 


Alternating series 
ау — a, + аз — а + — --. 
An alternating series converges if the series of the absolute values 
converges, 
A sufficient convergence criterion for alternating series: lim a, = 0 
k—oo 
with the sequence {@}огаегеа decreasing monotonously (LEIBNIZ' 
convergence criterion). 
Convergent series can be added or subtracted term by term. 


Absolutely convergent series can be multiplied by each other in the 
same way as polynominals. 


9.1.8. Some infinite convergent series 


1 1 1 1 
"a tert cs (== атл) 
1 1 1 (—1)*1 
1---4-----4----- = 
э ТЗ ar In 2 (« n ) 
1 1 1 1 
"ug pei («= з=) 
1 1 1 1 п? 1 
КК ар “-в) 
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DANS SEG: om (=e 
tote get ~ 12 («= в) 
1 Ме. 1 т? 1 
тий аш ыс ur) 
ee ee ee ха pier 
1.2 3.8 3-4 Е “ОИ 
Шү Е ВЕ Mesrine 288222 
1:3 dem 5.7 EP *^ (2k — 1) (2k + 1) 
1 1 1 
1.2.3 ! 3.3.4 ! 345° 4 


КИРИНЕ. А 
(»- 363) 


Further infinite series for the number x are obtained from the series 
expansions of the cyclometric functions (cf. page 434). 


Дээшсыа1-1-14ү-08-0 (LEIBNIZ) 


п 1 1 1 
— = t — А ti — = |7 gc 
1 arc tan — + arc ncs 253 
1/1 1 1/1 1 
+) +5 +=) -+ (EULER) 
Sol ааваайл cam nct 
4 5 239 
1 1 1 
=4/— —~——_ 4. ———_ _ Ре 
Е 3.5 5.5 2 
NM ЖР ИЛӘ TEM 
239 3.2393 5. 2395 


2 arc tan 1 + are tan ! + t : 
— = arc tan — + are — -F arc tan — 
4 2 5 8 
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9.1.4. Power series 


Definition 
Power series are infinite series of the form 


со 
а + аул + аза? + aga p --- == Харж 
k=0 


The interval within which the power series converges is called con- 
vergence range. Its limit is called convergence radius r. The power 
series converges for all |x| <r, it diverges for all |x| > г. 

The following theorem holds for the convergence radius r: 


If х is the largest accumulation point of the series 


1845 Vial; Иа]: -..: Йа. 


thus limsup Үт ак| = Шш Vi KAR 


k—oo 
1 1 
then r= — = ———— 
k—oo 


For « = 0 this means that r = oo, i.e. the power series is continuously 
convergent. For « = oo, this means that r = 0, i.e. the power series 
is only convergent for x = 0. 


Radius of convergence: 
r—\— 
or r= (im Vie) 
k->00 


Within the radius of convergence, the power series converges in an 
absolute manner. 

Within its radius of convergence, every power series may be differen- 
tiated or integrated term by term. 


ay 


а 


т = lim 
k—oo 


Methods for the expansion of functions in power series 
Taylor series 


Иль +) = fg) +È бы) + © Pe) 
earl n) Ез T fg) + В, 
H n: 


with the series converging for lim R, = 0. 
f^—-oo0 
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General form of the remainder: 


дт+1 


Ra = 
п!р 


(1 — BHP Кен) + Oh) for O<B<1 


pen (LAGRANGE) 


Special cases 


(О p—n41 
Anti 
Remainder R, = FEST {Da 9%) for 0<9<1 
(LAGRANGE) 
(2) р= 1 


n+l 
Rerhainder R, = ES (1 — OPè + BA) for 0-0 <0 
n! 


(Caucuy) 
Another form of the TAYLOR series: 


me 


18) = Ка) + = fa ж.» f'(a) + 


(x 


үн, 
n! 


Remainder E, = аат {D [a + Ha — a)] 
577 (nd 1)! 
for 0О<#< 1 (LAGRANGE) 


@ — 0" a — yea + Oe — ay 


Remainder E, = 


for 0 — 09 —1 (Сдосну) 


Condition of validity of the TAYLOR series: 


It must be possible to differentiate the function /(x) infinitely at the 
point a. 


MaeLaurin series 


" (n) 
FON неа, 


Қа) = 100) + — E "T 
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qnl 


Remainder A, = —f{"D(9xr) for 0 — 0 —1 (LAGRANGE) 


(n 4- 1)! 
gH 
Remainder R, = (= 0)'K"*U(9x) for 0 < 9 < 1 (Слосну) 
n! 
lim R, — 0 


п—>00 
Condition for the validity of the MacLaurin series: 


It must be possible to differentiate the function f(x) infinitely at the 
point 0. 


Expansion of series by integration 


A power series may be integrated term by term over an interval if it 
is uniformly convergent within this interval. 


Example: 
r 

are tan ж = ый. In the interval 0 xz zz, the series 
1 + 2? 

1 0 
ise = 1 — 22+ 24 — 26+ —... converges uniformly for every 
2 3 5 
[2] < 1. By integration we obtain are tan x = x — = + = — fee 


for |x| < 1. This series moreover converges for = = +1 according 
to the LEIBNIZ convergence criterion for alternating series (cf. 
page 427). 


SURVEY OF ALREADY EXPANDED SERIES 


Binomial series 


(1 =)" = 1 (ен [ез “э, 


fo |x| <1; ПЕВ 


When п is a positive integer, the series breaks off at the (n + 1)th 

term. хү 

(a + x") = а" ( + =) сап be expanded by means of the above 
a 
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series when substituting — for x. 
a 


1 
2 1 1-1 1-1-3 
MS i DUMP CERE ха 
(1-Е a)? = 1 + a на" 
.1:3.5 
M EE) ee а a3 
= 3 m 
1.2.5.8 
29 м —... for ja] <1 
3-6.9.12 ^ = or |=] = 
2 1 1-3 1-3-7 
Г) do Se д л з 
(£a) 39 571:85 *4:8.18 
=. СЕОБА. 44 — -efor |а zd 
4-8-12- 11 
(1-Е x)! = 1 Fep Fatt et 4 fo | «1 
1 
m 1 1:3 1-3-5 
1 1:8:2:54:2 255 2 3 
(1 + 2) qoo e БОЛ? 
135559 
2 а... for |а] <1 
DUST DT ++ or |r] < 
1 
-4 1 1-4 1-4.7 
1 og эс 3 
(1 + 2) Залаа. РВ ты 
1.4.7.10 
2 мэ 1 
+ 376-9 -12 Е + or |s| < 
1 
A 1 1.5 1-5-9 
1 Tip 2 3 
(i£ a) Tig? gee TET 
1.5.9. 13 


————— x1 EE: «1 
4-8-12-16 Үй иг 
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Exponential series 
ro x аз 
ЕТРЫ Pag es for |x| < оо 


alna , a?ln?a 21060 
1! 2! 3! 


at = ema — 1 + 
for |z| < оо, а> 0 
Logarithmic series 


= D 2 = 3 
И, for 01232 


2—1 (r—1f, (r—1y 1 
p WEE eei EN 
na " + zs + 32 "b or EE 


шэнэ. 
Mm fates tee à | 


for «>0 
a? 


3 


2 
т (0а) а + = for -—1<a<l 


ња) (еа) for iui 


3 4 


3 7 
in LZ _ 9 tanh z= 2 eee E V f pa 
zd 3 5 7 
for | «1 
2-1 1 1 1 
1 = 2 coth! z = 2 |— + —+ — 
mE à Ш | Tas Корш Т | 
for (121-1 
Trigonometric series 
a3 ð а? 
ence Ere for || < оо 
a? x1 28 
ато TER TE M for |x| < оо 


28 Bartsch, Mathematical Formulas 
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1 2 17 т 
{ап 2 = —as + — 25 + — gi... Ё = 
Eri эл ийг ааг 
1 1 1 2 
cotz = — ——2 —— а — — 05 — ... for 0 < |z| «x 


x 3 45 945 
Series for inverse trigonometric functions 


ide d. [TI Ыы Pon 
и 23 2.45 2.4.67 


for |т|<1 
т 123 1-325 1.3.527 
аге cos а. 
2 23 2-45 2.4.6 7 
for |а| <1 
ДЭГ, >. > = at 
атс tan х = x — —-E—-—-—-4--—-:- for |а| «1 
3*5 7 y цэс 
T 28° 545 ox 
are cot x = — — 4+. for |x| <1 
0b ж = = Rp 5751 + or |x| 
Series for hyperbolic functions 
һаа аар ара f 
sinh x = x Tot Жор Tert Mee or | | < co 
ha = 1 La I а f z| < 
cosh x = Tr^ TO dert 4-8 or |а| < осо 
1 2 17 т 
tanh x = х — = 48 + 25 — —a*'4 —.. fi < — 
anh х = 2 3 +15 315^ + or |x| < 2 
х 2 225 
th z = Е +: for < < 
coth x 4 31257045 + or jal < т 
Series for inverse hyperbolic functions 
Яс -3-547 
dulcius ee аанай ус аа 2 
23 2.45 2.4.67 
for |x| «1 
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cosh! xz = ZL (24) ses 
Ta “| fo «>1 

алата а 54 fo [52| <1 

сойгїа А ht for |=] > 1 


9.1.5. Approximation formulas 


For very small values of e, approximation formulas are obtained 
from the power series; these are frequently used in practice. 


(1 + £) 1-Е ne e€ R; jel<i 


@+ or wan(t int) for e<a 


Special cases: 


(1+ =) м 1+ 2 atea a142) 


(t+ e) a 1 3e atea (1a 7t) 


ЕЧЕИ ИЕ (+2) 


2a 

k ам 1-Р е : “ (52) 
1-6 ate a a 

1 ae 1 (rv) 

Vite 2 Yate Ya 2a 


28* 
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1 2 
In TE. 26 
1-4 
sine & € 
1 
cose x 1 — — е2 
2 


are sin E E 


sinh £ ду € 


a 
ge 
cosh e x 1 | = 


- 


sinh“! & 526 


Generally valid: 


9.2. 


He) = КО) + f'(0)e 
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а5А241- та 


m (e +Y +i) we 


tan € YE 


1 
cote a; — 
€ 


are tan еду E 
tanh e x Е 


1 
coth £ ~ — 


€ 


tanh! £ z є 


General statements on Fourier series, Fourier integrals, 


and Laplace transforms 


Every unique periodic function f(x) = f(z -+ kT,) which is partially 
monotonous and continuous can be uniquely represented as a FOURIER 
series with a decomposition into the spectrum of /(2) according to 
discrete frequencies kfy. 


Kx) = a + X [ag cos Вох + by sin ke] ken 
2 = 
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with 


T, 
ар = = fre cos ker 4х б = = = 2rfy 
0 0 
0 


@ mean value of the func- 


T, 
2 А 
by = 7, f Қа) sin Кох dx 9 tion f(x); equal term 
0 


Specially valid for the period Т, = 2r: 


а, 


f(z) = — + Y (a, cos kx + В, sin ka) ВЕМ 
k= 


1 


2x 
with a, = X | f(x) cos kx dx 
т 
0 


2л 
by = ILL sin kw dx 
T 
0 


With D, = yag? + 62; Pk = arc tan ЕЁ the spectral representation 


is obtained k 


а, = : 
На) = rs + У Dy sin (kor + Фф) 
k=l 
Complex representation: 


oo 
18) = X оек keN 


ki оо 


To 
with су = > fre ею dy Тес = spectrum for f(x) 
0 
0 


The position of the integration interval is of no importance and сап 
T T, 
be stretched from --—2 to + я 
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Specially valid for the period Т, = 27: 
2x 
oo ` 1 | 
fa) z E сре? with бу = f Кое da: 
k= —oo 
0 


The following is valid at the discontinuities 2: 


Као + 0) + fa — 0) 


Кау) = 2 


with lim f(x) = Кх + 0) 
f—rQd0 


lim f(x) = f(zy — 0) 


тоту 0 
Correlation 
ар = сак + Cy ken 
Dy = (ug — 0-4) 


Every unique function F(t), even if it is not periodic (process occurring 
only once), which is partially monotone and continuous can be 
uniquely represented as a FOURIER integral (FouriER transformation) 
with a decomposition into a continuous spectrum of frequencies y 
in the infinite interval Ту — со; t € (—oo, +00). 


+оо оо 
F(t) = z | не" dy condition: firo dt| < co 
—eo — оо 


+оо 
with f(y) = Ј F(t)e-it! dt spectral function of F(t) yields 
—00 


Restriction of the interval to ¢ Є [0, + <] 


+оо 
1 : F(t) for +20 
pras jut dy = 

2x f» Y | for #<0 
--00 


The interval ¢ € [0, --со| permits the damping of the function with 
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€?! (reaching of convergence). 


F(t) > ett F(t) 


+00 
1 : et F(t) for #20 
pac jut dy = T 
27: [^ y E for 1-0 
-œ 
со oo 
with foly) = f et F(t)e-t! dt = f em F(t) dt 
0 0 
Putting s = x + ју, we obtain 
at+jw 
1 F(t) fo t20 complex 
— | е f(s) ds = inversion 
27) 0 for #<0 formula 
2—jo 
oo 
with (s) = f est F(t) dt LaPLACE integral 
0 LAPLACE transformation 


In control engineering s is frequently replaced by р = с + јо. 
Кз) is the spectral function of the damped time function е F(x). 


9.3. Fourier series 
Symmetry conditions for Fourier series 
Case 1: 


Function symmetrical to ordinate axis, even 
function 


Қа) = f(-x) 


b, = 0, the series only contains cosine 
terms. 


Case 2: 


Function centrally symmetrical to origin of 
coordinates, odd function 


Қа) = —f(—2) 


a, = 0, the series only contains sine terms, 
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Case 3: 


Same shape and same position of the half- 
cycles with respect to the z-axis 


fe = (+) 


азы = 0; бу = 0 


The series only contains sine апа cosine terms with even arguments. 


Case 4: 


Same shape but different position of the half- 
cycles with respect to the z-axis 


fa = —1(2 +3) 


Ag, = 0; by, = 0 


The series only contains sine and cosine terms with odd arguments. 
Calculation of a Fourier series 


The following rhythmically proceeding compensation process is to be 
represented by a Fourier series: 


j He) = hec 
x € [0, 2л], 
T, = 27 


хх ist procedure of solution (calculation of 
the coefficients via the trigonometrical form) 


0 2х 


2x 2л 
ay = 13 he-*cos kx dx = E e? cos kede kEN 
т T 
0 о 


Solution of the indefinite integral by partial integration 
—х 
ie cos kx dx = Lom kr + ъ [= sin kx dx 


ет 


= іп Ё е? Е 1 E 
В née ros pes e~? cos kx dx 
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The same integral occurs on the right and the left side. Collected: 


z 


1 p е“ cos begs win to 2008 kx; 
p На: pg | 


2 -z -Ж 
Ї e? cos kx dx = 2 e sin kx — = cos ы) 


1-4 
— e 
Considering the limits, a, — Mi — en) 
z(1-4- k?) 
; — e 
Respective calculation yields 5b, = Ak г”). 
n(14- А) 
— eÈ MEX" 
Hence a, ge "Зил а — em). 
X 2n 
— e 
а = Ее), VA 
ӧл 
— e-2n 9 ЭРЭ: 
ly ЕЕ pe MEE. s 


2n T Е 5r 


Thus the Fourier series will be 


— e-2 
ма s т) (zer + cos 2e + ... 


(а) 
+ luna + sin 2x + =) 


Second procedure of solution (calculation of the coefficients 
via the complex form) 


2x 276 
вк = эк Ге dx = 5 | ен» dx 
т т 
0 9 


Integration immediately yields 


an = 


o 2n(1l kj) 


—he-Q kj) 
Cup ————— 
ати) 


(e 3e v2nkj — 1) 
—— 


o n M eim) 
202 2301 n m kj) 
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From c,, the coefficients a, and b, are calculated: 


Е Мі — ein) 1 1 
а Бы то 
Мет) 1-1-6 Ме") 
BE m n(L -+ k?) 

, ji1—em)[ 1 1 
Та <= AE a N 
k = deu — Cp) as БН. dg 
JMe) 1—kj—1—kj — hk — e?) 

> Qn m т(1 + k?) 


The coefficients obtained in the two calculations are of course the 
same. However, it will be seen that the calculation using the complex 
form yields much simpler integrals; for this reason, this method 
requires partly a smaller amount of calculation, especially when /(2) 
is an e-function. 

The line spectrum of f(x) will be 


ЩІ — em) МІ — ein) F kj) 


2тоук = LE = ТЕР 
| Mie) Ее) h 
71-48 ! Ее ~ ipe 
7 Е because ет < 1. 
2л Re % 
zfík) КЕМ 


h пи 
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Special Fourier series 


1. Rectangular curve 


T 


Қа) = 2 Ын + len 3x +в 5x + =) 


2. Rectangular curve 
f(x) = ae cos x ое ТРУ +... 
т 3 5 


3. Rectangular curve (shifted in the direction of the y-axis) 


IER 2n — h) 


Kz) 2 = 


x (sine + sin 3e + sin be + =) 


h = 0 leads to rectangular pulse (right-hand figure) 


4. Rectangular curve (shifted in the direction of the y-axis) 
„к NR NI 


T 


Қа) 


x [cos x хал ордны Jen eee 4e 
3 5 
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№ = 0 leads to rectangular pulse (right-hand figure) 


5. Rectangular pulse 


la =” L IY o q озу 
л 12 1 2 


6. Rectangular pulse 


P з о , 5, 
Қа) = ab хоор sin g + IB ЗР ain 3x + СОБ ЭР sin 5a qe 
т 1 3 5 
7. Trapezoidal curve (isoceles trapezoid) 


4h [1l . А T RES 
for) = = resin e sina + gy sin 3p sin 3e 


1. . 
-- — sin 5g sin 5x -- + 
52 
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8. Trapezoidal pulse (isoceles trapezoid) 


Ка) = —# к 
(к — 9) 1? 
. а іп 5x — si 
APR SOE sin ge ра ERO sin Be + ~) 


9. Triangular curve (isoceles triangle) 


f(x) = S (reine — ge sin Se ++ прш Be — + “| 


52 


10, Triangular curve (isoceles triangle) 


fe = Be (je eon a + gy cos Ba oon - ) 


11. Triangular curve (isoceles triangle) 


fa) = +5 Sh cos x + эу cos Be + = соз 5e + + -) 


12. Triangular curve (isoceles triangle) 


jo) =F (Foose + cos 3e + Су сов Be + - 3 
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13. Triangular pulse (isoceles triangle) 


hp , 2h [1— cosy 1 — cos 2g 
x) = — + — [—————— cos x + ———— cos 2x 
fle) 2-0 = +H 
1— р 
IM 008 80 + ») 


13. 14. 


14. Saw-tooth curve (rising) 


1163) = 2 (sine — = sin 2e + sin 3r — + =) 


T 


15. Saw-tooth curve (rising) 


Қа) = aoe (sinz + 5 sin 2a + sin Зх + -) 


T 


16. 


16. Saw-tooth curve (rising) 


Kx) Не + Sain 2e + sin 3e + =) 
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17. Saw-tooth curve (falling) 


Қа) = = (sin + SE duds ЕНЕМ Зх + =) 
т 2 3 


4 


17. 18. 


18. Saw-tooth curve (falling) 


f(x) =? — sing атаа 221 gin 3e + —... 
т 2 3 


19. Saw-tooth curve (falling) 


fx) = 2 -+ 2 sin x + a 9x TEL Зх +... 
2 т 2 3 
M 
th 
0 x ex х 
20. 
20. Saw-tooth pulse (rising) 
f(x) = T L (sinz — sm 2x + шэн 3r — + =) 


2h 1 1 
m d CORE qp. T Sh -) 
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21. Saw-tooth pulse (falling) 


fx) = 4 E A (sin a+ = sin 2x -H = sin З= -+ =) 
+ = (< + 55 cos За + EI Ба -+ Ч) 
y 
0 л 2л x 


23. Rectified cosine curve (full-wave rectification) 


Ка) DG py oe ang cos 42 
1 
+ 7 cos 6r — +) 


23. 
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25. Cosine pulse (half-wave rectification) 


cos 2x 


h oh 2h / 1 
Nec Pes *T (rs 


— gig cos dir + = cos ôe — + 2 


25. 


Ka) BEJA LN TN cos 6x 
т 2 2.4 
1 cos 9% — ) 
. 10 


27. Parabolic arcs 


(parabola equation y= La for |--т, =i) 
T 


h 4h 1 1 
fà = (<= cg ay Odes uu 


8 д? 


28. Parabolic arcs 


(parabola equation y = Е (x — п)? for [0, 2x1) 
T 
h | 4h 1 1 
f(x) = "x (cos + зу бов 2e + о, C08 3e + ~=) 
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29. Parabolic arcs 


(parabola equation y = 22 for [—7, x)] 
2 
Қа) =т= - 4 (<= — y mde Š cos 32 — + ~) 


y 


29. 30. 


30. Parabolic arcs 


(parabola equation y = = a(x — x) for [0, п] 
T 


and у = 25 (22 — Зпх + 22) for (л,2л| 
т? 


Қа) = EXE + sin 3x gin 5a + -] 


31. Transient state 


Қа) = he? 


9.4. Fourier integral, example of calculation 


The above discussed transient state f(x) = he-* (page 440) with 
Т, = 2x is assumed to be a nonperiodic process occurring only 
once: 


F(t) for 46(0,со| 
he-t == 
0 fo #<0 
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The spectral function is 
oo со со 
Ну) = | F(t) et dt =h ] ететі dt — h [eco dt 
0 0 0 


Integration yields 


со h h . —hy 
о ТЕМ i1+Y¥ 1-9 


Ку) =k e-Qariyt 


1 jy 


The FounrEx integral is 


9.5. Laplace transforms 


Written: 
f(s) = j et F(t) dt = L{F(t} sEK; s=x+ ју 
0 


with superfunction, original function F(t) in the range t € (0, со), 
subfunction, image function, LAPLACE transform f(s). 


LaPLACE transformation L{F(é)} = f(s) 
F(t) ов f(s) (correspondence) 


29* 
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Inversion transformation  Ll-!![f(s) = F(t) 


f(s) eo F(t) (correspondence) 
LU-UL G(s} = f(s); ШУРО) = Fe) 


Within the range of partially continuous and monotonic functions f(s) 
there exists, if at all, only а superfunction F(t). 

Criterion for the existence of the Laplace transform f(s) in the range 
t>0 


+оо 
1. ЈЕ) dt < оо; F(t) partially continuous 


Ti Ti 
2. J|F()|dt = lim f |F()| dt 
0 6-0 д 


3. T, > T,;foratleastone „ЄК 


T: 
| e Fi) | = 0 


Т, 


lim 


Ту-со 


Functions that satisfy 1 to 3 are referred to ав L-funtions. 


4. If the convergence of L{F(t)} is given for xq, it will also converge 
forall x — zy or R(s) > R(sj). The small- 
est possible value for 2 is called conver- 

estia cid gence abscissa В (C. A.) When L(F(t)) con- 
verges in an absolute manner, one writes: 

L,-function. 


ЈУ 
$ $=х+/у 


со 
J lest Fit) | dt < оо for => В 
0 


L,-functions are also L-functions. 
Calculating rules 
Linearity: 


L(aF,(t) + bF,()} = aL(F.(t)) + БЦР.) 


C. A. шах. (Ву, f2) means that the convergence abscissa is the 
greater of the two values f, and р». 
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Inversion Ll Naf,(s) + bf(s)) = аШ-1Ң/\(в)} + 6117,3} 
Theorem of attenuation: Lf{e-tF(t)} = f(s -- <) С.А. = В — R(x) 


et attenuation factor for x 0«cR 
inversion LIM lff(s + «)} = e-stLU1(f(s)) 


Theorem of similarity: L(F(at)) = 3) (2) C. A. aß 
L {oF (>) = (зу) у> 0 
y y 


8 


inversion 11-1] | (3i = aF(ot) 


ий ув) e ve 
У У 


Theorem of displacement: 
О for t € [0, t] 


L(F,t)) = e** L(F()) with Ft) = 4 F(t — t) 
for t € [to оо) 


or — L(F(t — 6) = e f(s) t € (6, оо) 
L{F(t + о)} = e*[f(s) — f e*t F(t) dt] | «x90 
0 


0 for t€[0,4) 


inversion 1-1 (e-s'sf(s)) = 
F(t—t) for t>t 


Theorem of differentiation: 
The following is valid for the superfunction: 
L{FO(t)} = 8948) — 87-12 (+0) — s2F(+0) 


— +0) —  — F"-1(+0) 
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consequently first derivative: L (af = sf(s) — F(--0) 
second derivative: L rt 828) — SF (4-0) — F(4-0) 
inversion: Li-3(sf(s) — F(+0)} = IM 


The following is valid for the subfunction: 


ёч) _ а" 


48" ds" 
thus f(s) = —tL{F(t)} 
f'(s) = --PL(U() 


L(F()) = (—1)" ЩЕ} = (—1)'%"](в) 


inversion: 1-1 бо) = (—1)""F(t) 


Theorem of integration: 


The following is valid for the superfunction: 


t 
Lf fre “| 52:18) => 
б 8 


t 
inversion: Ll! |: 2 = | F(t) dt 
0 
The following is valid for the subfunction: 
оо 
L Ра = [ro do СЕК 
8 


inversion: М-Н | Рио) ad el 


t 


t 
Convolution integral: F(t) ж Р) = J F(t) F(t — т) dt 
0 
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Theorem of convolution: f,(s) fo{s) = L{F,(é)} L{F.(6)} 
t 
= LU + FG) ad F(t) РТ — т) a 
0 


Commutative law: Е,(0) * F(t) = Folt) + F (t) 
Associative law: [РК + F,(t)] * F(t) 
= FQ) * [5 (6) * Р.(0)] 
Inversion: LAN, (в) faled} = LIH (а) + LE30,() 
Theorems of limit values: 


lim F(t) = lim sf(s) 
t++0 800 


lim F(t) = lim 8/(8) 
Но 8—0 


9.6. Employment of Laplace transforms; solution of 
differential equations 


Schematic mathematical procedure: 


Differential equations + initial conditions — solution y | original space 


Y t 
Laplace transformation L(-1-transformation 
(algorithms, tables) (algorithms, tables) 
Y 1 


Linear algebraic equation — solution for L{y} |image space 


Instead of the direct solution, one chooses the procedure via the 
image space using the L-transformation whereby the solution of the 
differential equation will be reduced to a solution of a linear algebraic 
equation. It will be of advantage to take the initial conditions into 
account from the beginning. Moreover, the method of the solution of 
inhomogeneous differential equations becomes as simple as that of 
homogeneous differential equations. (Condition: disturbance term 
must have an L-transform). 
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Example 1: 


Solve the differential equation 
У 59) +4у=ё with y(0)=0; 9(0)=0 
Applying the theorem of differentiation, 
SL {y} — sy(0) — 9(0) + 5sL(y) — 5y(0) + 4000} = Lir) 
Considering the initial conditions, 
Liy} + 5sL(y) + 4Lty) = Lf 
i 1 1 1 1 


according to table 9.7./2 
Retransformation 


y = LU dod _1_ 
8208-18-4 


Transformation into a sum by decomposition into partial fractions 


1 1 1 A В C D 
SU] Ld £a. p "UP 

1 _ Als + 1) (s + 4) + Bs(s + 1) (s + 4) 
82(5 + 1) (s + 4) (s + 1) (s + 4) 


Cs*(s + 4) + Ds?(s + 1) 
88 + 1) (s + 4) 


Comparison of coefficients yields 


# 5,1 1 2 according to table 
4 16 3 48 9.1./2:/1:/4 
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Example 2: 
Solve the differential equation 

ў —4y=2sinht with y(0) = 0, 9(0) = 0. 


Applying the theorem of differentiation, 


8414) — sy(0) — 9(0) — 4L(y) = 2L inh #} 
Considering the initial conditions, 


sL(y — 4 Liy} = 2L [sinh tJ 
2 : 
Бу} = Ti L {sinh t) 


Procedure of solution 1: 


= L{sinh 2¢} 


L{y} = L{sinh 2¢} L {sinh t} 
Applying the theorem of convolution, 
Ту} = Linh 2¢ + sinh t} 
y = LÍ- L (sinh 2¢ « sinh t} = sinh 2¢ + sinh £ 
(convolution integral) 


t 
y = | sinh (t — т) - sinh 2r dz 
0 
Solution by partial integration done twice 


t 
y = B sinh (t — т) cosh d 


t= 


t 
+ 2 | cosh (t — т) cosh 2r dr 
о 
0 


і 


y= —- sinh £ + Е (s cosh (t — 9) sinh 4! 


t 
+ T | sinh 2т sinh (t — т) dr 
0 
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у = EXT + = sinh 2 + ay 
y = E sinh t + = sinh 2t 


Procedure of solution 2: 


L(sinht) = 


= according to table 9.7./8 
s2 — 


2 1 
2—4 8-1 


140) = 


Retransformation 


2 1 
= М-Н : 
х {> —4 82 - i} 


Transformation into a sum by decomposition into partial fractions 


2 ee B 


(82 — 4) (2—1) 4-4 8-1 


(A decomposition into the denominators (s — 2) (s + 2) (s — 1) (s + 1) 


is not expedient since 


; із L-transformable). 


A= EN B= LA 
3 3 
y= 1 LJ 2 = 2 Liu : 
8 82 — 4 3 82 — 1 
1. 2. Л 
у = a sinh 2¢ — з sinh? (asabove) according to table 9.7./8 
Example 3: 


Solve the differential equation of the uniformly accelerated motion 
ў = b with y(0) = ys; 200) = vo. 
Applying the theorem of differentiation, 


85149) — sy(0) — 9(0) = Lib} 
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Considering the initial conditions, 


b b 
SLY} — syo — % = тү! 821.00) = B + уу + vo 


b 2 
Ly => +442 
8 8 8 


Applying the theorem of convolution to 


Bs . 4 = L{bt} L(1) according to table 9.7/1;/2 


83 2 8 


y = LUC Ly L(1) + LC fe Tn Ы 
8 
t 
= LU Lot « 1) + Yo + Ut = J br 1 dt 
9 


+ % + v (convolution integral) 
b 2 
y= 3! + 0 + Yo 


It can be seen that the method of solving differential equations by 
using the L-transformation will only simplify the procedure of solution 
in the case of complicated equations. 


Example 4: 
Solve the differential equation of the harmonic oscillation 
d*y : ; 
цайг ыж —mg +ka—y) with y(0)=0; ġ(0)= vw 
(k spring constant) 
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When —mg = ka, then mj = —ky; ў +—y=0 
m 
2 7 k 
HL ty — sy(0) — 900) + „ГЫ = 0 
Considering the initial conditions, 


8214) — vy + Lj = 0; G + 8) L(y = v 


Li) = — 5 
8 + — 
т 
Retransformation: 
LA 
1 ян m 
= 01-0 = --11-1 
y vL 82 + Е % k 82 + Е 
т т 
m Y А 
y =v ys sin yz ) according to table 9.7./16 


9.7. Table of correspondences of some rational Laplace integrals 


Superfunction F(t) Subfunction f(s) = L (F(t) | 
1. h = 
8 
2. 1 = 
82 
1 
3. — 3711 nel 
n! 


Superfunction F(t) 
5. at 
6. (а + etn 
7. —ae-9i 
8. sinhat 
9. cosh at 


10. + (et — 1) 
a 


11. tetat 
gt — gat 
12. 
b—a 
13 bedt — авд! 


b—a 


14. е віп аі 
15. edt cos at 
16. sinat 
17. cos at 


18. sin (wt + g) 


9.7. Table of correspondences of Laplace integrals 


Subfunction f(s) 


a 
8 — In |а] 


n n\ atk 

2, () 845 
8 

sta 


a 


s? — а? 


8 


82-02 


=i 
8(3 — a) 


1 


(s Fa)? 
„шы 
(s — а) (s — b) 


MN ЕНЕ 
(s — a) (s — Б) 
ugs 122 
(s +b)? + а? 
8-4 
(s + by + а? 
a 
age 
MA 21 
82 + a? 


а + 9 


SNL. NN 
cos g - Slo 
8 


461 


LF() 


> + sing 
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Superfunction F(t) Subfunction f(s) = L(t) 
— а)? 
19. 1 — 2sinat Ie wm 
s(s? + a?) 
2 2 
20. cos? at Е а дё а + 0 
s(s? + 4a?) 
с .— 2 
21. cosh? at "Ein. i a+0 
s(s? — 4a?) 
n-1 
22. Se E п> 0 
(n. — 1)! s” 


For more exhaustive tables see special literature, for example 
Dorrscu: „Anleitung zum praktischen Gebrauch der LAPLACE- 


Transformation“, R. Oldenbourg, Munich. 


10. Theory of probability; statistics; 
error calculation; 
mathematical analysis of observations 


10.1. Theory of probability 


Definitions 


Every event E, ie. every possible outcome in a trial, is assigned a 
number P(E), the probability of the event Е. 


0< P(E) <1 
Elementary definition of probability 


P(E) = 
т 
Among the m possible outcomes in an event E there аге g favorable 
outcomes (successes). 
Example: 
The probability of throwing a 6 with a die is P = T 
Statistical detinition of probability 


P(E) = lim dS 


n—oo 1 


When a trial is performed n times, the event Æ will occur h times. 
The probability Q of the nonoccurence of the event E (opposite 
event E) is 


Q—1—P 
Theorem ofsummation of probabilities — Probability of *Either— Ог” 


The probability of the occurrence of one of the incompatible events 
Ey, Es, ..., Ey ів 


P= P(E) + OPUS) + “ig + PE) 
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Example: 
eis А : 1 1 1 
The probability of throwing a 3 ora 6 is P = * + ЖЭ 


Conditional probability 


The probability of the occurrence of the event Е, under the condition 
that the event Е, has occurred previously is called the conditional 
probability P(E;/E,) of the event E,. 


Theorem of multiplication of probabilities — probability of 
*Both— And" 


The probability of the events E, and E, occurring simultaneously is 
Р = P(E,) P(E,E,) = P(E.) РЕ.) 
Example: 


When taking a card out of a pack of cards (32 cards), the probability 
of taking a king will be P(E) = = = T When the card taken 
is a king, the probability of taking again a king out of the remaining 
cards will be Р(Е,/Е,) = =. Thus, when taking two cards from 
the complete pack of 32, the probability of taking two kings will be 


1 3 
P = P(E,) P(E,/E,) = —.— = 0.012 
(Е) PEE) = += 


Two events E, and E, are said to be independent if 
P(E,E,)-— P(Ej ог Р(ЕЏЕ,) = P(E) 
For Ё independent events E,, Е», ..., E, the probability of 
the occurrence of all events simultaneously is: 
Р = P(B,) P(B) x --. x P(Ey) 
the occurrence of none of the events is: 
Р-ГП-Р(Е)П- Р(Е,)]х = x 1 — PO) 
the occurrence of at least one event is: 
P=1—[1— P(E)] x [1 — PS] x x [1 — P039] 
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Formula of total probability 


The event Е is to occur together with one and only one of the k in- 
compatible events Е,,Е,,..., Ер. In this case, 


P(E) = Р(Ё,) Р(В(Ву) + PU) PJR) 


k 
+: + P(E,)P(E/E,) = У Р(Е) P(E/E;) 


Bayes’ formula (formula of the probability of hypotheses) 


The event Ё is always to occur together with one and only one of 
the k incompatible events Е,, Ep, ..., Ep. The probability of the 
event E; occurring under the condition that Æ has occurred previously 


will then be 
п. E; 
Pus) — РЭ PELE) 
> POE Р(В]Е,) 
r 


Series of independent trials 


Two trials are said, to be independent when the result of one trial has 
no influence on the outcome of the other trial. A series of n independent 
trials is performed with one and only one of the kincompatible events 
with the probabilities P, = P(E), Р, = P(E,),..., P, = Р(Е,) 
occurring in each trial. Denoting the probability that in n trials the 
event E, will occur m, times, Ema times, etc. (m, + mg -| --- 
+ m = n), we have 
n! 


Py (My, ть, ..., my) = ЕН Pym Рут... Руть 
ту! ть! +++ My! 


For the special case of Ё = 2, we have Bernoulli’s scheme: 


P,—P; P,=1-P=Q, m,—m, m,—n—m 


P,(m) = ры rn d 


Properties of P,(111) 
п 
X Рт) = 1 
т=0 


30 Bartsch, Mathematical Formulas 
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P,(m) is the coefficient of х" in the expansion of the polynomial 
(Q + Px)" in powers of x (binomial law of probability distribution). 


Р,(т) < P,(m+1) for m<nP—Q 
Р,(т)2» P,(m--1) for m>nP—Q 
P,(m) = P,(m+1) for m=nP—Q 


The maximum of P(m) is at и = mmy = nP — Q. 


то is an integer 
то = 4 of the smallest if mo is not an 

integer containing то integer 
Random quantities 


A quantity & whose values depend on chance is called a random 
variable if a distribution function of the probabilities of & exists. 


F(a) = PE < а) 
Properties of F(x) 
F(x) is a monotonic nondecreasing function, і.е. from я, < zs 
follows F(z,) < F(z). 
F(x) has, at the most, countably many jump points. 
F(x) is continuous on the left side. 


F(—co) =0, F(+00) —1 


Particularly important types of distribution functions 
Discrete distribution functions (step functions) 


A random variable that can take only a finite number of values 2; 
(i = 1,2,...,n) determines a discrete distribution function. The 
values taken are the points of jumps and the respective probabilities 
are the heights of the steps of the distribution function. 


pi = P(E = щ) 
У р; = 1 

i=1 
F(a) = У Pi 
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Continuous distribution functions 


A random variable & possesses a continuous distribution function 
F(x) if a nonnegative function f(x) exists so that 


z Fix) 
F(a) = | f(z) dz; 
—оо f(x) 
dF(r) _ 
L 9 
a b 5 
f(x) is called the density function The hatched area represents the 
probability 


of Е; f(x) > 0 
Pia SẸ <b) = F(b) — F(a) 


+оо 
[ Ка) ат =1 Рае Б) = F(b) — Ра = f Кх) de 


— co в 


Moments 


m(E— ay = Y дір, 
i-i 


Moments of the order of k 
+оо 


m(E — с) = f — 9* fla) de 


— 00 


For с = 0, the m(&) are called initial moments. The initial moment of 
t he first order is called the mean value џ of the distribution. When 
c = џи, one speaks of central moments. The central moment of the 
second order m(& — u)? = o? is called the dispersion (variance) 
of the distribution. с is referred to as the standard deviation (mean 
Square deviation). 


Arithmetical rules 
(C constant; &, various random quantities) 
uC) = С 0*(С) = 0 
щ(& + 9) = Ш) + мп) PE + m) = t) + oln) 
ulën) = HE) nim) 
H(CE) = Си(&) a?(CE) = C?o*(£) 
HE + C) = ul) + С 0°(Е + C) = o£) 


30* 
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2 


Coefficient of variation: v — 


Obliquity: y, == mele — a}? 


93 


m(E — н)? 
m DE 


Kurtosis: y; = 3 


Obliquity is a measure of the symmetry and kurtosis is a measure of 
the slope of the curve. 


f(x) 


| | 

1 | 
| 

| 

| I 

! | 

| | 

| | 

| 

| | 

m u 


10.2. Statistics 
Statistical coefficients of measure of a sample taken at random 
Mean value z Dispersion (variance) s? 


For the л individual values 2; 


п 
= 7 y + En Ы 4 2\2 
х= — Ма | 8 = У (=; — m) 
n— 1424 


1 n т 
MN 3 39 a Xx" ue 
хал x ey — vM эд 


n—1|i=1 i-1 


For п individual values in М classes with the frequencies 


M 1 м 

= ы S 

я — У 82 = У ila; ms 
n i-i п — 1:1 
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For large values of x; it is reeommendable to introduce an auxiliary 
mean value D: 2; = 2; — D. 


1 2 1 n 
= Уд |и=— Ys 
n i=1 n —li-i 
-0-12 1 n a 

=; E 
2-00- # 
Sr : 
M 2 Y fie — 3) 
=D+— 5 fiti пу" 
n i=l 
1 
= Ры 
п —1 4=1 i= 


Range of variation: R = дах — Яша 
Coefficient of variation: V = — 100% 
2 


Outlier problem 


In a random sample of n + 1 measured values one value z,,, is 
strikingly large. Let the basic totality show a normal distribution, 
“2 and s be the meai. value and standard deviation of the sample 
without the outlier. The outlier is disregarded when 


Vg > T -H ks 


k 


©з a № Good О Oy ма 


+ 


10 20 50 100 200 5001000п 


The value of & can be read from the diagram. In practical work, it is 
sufficient for 10 < n < 1000 to calculate with k = 4. 
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Distribution functions 
in statisties 


Mean value и, 
Dispersion о», 
Obliquity у, 


Kurtosis y; 


(For definitions cf. page 467.) 


01234567 


Binomial distribution 


g(x) = Й pig- 


pig-l 
^ € N;r-—1,2,..,n 


и = пр 02 = npg 
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This distribution is practically applicable only for small p (< z) : 
For large values of р, calculation is performed with g = 1 — p. 
Normal distribution (Gauss-Laplace distribution) 


_ лид 
g(x) = ——e  ?9 (bell-shaped curve) 
oV2n 


Approximate values for drawing the bell-shaped curve 


1 3 
я = ptc eto Вос и+ 260 | wt Зс 
Мо» M EJ 2.5 1 1 
у= 8 Утах 8 Ymax 8 Ymax 8 Ymax 80 Ymax 


Normal form of the normal dis- 
tribution: (с = 1, и = 0) 


E S 


N 
Every normal distribution g(x) М 
can Бе reduced to the normal NS 


form by the transformation 


= -30 -20 -0 0 20 3 
a = 2 (normalization). ЛАЯ 


Integral form of the normal form of normal distribution: 


a 
Ф() = | y(t) dt 
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ee ————À 


Table of values for the normal distribution 


5 (A) @(A) 
0.0 0.3989 0.5000 
1 3970 5398 
2 3910 5793 
3 3814 6179 
4 3683 6554 
5 3521 6915 
6 3332 7257 
7 3123 7580 
8 2897 7881 
9 2661 8159 
1.0 2420 8413 
1 2179 8643 
2 1942 8849 
3 1714 9032 
4 1497 9192 
5 1295 9332 
6 1109 9452 
7 0940 9554 
8 0790 964 1 
9 0656 9713 
2.0 0540 9772 
1 0440 9821 
2 0355 986 1 
3 0283 9893 
4 0224 9918 
5 0175 9938 
6 0136 9953 
7 0104 9965 
8 0079 9974 
9 0060 998 1 
3.0 0044 99865 
2 0024 99931 
4 0012 999 66 
6 00061 999 84 
8 00029 99993 
4.0 000134 999968 
4.5 000016 999 997 


5.0 000002 999 99997 
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10.3. Error calculations 


Fundamental definitions 


x true value, z' measured value of a quantity 


absolute error: Дх = к —х correction: — Лх 
s Ax Ax 
relative error : ô = |— | | 
x x 


Ax 


percentage error: в = 100696 ~ 100|— | 9% 


Input error 


Error in the result of a calculation due to inaccuracy of the entered 
data. 

И Да, Az,,..., Да are the errors of the quantities 21, 5, ..., Lps 
the quantity y = f(x), £as ...,2,) will have the input error 


n" Of (Ay, Tos ..., L, 
Ay & У An, D Gio ns -- 58) pM n) м dy 
=1 Ox, 


Maximum absolute input error 


ё] 


Ox, 


n 
|Ay| = У 142, 


y= 


Maximum relative input error 


f 

n 
0-22 SE иа, | 
y y=] Í 


Special cases 
8) уз ра Hin 
14у| S Ма + LAS] + ++ + 142,] 


8 | [22s 


а 
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b y= a а 


| Аж, | + 142] 


14у| = (4Аа11-4-14а:|) 65 
|£4 — | 


(£1 + 23) 
€) у= бл, 


1471 S 161014252 ал] + [ry Даз e |+ 


| 


+ [ауа e ma 4, |] 


өвио| + Re 


1 To Tp 


4) y= (m9 
2 


[22114211 + |z] | 4| 


2,2 


14у| € 


12114211 -4- 121142 


ô = (xı - 0) 
[2325] 
e) у= а" (x > 0) 
[Ay| = || п" | ês gee 
x 
f) y=Cloggx (=> 0) 
С | |42 1 Ax 
[АУ S|—} |—} 5 |— 
а || z In a] |21062 
10.4. Calculus of observations 


Observations of equal accuracy 


True value of the measured quantity: X 
Measurement results of a series of n measurements: 21, Xas ..., 2д 
Sum convention (Gauss): x, + xs +- + a = [z] 
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[z] 


mo dem 2 
Mean value =: 2 = — 
n 
Apparent error: v; = Ж — 2, 
true error: є; = X — aj 


Mean error of the individual value: 


The result of the series of measurements will then be: Z + mz. 


Gaussian law of error propagation 


When the quantities Z; + mz; (i= 1,2,...,r) enter into the cal- 
culation, then y = f(z,, 2,,..., 2,) will have mean error 


Example: 


Determination of the wall thickness of a hollow cylinder; outside 
diameter D, inside diameter d 


1 
ll thick: = — d — = —— = —— 
wall thickness w 2 (D — d) aD 521 5 


Five measurements each for D and 4 were carried out. 
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D | OF | VjVj d | vy | 00; 
9.98 — 0.01 0.0001 9.51 +0.01 0.0001 
9.97 —0.02 0.0004 9.47 — 0.03 0.0009 
10.01 +0.02 | 0.0004 9.50 +0.00 | 0.0000 
9.98 —0.01 | 0.0001 9.49 -001 | 0.0001 
10.02 +0.03 | 0.0009 9.52 +0.02 | 0.0004 
49.96 0.00 0.0019 47.49 —0.01 0.0015 
— 49. = 3 
Б = 2996 L оло» 4—49 над 
5 5 
- 228 - os - 228 = oos 
mj = 0.01 та == 0.01 


According to the law of error propagation, we obtain for the wall 
thickness 


eg — а) = 949 = 0.245 
2 2 


& 


ть == у; тр? 4- = mee = 70.25 - 0.0001 -|- 0.25 - 0.0001 
) 


== 0.00707 ~ 0.007 


0.01 
Ny = = 
2 
Observations of different accuracy 


When & series of measurements are carried out with the nth series 
consisting of p, measurements, we obtain the weighted mean of all 
series of measurements. 


= z] > | 
T= [pz] т, mean value of the nth series of measurements 


[р] 


Apparent error of the mean value Zp: v, = % — 2, 


Mean error of the unit of weight: и = | Үрээ) 
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Mean error of the weighted mean: 


E [pvo] 
n= = = ————— 
Үр] Vis (n— 1) 


Intermediate observations 


a) Linear relationship 


n pairs of values (2,9) (¢ = 1,2,..., п) were measured with the 
same accuracy (п > 2) which are to satisfy the linear equation 
y = а + a,x (fitted straight line). 


Set-up: ay + Qx; — y; = v; [vv] = min 
ау, а, are determined from the normal equations: 
паз -{- a, [x] = [y] 
ager] 1- аре] = [ул] 
И the values (yj, £iis Хар +++) Eri) (è = 1,2, ...,n; n >r +1) are to 
satisfy a linear equation, the coefficients a; of the linear equation 


у = а + аа + арх, + --- + ах, have to be determined from the 
following normal equations: 


Nag + a2] RE CAR + үс? + ГАРЖ = [y] 
do[z;] + аж ЯЛЛ + ++ + esi] = [уз] 


Example: 
n = 5 pairs of values were measured: 

(4, 3), (7, 4.5), (8, 5), (9, 6.1), (10, 6.4). 
The fitted straight line is to be ascertained. 

[r] = 44748494 10 = 38 

[y] 


[zz] 
[ух] == 12 + 31.5 + 40 + 54.9 + 64 — 202.4 


3 + 4.5 +5 + 6.1 -- 6.4 = 25 


ll. I 


16 + 49 + 64 + 81 + 100 = 310 
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Normal equations: 5a) +- 38a, = 25 
38a, + 310a, = 202.4 


_ 25.310 — 38 - 202.4 


— 0.555 
5.310 —38.38 ^ 0555 


M 


a — 8:2024 — 25-38 — ras 
|^ 5.310 — 38.38 ` 


Fitted straight line: y = 0.555 + 0.585х 


With unequal accuracy of the individual values, i.e. if (yi, 2;, ..., 24) 
has the weight p;, the a; values are determined from the following 
normal equations: 


ad p] + [ра] + +++ + арх] = [py] 
ag px;] + a [pas] + = + арха] = [рух] 6 = 1, 2,..., 7) 


b) Nonlinear relationship 


The n measured pairs of values (2;, y;) ($ = 1, 2, ..., п) are so satisfy 
an integral rational function y = ag + a4z +---+aat(r+1 <n). 
The problem is solved with the normal equations of case (a) replacing 
x; by a. 


Example: 


In the case of the fitted parabola the following normal equations are 
obtained: 


Nay + alz] + as[2?] = [y] 
аа] + aler] + а [222] = [yx] 
ag[2?] + afez] + as[2?2?] = [ул?] 


Conditional observations 


In a series of measurements, the values ху’, £, ..., 2, were deter- 
mined with the same accuracy. The values are to satisfy ¢ strictly 
linear equations of condition 


[а;х] = Л ЯЛ ЛЫГ + aum, — ej (6 = 1,2, ...,1) 
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The corrections v, (п = 1, 2, ..., r) of the measured values are calcu- 
lated from the correlates k; G= 1, 2,..., 8): 


t 
tm = У anki (n= 1,2, 0.51) 
4-1 


The correlates are calculated from the normal equations: 


[а;а;] ky + [а;а»] Е, + ses + [aja] ky = Wi (i = 1, 2, .... t) 
wi = c; — [ai] 


If the values 2,’, £z, ..., ж, were determined with different accura- 
cies, i.e. if x, was determined with the weight p,, we have the follow- 
ing equations of determination for v and k: 

t mo 
Corrections: v, = У, inki 
i=1 Ра 


(n —1,2,...,7) 


Normal equations for the correlates: 


Example: 


The values z, = —1.2 and =, = 1.9 are to satisfy strictly the 
equations 


За, 4-42, = 5 
—Tay + 2z, = 11 


Then we have 


w, = 5 — Зх — 41, = 5 {3.6 — 7.6 = 1 

Ww = 11 + Tx,’ — 2z, = 11 — 8.4 — 3.8 = —1.2 
[ау] = 411411 + ара» = 39: 3 4.4 = 25 
[аа] = ауаз + 01505 = 3 + (—7) + 4: 2 = —13 
[аа] = 45104; + аа» = (—7) -3 + 4. 2 = —13 
[аза] = амаз + Azo = (— 7) (—7) + 2-2 = 53 


480 10. Theory of probability; statistics; error calculation 


Normal equations: 
25k, — 13k, = 1 
—18Ё, -+ 53k, = —1.2 


From these we obtain Ё, = 0.032 and Ё, = —0.015. 
Now the corrections can be calculated. We have 


v; = а + aaka = 3 · 0.032 + (—7) - (—0.015) = 0.2 
Va = ау + ай, = 4.0.032 + 2 - (—0.015) = 0.1 
When these corrections of the measured values z,', x,’ are made, we 


obtain as final values z, = —1 and x, = 2 which strictly satisfy 
the conditional equations. 


11. Linear Optimization 


11.1. General 


Optimization is defined as procedures by which certain target con- 
ditions can be optimized by the economical use of given possibilities. 
The problem is either a problem of a maximum value or a problem 
of a minimum value which, in most cases, contains a great number 
of variables. 

Linear optimization is a mathematical procedure for the determina- 
tion of an optimum by means of a mathematical model of linear 
equations or inequations in which the objective function, which is also 
linear, is brought to an optimum under certain restricting conditions. 
The mathematical model is the mathematical formulation of the 
problem. 

The solution of the optimization problem requires the compliance 
with the problem-specific optimum criterion. 

Linear optimization is mainly employed for solving economic or 
technical-economic problems, of which only relatively simple ones 
(with only a few variables) can be manually solved in an economical 
manner. Complicated problems require the use of electronic data 
processing equipment partly involving high demands on the storage 
capacity of the plant. The procedure of the determination of extreme 
values using differential calculus will fail since the variables will 
disappear from the linear equations in differentiation. 

The maximum-value problem in which the restricting conditions 
show only positive absolute values is called the normal form of 
optimization. 

The algorithm of the mathematical model used represents the collection 
of all rules for the calculation of the solution. From the multitude of 
existing procedures the graphical method and the simplex algorithm 
will be discussed. 


Setting up the mathematical model 


Target or objective function: 
п 


2(2) = сау F Сохо + Cata +--+ + 040, = У, сүл — optimum 
k=1 
written in matrix form with 


row vector © = (с1, Cg, Cg, ..., Cn) 


31 Bartsch, Mathematical Formulas 
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ыг 
column vector x = | x, Gik = constant 
; b; = constant 

Xn 
ex — optimum cg = constant 


x, = variable 
Restricting conditions (constraints) 


(for maximum problem < 6;; for minimum problem = 0,) 


> 
ауулу + буй + +++ + 0440, 29, 

> 
алу F арх, -H -F азад E bo 
ата + amt F + git 2 bm 


or 


n 
Уаш REN 
k—1 


written in the form of a matrix with 


а а» +++ бай b, 
coefficient matrix A = | а» а» ... Gon V; D= | b 
Amı Am2 +++ Amn bm 


AxZb normal form b; = 0 
Condition of nonnegativity: 
х,20 Ё=1;2;...;% 


The restricting conditions and the nonnegativity condition determine 
the range of definition. 

The conditions А-х <b and А-х2 Б respectively are always 
obtainable by employing the inequation a = b = —а = —b. 

The set of all permissible solutions is formed by all vectors x for 
which the restricting conditions are valid. 

The solution x, for which the objective function becomes an optimum 
is called optimum programme. 
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11.2. Graphical procedure 


This procedure can be applied only to objective functions with two 
variables. 

In a rectangular system of coordinates with the axes x, and æ, the 
range of all ordered pairs of values (ту, 25) that satisfy the restricting 
conditions and the condition of nonnegativity is graphically ascer- 
tained; this is done by graphically representing the straight lines 


ауа + ах; = b, 


Азуу + әәә = dy 
etc. 


If the restricting conditions (constraints) are given in the form of 
inequalities, each of these straight lines will divide the area into a 
range possible for these conditions and a range impossible for these 
conditions. The permissible conditions are located in the range that 
is permissible for all conditions (the region of feasible solution). 

The optimal solution is found by drawing the picture of the modified 
objective function z(x,, 25) = с (c an arbitrary constant) and parallel 
shifting of this c— Cmax => optimum = maximum. The optimal 
solution is unique if the straight line for Cmax runs through a corner 
point of the possible range (corner solution); it is ambiguous if the 
graphically represented objective function runs parallel to one of the 
above indicated straight lines of the restricting conditions. 

In minimization, the straight line must be shifted in the direction of 
€ —> Сіп: 


Example: 


Find the optimum programme of the objective function 2(2ү, х) 
== 107, + 152, — maximum. 


Restricting conditions: 
жү + 2x, < 102 
15x, + 3x, < 450 


Nonnegativity condition: 
x, 20 


а, 20 


31* 
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Solution: 

жу, ху 2 0 = first quadrant 

zı — € 25 > straight line || z,-axis 

=> rectangle separated 

23 < 45 > straight line || z;-axis 

а + 225 = 102 A 152, + 9х, = 450 two straight lines 
Range of permissible solutions: Hexagon О, P,, Pa, Р, Р, Р, 
With с = 300 = (дү 2) = 102, + 15, = 300 straight line, a set 
of permissible solutions, no optimum. 
Parallel displacement of the straight line through Р, > optimum 
== maximum. 

ху = (22, 40) 


Value of the objective function for optimum: 


Zmay = 10-22 + 15.40 = 820 


range of 


permissible 
solutions 
(feasible 
solutions} 
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11.3. Simplex procedure (simplex algorithm) 


The simplex procedure is an iterative process for approaching the 
optimum stepwise and is applicable to problems with two or more 
variables. It can be simplified for the application to transport optimi- 
zation problems (minimization of the cost matrix). 

By solution basis we understand a solution satisfying the restricting 
conditions that has, at most, as many variables (basis variables) with 
a value + 0 as restricting conditions that are independent of each 
other exist. The set of the basis variables is called basis; the variables 
that do not form part of the base and are put equal to zero are called 
nonbasis variables, 

Each solution basis corresponds to a corner point of the permissible 
range in the graphical representation (cf. 11.2.). 


Procedure of solution 
1. Normal form of linear optimization 


The restricting conditions given in the form of inequations Ax <b 
are transformed into equations by introducing fictious variables 
(slack variables). 


аці + ах; + + буун + Uy = by 
аз + Gesta + +++ + әһд + Us, = by 
ата F Gto +++ + Amnn + Um = bm 


In the base solutions, the slack variables give a picture of the reserves 
which are still unused. 
The objective function will be 


2001, Yo, ...› Tys Чу, бо,..., Um) 

= 694, H Cota -- + F саж, + Өм, + Ou, -+ --- > max 
Objective functions z — min are transformed into z’— max by 
multiplication by —1. 
The restricting conditions given in the form of equations Ax = b 
are transformed into the normal form as explained above by the 


introduction of artificial variables with the objective function chang- 
ing as follows: 


2 = Сүй, F 6% + 89 db Cyt — М(и + us + Ug + +) 
with N 2» с; сз; ... 
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The restricting conditions given in the form of inequations Ax = b 
are transformed into equations by introducing negative slack variables. 


Qa, -- алу “bo F Anta Uy = бү 
etc. 


To obtain the normal form, the slack variables must become positive; 
this is achieved by subtracting each line from that with the largest b;. 
The differences and the line with the largest b; form a system of 
equations of normal form. 


2. First solution basis (initial solution) 


Put all a, = 0. all uw, = 0 allu, belong to the base of the first 
base solution. 
Representation of the basis of the first solution basis: 


сар 
из = 0, — ар ”/” 
Um = bm — Amı — Amt — i Amnn 


Representation of the basis of the objective function of the first 
solution basis: 


21 = бүлү F боб H +. 


Solution basis: (0, 0, ..., 61, bg, ..., Om) 
[given in the sequence of the special values for (21, xs. ..., Uy, us, ...)] 


3. Checking the objective function of the first solution basis for optimality 


Criterion: The result obtained in à maximum problem can be im- 
proved as long as coefficients c; > 0 occur in the basis representation 
of the objective function. 


4. Selection of a nonbasis variable for replacement by a basis variable 


Introduction of that nonbasis variable from z, that has the largest 
coefficient с;, since this will bring the greatest increase in value of г. 


5. Selection of the basis variable to be exchanged 
b; : : : 
Formall quotients— , z; being the new basis variable to beintroduced. 


Ч 
The smallest of these quotients determines the basis variable to be 
exchanged belonging to the same equation (и,): aj; > 0. 
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6. Exchange of the variable 


By transformation of the respective equation from the basis represen- 
tation of the first solution basis an equation for the new basis variable 
x; = Буа — аја x, — + — % is obtained whose right side is 
substituted in the other equations for z;. 


7. Second basis solution 


Шр =b, — ax, — Azt 
b a 
j 11 
- (2 Хр 9-1 — e — Ayn Ly 
lij а 
Ма = by — agit, — re 
Uj- 
+ = 
b; а; 
a = ny 
а;} 94) 


On the left side there is the new basis in which x; and ų are exchanged 
as compared to the first basis. The procedure is then continued as 
described from 2 onward until all coefficients of the base represen- 
tation of the objective function of the pth solution basis = 0. Now 
the optimum will have been reached. 


Example: 


The example solved graphically in 11.2. will now be repeated using 
the simplex algorithm. 


2001, 25) = 102, + 152, > maximum 


Restricting conditions: 


а + 2х. = 102 
15x, -+ 3х, = 450 
Жү = 25 


45 


To 


! 


488 11. Linear optimization 


Nonnegativity condition: 
4,20 
a, 2 0 
Note: When there are only two variables involved in the problem, 


the simplex procedure requires much more work than the graphical 
method. 


1. Normal form 
жу + 2z, + и, = 102 
152, + 3x, + м» = 450 
ЕД -H из = 25 
€, H u, = 45 
2. First solution basis 
Basis representation: 
иу = 102 — 2x, — 22, 
Uy = 450 — 154, — 32, 
и: = 25— wy 
и: = 45 - X, 


Solution basis: (0, 0, 102, 450, 25, 45) corresponds to point P, of 
the graphical solution 


Basis representation of the objective function: 
2) == 10x, -- 152, 
Value of the objective function: 
2, = 10-0 + 15-0+0-102 + 0.450 + 0. 25 + 0-45 = 0 
3. Checking for optimality 


Not optimal as in the basis representation c, > 0; с > 0. 


4. New basis variable x, as in basis representation largest coefficient. 
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5. Basis variable to be exchanged 


smallest value 


=> tų is to be removed. 
6. Exchange of the variables 
$$ = 45 — uy, 
7. Second solution basis 


u, = 102 — zı — 2(45 — u) = 12— z+ 2, 
Uy = 450 — 15x, — 3(45 — и.) = 315 — 15r, + 3u, 
из = 95 — л, = 25— x 
ж = 45 —щ = 45 — щ 
Basis solution: (0, 45, 102, 450, 25, 0) > point P, 
Basis representation: 2 = 1021 + 15(45 — и.) 

= 102; — 15u, + 675 
Objective function: 2, = 10-0 + 15-45 = 675 


8. Not optimal as factor of x, > 0 > хү to be exchanged 


9. ud = Мон 12 smallest value => v, to be removed 
220 1 
2 = 315 = 21 
азу 15 
ba = 25 
йазу 1 


10. Third solution basis 


ау = 12 — u + 2u = 12— ш + 24, 


ж = 45 — щ = 45 — AW 
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ua = 315 — 15(12 — u, + 2ш) + Зы = 135 + 15u, — 27u, 
из = 25— (12 — u, + 2u,) = 13+ u,-— 24, 


Basis solution: (12, 45, 0, 135, 13, 0) 2 point P, 
Basis representation: 


254 = 10(12 — u, + 2u,) + 15(45 — wu) 
= —10u, + 5u, + 795 
Objective function: z, = 10-12 + 15-45 = 795 


11. Not optimal as factor u, > 0 = и, to be exchanged 


12. (2 sd —6 to be omitted. as afa < 0) 
016 = 
b," 5 “wr 
ыы ак баг 198 в, бо be removed 
ав 1 ав 27 
65 
046 2 
13. Fourth solution basis 
_ 1 1 2 
д = 12 —и 2 —wu,) = 22+ —u,——4 
: + (5+2 27 ) POLES x 
1 5 1 
$$ = 45 — (5+ +a- NUN MO 
1 1 2 
ma ат 2 (8+ Zu 27%) y” | ay 
m= 6+—4 aw = Ed zty 
5 oque Р АШЫ Б т 


Basis solution: (22, 40, 0, 0, 3, 5) > point Р, 
Basis representation: 


р 1 2 5 1 
24 = 10 (22 Ї ээ gn) в (40 22 
= 820 gr Ba 
9 27 


24 = 10-22 + 15-40 = 820 
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11.4. Simplex table 


The simplex table represents a clear tabular arrangement of the 
mathematical procedure described in 11.3. 


Variables and slack bi 
variables Tı Ta ша Us из us ay 
Basis variable 0 10 15 0 0 0 0 
I 7 102 1 le 1 0 0 0 51 
"s 450 15 в 0 1 0 0 150 
us 25 1 [0 0 0 1 0 - 
E —---0--[1 |-|——-0--—0--—0--—1-——-———45 
| —675 10 0 оо 0-15 
прн —19--|--- [1 |--0---|-——-1——-0-——0-- —2---|-——-12 
| | и, 315 115 0 0 1 0 -3 21 
| tty 25 и 0 оо 1 0 25 
Ly Яа 45 0 1 0 0 0 1 ыг 
е == == Шш 
| —795 00 |-10 0 0 +5 
IH !---+2, 12 1 0 1 0 0 -2 (—8) to be 
omitted 
[7797 [7186] —-0—6—]-—15-—-1—-9-- |--|-————- 5 
| из 13 оо -1 0 1 2 6.5 
| ГА 45 0 1 0 0 0 1 45 
| -65 —5 : 
| -820 0 0 |=" > 0 0 optimum 
| -3 2 
IV | ЕД 22 1 0 57 27 0 0 
—15 1 
[HEP —ÀMÀ ы 
27 5 0 0 “ГЭ 7) от 
3 -2 
Us 3 0 0 27 27 1 0 
15 —1 
4 — — 
Xs 0 0 1 27 27 0 0 
Explanations 


The variables and slack variables are given in the head line. 


Column 1: Basis variable of the respective base 
Column 2: Value of the basis variable 
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Columns 3 to 8: Coefficients of the variables and slack variables in 
the basis representations 


Column 9: Quotients from the absolute term and coefficient of the 
variable to be exchanged 


First solution basis 

Line 1: Objective function; largest coefficient 15 determined, 
ж» to be exchanged 

Lines 2 to 5: Normal form 

The smallest quotient, 45, determines the exchange of u,. 

Main element: Coefficient of x, in the equation of шу, bordered 


Second solution basis 


Line 5: Divide line 5 of I by the main element 1. 


Line 1: Multiply line 5 by 15 and subtract from line 1 in I so as 
to obtain the coefficient 0 in the column of the variable x, 
to be exchanged => basis representation of the 2nd basis 
solution. 


Line2: Multiply line 5 by 2 and subtract from line 2 in I. 
Line 3: ^ Multiply line 5 by 3 and subtract from line 3 in I. 


Line4: Multiply line 5 by zero and subtract from line 4 in I, i.e. 
take this line unchanged. 


The smallest quotient 12 determines the replacement of w, by л, 
which has the largest coefficient in the objective function. Main 


element 


Third solution basis 


Line2: Divide line 2 of II by the main element 1. 


Line 1: Multiply line 2 by 10 and subtract from line 1 in II = basis 
representation of the third solution basis. 


Line3: Multiply line 2 by 15 and subtract from line 3 in II. 


Continue the procedure until the line 1 (basis representation) no 
longer shows any coefficients larger than zero. 


12. Algebra of logie (Boolean algebra) 


12.1. General 


The basis of this algebra is the Boolean algebra which was created 
as a calculus (calculus of logic) for the description of logical relations 
that mathematically symbolizes the statements as true or false. Its 
development into a two-value Boolean algebra as switching algebra 
is based on the fact that also in digital techniques with storage-free 
binary elements only the states “оп” and “ОН” are possible: 


= when 2-0 

д = О when tL 
Notations: 
Statements: true — false; yes — no; on — off 
Symbols: L — O 
Input variable: z,; number of input variables Ё 
Output variable: y = F(x) 
Constant connection: L; constant interruption: O 
Basic logical interconnections: 
Disjunction, logical addition, logical OR, alternative 
Notation: y = x, y % (read: x, or 20) (other signs used are: -++-; U) 


Switching technique: Parallel connection 


^f 
X 
p simplified Ху 


Table of switching availabilities 


Ly | Xo | y= 2 V 2% 
о о о 
О L L 
L О L 


L L 


e 
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Conjunction, logical product, logical AND 


Notation: y = хүл» (read: x, and =з) (other signs used are: ^; .; 
N; &) 

No sign always means a conjunction. 

Switching technique: Series connection 


X 


X2 


Ир NS. c => 


simplified 


4 


Table of switching availabilities 
2 | 25 | y = vv 


О О о 


О L [0] 


L о о 


L L L 
Negation, logical negation, inversion 


Notation: y = £ (read: x bar; not x) 
Switching technique: Closed-circuit contact 


о L 


L о 


The following configurations are obtained from the three basic 
interconnections: 


ОУ0-0 040-0 б-т 
OVL-L OAL=0 1-0 
LyO=L LAO=O 
LVL=L LAL=L 
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Number of possible groups of interconnections n: 
e.g. т = 22" Б number of input variables 
k = 2 input variables: n = 22* = 22* — 16 possibilities 
(cf. table page 496) 
k = 3 input variables yield n = 227 = 256 possibilities 


12.2. Arithmetieal laws, arithmetical rules 


Commutative law: 
UV Xy = Xy V д Lito = Xi 
Associative law: 
£a V (ёл V жу) жу(жүлу) = (L281) Xo = 50127) 
= (xy V 21) V Xo 
= xy Vm, Va 
Distributive law: 
(x, V жу) == Xo V Loto 
Ea V жүл = (xy V 2) (ta V ад) 


Note: There is no equivalent in conventional algebra for the latter 
relationship. 


Rule: In combined calculations, disjunc- 4227 b 
tion is given preference to conjunction. ity 


Example: 


X2 
Y = Xy Va, Л To = xy V (210) d | 
but = (£a V ту) хо (lower figure) X, 


J 
Arithmetical laws, arithmetical rules (table) 
ОУО-0 0^0—0AL O=L 
=LAO=0 

OVL=LVO=LVL=L | LAL=L L=0 
rVO-cx 20-40 T=% 
aVL=L ал = х (2) = 2 
хУж\Ух.- =x xxx --- = T (2) == 

= 0 


496 
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ack lom 
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ay Vtg = № Ух, 
жу V % = 20 


Lizo V жулу = (Xp V To) = 2i 

жу V жүл = mQ(L V жу) = 2 

жү Ух = $4 V to 

ж V (£1 V xy) = (xa V 25) V To 
= a, Vx, V a 


Ea V жүл = (Ta V £1) (ж, V 2) 


азад V Lolo = Л СА) 
(£2 V аа) (£g Улу) 

== (aro V Я, 

хэй, V жу V хуту = 

= Хайд V 2120 


— Ya ^ Яко Л... A Zo 


Further possibilities of interconnecting two 
variables (lexigraphie order) 


O[OI|LIL 
OIL|O|L Yn 
01010101 y»=0 
OJOJO|L]| y = 2 
OJOJ|L|O| у = 2%, 
ОО! | y= 
О11)010| y, = Xa 
Oj|L|OIL| Y; = 2 
OJ|L|Lj|O| у= Zito 


V 24% 


Зүйр = Toy 
(commutative law) 
уху = Xi V X 


(DE Moraan’s theorem) 


a(t, V ж) = а 

жү(жү V х0) = ауду 

(жу) = (8521) xg = 222120 
(associative law) 

Balti V жу) = жї, V ayy 
(distributive law) 


(22 V ху) (xo V Lo) = Xp V жулу 


(2 V ху) (£2 V ж) (£1 V 20) 
= #17 V Loto 


Lplp- ^+ A ay = 
a. 


= Fy. V Epa V e У 


input 


Constancy; interruption 
Conjunction 

Inhibition 

Identity 

Inhibition 

Identity 

Antivalence; exclusive 


OR 
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Continuation 


a AX О| 1510 |1. Yn 
Оу =z Уж Disjunction 
8 |Б|010101| = 2,2, NOR circuit; 
“NEITHER-NOR” 
9 | 51010 | LI Y= 52, Ул | Equivalence 
10 {LJ OL] O} yo = To Negation 
11 ог | L| yn =z Vo Implication 
12 |L|Lj[OjOl|ys-—z Negation 
13 | L| L]|O]J L] уз =Z Уз Implication 
14 | L| LIL] O}y,=27,V%, Input-negated disjunction 
15 |L|L|L|L|ys-—L Constancy ; short circuit 


Six of the 16 possibilities are trivial (n = 0; 3; 5; 12; 15) 


Antivalence (exclusive OR) 


LA | Хо | y = Хүйц V 2120 
о о о 
ж У = Хүй, V to ——— 
о L L 
L о L 


pa 
Et 
o 


Equivalenee 
жук to Y = Xito VEG, AY | To | у = 2% V Хүй 
о о L 
о L о 
L 0] О 
L L L 


Negation of the equivalence leads to antivalence and vice versa. 


32 Bartsch, Mathematical Formulas 
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NOR circuit (negated OR; NEITHER-NOR) 


эд | To | y 

о о L 

y = жу V To = ®|®, p о 
L 

L (0) о 


Sheffer function (negated AND; NAND) 


y = 21% = XV X —— 


о L L 
L о Т, 
L L о 
Implication 
y = ti > X. 
Two definitions: ур = £, V 20 Ly | Ху | yi | yi 
yn = % V To о о L L 


L L L L 
12.4. Normal forms 


Minterm (elementary conjunction) 


k—1 
K,* = Л х, (read: sum of all conjunctions for v = 0 to k — 1) 
»—0 


Number of possible minterms 2* 
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The term K,” is called minterm if it contains the conjunctive connec- 
tion of all & input variables (negated or nonnegated) weighted accord- 
ing to powers of 2. 

5 
For example: Kê, = Aa, = хто, weighted 


v=0 
LOOLLO A 38 = » 
Maxterm (elementary disjunction) 
k—1 
D,* = V х, (read: sum of all disjunctions for » = 0 to k — 1) 
v=0 
Number of possible maxterms 2 


The term D,” is called maxterm if it contains the disjunctive connec- 
tion of all k input variables (negated ог nonnegated) weighted accord- 
ing to powers of 2. 


3 
For example: Di, = V a, = xy V Fa V 2, Ул 
ус 
weighted LOLL == 11 = » 
Disjunctive normal form, conjunctive normal form 


Every disjunctive interconnection of conjunctions (fundamental 
terms) is called disjunctive normal form, e.g. y = жаль V Ху V 23. 
Similarly, the conjunctive normal form, e.g. y = (a3 У 2.) (rz У zı V 
V жу) (£4 V Zp). 


Fundamental terms which can no longer be simplified are called 
primeimplicants of the function. 

Canonical alternative (disjunctive) normal form (series-parallel con- 
nection). 


Canonical conjunctive normal form (parallel-series connection) 


Every disjunctive connection of minterms is called a canonical 
alternative normal form: y* = V K,* (chiefly used!). 
n 


Similarly, y = V БК. 
п 
Number of possible canonical alternative normal forms 
n = (2)2* Е number of input variables 


Example: 


In a technical problem, the three input variables zz, z,, % are inter- 
connected with the output variable y in the following way. Calculate 
a minimum form of the logic function. 


32* 
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n а Ly Xo Ky, 

Operating table with 2* possibi- i o x т Л 
lities е 3 
ет | 2 0 L 0 L 

k number of input variables 3 0 L L L 
4 L о О L 

5 L О L L 

6 L L (0) о 

7 L L L о 


For у = L, the canonical alternative normal form is valid: 


y =V K, for n=0, 1, 2, 3, 4, 5 
п 


у= ЮУК, УК, У K3V K,V Кь 
== Fotto V By xq У хо, У Хо V а, У то 
= (жу V жу) V Фо (ro V жу) V xy, (Xo V Xo) 


al 


221 V Tat V wa 


= EQ, Улу) Уллу = X, Уж, = X, V X, 


Since y — 0 occurs only in two lines, it is better to choose the canonical 
alternative normal form of the O-decision and invert the result: 


y = KVK, 
Y = пая, V худа = Loty (To У xy) = Хай 


y = хол, = X, М 2, as above 


12.5. Karnaugh tables 


Every field represents the conjunction of the input variables given 
on the margin. KARNAUGH tables are established in the plane of up 
to five input variables (corresponding to 32 fields). If the number of 
variables is greater, the tables are no longer practical. 

Only one variable changes from one column to another column and 
from one row to another row (Gray code!). The same applies to the 
margins, for example between the 1st and the 4th column or row. 
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Example: 
Ki, зол A LLOL 


2325 2320, КК Л 


хүй К, К, Ky Ky 


The desired output value L or O is entered in the intersection fields 
of rows and columns beside the respective elementary conjunctions K, 
of the input variables. The fields are interconnected by OR. 

Evaluation is performed by forming the largest possible blocks 
of two, four, or eight with K, — L (or K, — O) which may also 
extend into the margins. An evaluation of the blocks, in which proce- 
dure all input variables are omitted whose values change within the 
blocks, yields the primeimplicants of the switching function. 


Example: 

Of four pumps хо: 21; 22; x4, no more than two pumps must operate 
together. The problem is to prevent that more than 2 pumps are 
switched on at the same time (operation of an interlocking device 
Ka = L) 

Operation of one pump: х = L 


Number of possible interconnections: n = 2* = 16 


n | х3 | Ly | EA | х0 | Kn n | ГА | Ly | хү | Xo | K, 
0 О О О [0] о 814 L [0] [0] о о 
1 О О о L о 9 L (0) о L L 
2 О О L О о 10 L (0) L О L 
3 о о L L L 11 L (0) L L L 
4 О L О О (8) 12 L L О О L 
5 о L о L L 13 L L о L L 
6 о L L [9] L 14 L L L о L 
7 О L L L L 15 L L L L L 
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The rows 7; 11; 13; 14; 15 could be omitted as according to the pro- 
blem set these combinations of the variables must not occur. Taking 
them into consideration will often facilitate the calculation. 


Karnaucu Table 


Tafa Tata 2323 27. 
217, 0 (0) L О 
EAE о L L L 
2190 L L L L 
270 О L L L 
block 
of four also also also 
3rd 3rd middle middle, middle, right 
column row bottom right bottom 
у = У 50У Zaxo V Loty V 23% V 2321 


= [(ж% V 24 V %)] V [x(a У %)] V жулу 


X? 
Xs X. 7 
Xo 
9) 
^ M 
№ 


APPENDIX. 
The dual system (dyadic system) 


Basic symbols: O, L 
Place value: powers of 2 


Decadic Associated Decadic Associated 
number dual code number dual code 

0 О 6 LLO 

1 L 7 LLL 

2 LO 8 ооо 

3 LL 9 LOOL 

4 LOO : : 

5 LOL 30 LLLLO 
The Roman decimal system 
Basic symbols: I = 1; V = 5; X = 10; L = 50; С = 100; D = 500; 


M — 1000 


Manner of writing: Starting from the left with the symbol of the 
highest number; the symbols I, X, C are repeated, but not more than 


three times; the symbols V, L, D, are written only once. 


When a symbol representing a smaller number is placed before that 
representing a higher number, then its value is subtracted from the 


following higher value. 


Example: 
1974 — MCMLXXIV 
Greek alphabet 
Letter Name Letter 

capital small capital small 
A х Alpha N y 
B B Beta 5 & 
I y Gamma О o 
A д Delta П л 
Е = Epsilon P о 
2 & Zeta = c 
H 7 Eta T T 
[2] 9 Theta Y v 
I t Iota Ф 9 
K x Kappa X x 
A A Lambda y № 
M ни Ма 29 о 


Мате 


Nu 

Xi 
Omicron 
Pi 

Rho 
Sigma 
Tau 
Upsilon 
Phi 

Chi 

Psi 
Omega 
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Frequently used numbers and their common logarithms 


(from MÜLLER, Tables of Logarithms) 


т Ign 
x 3.1416 0.49715 
Элс 6.2832 0.798 18 
Зл 9.4948 0.97427 
4т 12.566 1.09921 
T 
р 1.5708 0.19612 
T 
= 1.0472 0.02003 
2r 
z 2.0944 0.32106 
4n 
= 4.1888 0.62209 
т 0.78540 0.89509 — 1 
т 
г 0.52360 0.71900 — 1 
n? 9.8696 0.99430 
4n? 39.478 1.59636 
т? 
25 2.4674 0.392 24 


Frequently used numbers and their common logarithms 


и! T 
arc 1” = —_______ 
180 - 60 - 60 


TTE 
т 


, _ 360 - 60 
On 


, 360.60. 60 
0 -- ———————— 
2x 


8.7266 - 1073 


1.7453 - 107? 


2.9089 - 10-4 


4.8481 - 10-8 


57.296 


3437.7 


2.0626 - 105 


0.31831 


0.159 15 


7.9577 . 107? 


0.23873 
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lg n 
1.49415 
0.94085 — 3 
0.24188 — 2 
0.46373 — 4 
0.68557 — 6 
1.75812 
3.53627 
5.31443 
0.50285 — 1 
0.20182 — 1 
0.90079 — 2 
0.37791 — 1 
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n Ign 


ur 0.10132 0.00570 — 1 
т? 
DE: 2.5330.10-? | 0.40864 — 2 
4n? 
Vr 1.7725 0.248 57 
зүп 3.54491 0.549 60 
ү: 2.5066 0.399 09 
ys 1.2533 0.098 06 
ын 0.564 19 0.75143 — 1 
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0.64628 


0.99291 
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Abscissa, 214 
Absolute, error, 473 
term, 87 
value of complex numbers, 26 
value of real numbers, 20 
Acnode, 308 
Addition, of complex numbers, 26 
method, 95, 97 
theorems, 173, 198 
Adjacent supplementary angles, 134 
Algebra, Boolean, 493 
of logic, 493 
Algebraic sums of imaginary numbers, 
25 
Algorithm, Gaussian, 98 
simplex, 485 
Alphabet, Greek, 503 
Alternate angles, pairs of, 135 
Alternating series, 427 
Alternative, 493 
Altitude, 141, 187 
theorem, 146 
Amplitude, 214 
Analytical geometry, of the plane, 214 
of space, 257 
Analytical representation of functions, 
104 
Angle, of intersection of two straight 
lines, 126 
rolled through, 311, 312, 314 
theorems, 141 
Angles, 134 
between two radius vectors, 261 
bisector, 142, 187 
bisector, equations, 221 
cosine theorem, 205 
formed by transversal to parallel lines, 
135 
relations between, of the obliquc- 
angled triangle, 184 
Angular measures, 134 
Annuity, 55, 56 
perpetual, 56 
Antilogarithm, 39 
finding the, 43 
Antivalence, 497 
Apolonius, circle of, 137 
Approximate construction of any regular 
n-gons, 153 


Approximation, formulas, 435 
methods for determining the roota of 
an equation, 90 
Arc element, of a curve, 303 
of a space curve, 321 
Arc length, definite integral as, 370 
Archimedean spiral, 317 
Area, absolute, 369 
definite integral as, 368 
double integral as, 383 
increase of, 140 
of a n-gon, 217 
of a plane figure, 378 
of a plane surface, 383 
quadrilaterals, 146 
relative, 369 
right-angled triangle, 146 
triangle, 143, 217, 261 
Areal moments of inertia, 375, 384 
Argument values, 104 
Arithmetic, 18 
mean, 39, 360 
sequence of the first order, 50 
sequence of the higher order, 51 
Arithmetical laws, algebra of logic, 495 
Associative law, of addition, 120 
applied to matrices, 74 
Boolean algebra, 495 
of multiplication, 121 
Astroid, 315 
Asymptote, 309 
Asymptotic cone, 273 
Axial symmetry, 135 
Axially parallel, planes, 257 
straight lines, 257 


Barrel, 169 
Basic, integrals, 330 
problems of the plane triangle, 144 
problems of the spherical triangle, 208 
Basis, 39, 485 
variable, 485, 486 
vector, 118 
Bayes’ formula, 465 
Beforehand payment, 54 
Bell-shaped curve, 471 
Bernoulli differential equation, 400 
Bernoulli’s scheme, 465 
Binomial, coefficients, 22, 23 
distribution, 470 
equations, 30, 87 
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Binomial, law of probability distribu- 
tion, 466 
series, 431 
theorem, 24 
Binormal, 322, 324 
equation of, 324 
vector, 322 
Biquadratic equation, 84 
Boolean algebra, 493 
Breaking up into linear factors, 87 


Canonical, alternative normal form, 500 
conjunctive normal form, 499 
Cardan’s formula, 84 
Cardinality, 20 
Cardioid, 313 
Cartesian, normal form of the straight 
line, 218 
oval, 319 
system of coordinates, 214 
Cash value, 53 
Cassini ovals, 315 
Casus irreducibilis, 85 
Catenary, 318 
Cauchy, remainder according to, 431 
Cauchy’s theorem, 39 
Cavalieri’s theorem, 156 
Center, of curvature, 305, 325 
of escribed circle, 142 
of gravity of a solid, 374 
of line seginent, 260 
of revolution, 374 
Central, angle, 154 
moments, 467 
surface, 277 
symmetry, 135 
Centroid, 141, 146, 147, 150, 154, 155, 
216, 260, 373, 384 
of a plane element of a curve, 373 
of a plane element of a surface, 374 
Chain rule, 283 
Characteristic, 42 
equation, 406 
Chord, approximation method, 90 
tangent angle, 154 
theorem, 137 
Circle, 154, 221 
and straight line, 137 
are, 154 
area, 155 
circumference, 154 
of curvature, 305, 325 
equations, 221, 222 
family of, 225 
involute, 310 


Index 


Circle, normal, 224 
point of intersection of a, with a 
straight line, 223 
polar line of a point with respect to 
the, 224 
power of a point with respect to the, 
225 
reflection in, 130 
sector, 155 
segment, 155 
tangent, 224 
through three points, ?25 
Circular cone, frustrum of right, 164 
frustrum of right, approximation for- 
mula for volume of, 165 
oblique, 164 
right, 164, 275 
Circular cylinder, obliquely cut right, 163 
right, 162 
Circular ring, 156 
Circumcircle, 142 
Circumcircle radius, plane triangle, 186 
spherical triangle, 207 
Cissoid, 319 
Clairaut differential equation, 400 
Coefficient comparison, 337, 411, 420 
determinant, 64 
matrix, 78 
Column vector, 67 
Combinations, 45 
Combinatoric analysis, 43 
Common chord, 225 
Commutative law, of addition, 120 
Boolean algebra, 495 
matrices, 74 
of multiplication, 121 
Comparison of coefficients, 411 
Complanation, 371 
Complementary, ángle, 134 
relations (trigonometry), 170 
Complex numbers, 25 
addition, 26 
argument, 28 
arithmetical form, 26 
conjugate, 26 
division, 27, 29, 31 
exponential form, 30 
extraction of roots, 29, 31 
tield of, 26 
goniometric form, 28 
graphical addition and subtraction, 
33, 34 
graphical extraction of roots, 36 
graphical multiplication and division, 
34, 35 
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Complex numbers, graphical raising to 
a power, 36 
graphical representation of the roots 
of the positive and negative unit, 36 
logarithmic calculation, 32 * 
modulus, 28 
multiplication, 27, 29, 31 
norm, 27 
phase, 28 
raising to a power, 27, 29, 31 
representation, 26 
square root, 27 
subtraction, 27 
value, 98 
Components, scalar, 118 
vector, 118 
Compound interest, 53 
Concave behavior of a curve, 307 
Conchoid, 320 
Conditions for the intersection of two 
straight lines in space, 269 
Cone, 164, 275 
equation, 275 
frustrum, 164 
rulings, 276 
of the second order, 329 
tangential plane, 275, 276 
Congruence, 140 
theorem, 140 
Conic sections, degenerate, 254 
Conjunction, 494 
Conjunctive normal form, 499 
Constant of integration, 330 
Contingence, angle of, 307 
Continuous, growth, 57 
yield of interest, 57 
Contour integral, 377 
Convergence, absolute, 426 
conditional, 426 
continuous, 420 
criteria, 495 
radius, 420 
range, 420 
unconditional, 426 
Conversion periods (compound interest), 
53 
Convex behavior of a curve, 307 
Convolution, integral, 454 
theorem of, 455 
Coordinate axes, equations, 219 
Coordinate system, of the earth, 211 
oblique, 214 
rectangular (Cartesian), 214, 257 
rectangular, rotation about the 
angle g, 215 
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Coordinate systems, parallel translation, 
215, 251 
rotation, 215, 252, 259 
various, 214, 257 
Coordinates, curvilinear, 328 
geographical, 211 
oblique, 214 
polar, 214 
rectangular, transition to polar co- 
ordinates, 215 
Correction, 473, 479 
Correlates (normal equations), 479 
Correspondences, table of, 460 
Corresponding addition and subtraction, 
38 
Cosine, 169 
curve, 171 
curve, rectified, 448 
integral, 362 
pulse, 449 
theorem of plane trigonometry, 184 
theorem with respect to vectors, 122 
theorem of spherical trigonometry, 
205 
Cotangent, 169 
Course angles, 212 
Cramer's rule, 64 
Crunode, 308 
Cubature, 371 
Cube, 158, 161 
Cubic equation, 84 
Cardan's formula, 84 
goniometrical way of solution, 86 
reduced form, 86 
Cuboid, right parallelepiped, 158 
Curvature, 305, 325 
Curved surfaces, 328 
Curves, plane, 303 
smooth, 303 
Cusp, 309, 319 
Cyclie order, interchanging in, 144 
Cycloids, common, 311 
curtate, 312 
prolate, 311 
Cylinder, 162, 276 
elliptic, 276 
hyperbolic, 276 
parabolic, 276 
portion of cylinder having smaller 
base area than base circle, 163 
tangential plane, 276 
volume, 385 
Cylindrical coordinate system, 257 
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Decagon, regular, 151, 152, 153 
side of a regular, 151 
Defect, spherical, 204 
Definite integral, 358 
applications, 368 
calculating rules, 359 
geometric interpretation, 360 
methods of approximation, 361 
Definitive equation of the nth degree, 87 
Degree, 134 
Deltoid, 149 
Density function, 467 
Derivative, 282 
of an algebraic sum, 283 
of a constant, 283 
of a function with constant factor, 283 
of the inverse function, 284 
of a vector function, 292 
Derivatives, of the elementary func- 
tions, 289 
of higher order, 291 
partial, 285 
total, 286 
Derived proportions, 38 
Determinants, 57 
addition of, 61 
applications, 64 
definition, 58 
elements, 57 
horizontal rows, 57 
marginal expansion, 61 
minors, 58 
multiplication by a factor, 60 
multiplication theorem, 62 
notations, 57 
practical calculation, 63 
principal diagonal, 57 
principal member, 57 
secondary diagonal, 57 
theorems on, 59 
transposing, 59 
Vandermond’s, 62 
vertical rows, 57 
Deviation, mean square, 467 
standard, 467 
Diagonal, 147 
matrix, 68 
Diameter, 277 
conjugate, 272 
Diametral plane, 272, 277 
Difference quotient, 281 
Differential, 281, 282 
calculus, 279 
complete, 397 
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Differential equations, 389 
Bernoulli, 400 
boundary conditions, 389, 422 
case of resonance, 412 
Clairaut, 400 
complete Euler, 410 
definition, 389 
degree, 389 
Euler, 408 
exact, 397 
general solution, 389 
geometrical interpretation, 390 
homogeneous, of the first order, 304 
homogeneous Euler, 408 
inhomogeneous, of the first order, 394 
integrating factor, 398 
linear homogeneous, of the second 
order with constant coefficients, 405 
linear homogeneous, of the second 
order with variable coefficients, 407 
linear homogeneous, of the third order 
with constant coefficients, 418 
linear inhomogeneous, of the second 
order with constant coefficients, 411 
lincar inhomogencous, of the second 
order with variable coefficients, 415 
linear inhomogeneous, of the third 
order with constant coefficients, 419 
linear partial, of the first order, 422 
order, 389 
ordinary, of the first order, 393 
ordinary, of the second order, 402 
ordinary, of the third order, 418 
partial, 421 
partial homogeneous, 421 
particular solution, 389 
reduction of the order, 407 
Riceati, 401 
setting up of, 392 
singular solution, 380 
solution, 455 
solution by power-series, 419 
total, 397 
Differential, geometry, 303 
higher, 282 
quotient, 281 
total, 286 
of a vector function, 292 
Differentiation, of functions in para- 
metric form, 288 
of functions in polar coordinates, 289 
of functions of several variables, 285 
graphical, 293 
of implicit functions, 287 
logarithmic, 285 
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Differentiation, rules for, 283 
of a vector function, 292 
of vectors, rules for, 292 
Direction, 211 
cosine, 119 
factor, 216 
of a line segment, 216 
Directional field, 390 
Discontinuities, 107 
Discounting, 54 
Discriminant, 85 
Disjunction, 493 
Disjunctive normal form, 499 
Dispersion of distribution, 467, 468 
Distance between two points, in a plane, 
125, 215, 216 
of the same geographical latitude, 212 
the shortest, 212 
in space, 259 
Distance between two skew straight 
lines, 126 
Distance, loxodromic, 213 
Distance of a point, from a plane, 263 
from a straight line in the Hessian 
normal form, 219 
Distance, orthodromic, 212 
Distribution, binomial, 470 
Distribution function, continuous, 467 
discrete, 466 
heights of steps, 466 
points of jumps, 466 
in probability theory, 466 
in statistics, 470 
Distribution, mean value of, 467 
normal, 471 ; 
Poisson, 470 
Distributive law, 74, 121, 123 
Disturbance, statements, 410 
Divergence, 425 
Division of a line segment, 125, 216, 260 
in a given ratio, 136 
in golden section, 138 
harmonic, 136 
Division of complex numbers, in arith- 
metical form, 27 
in exponential form, 31 
in goniometric form, 29 
Dodecagon, regular, 153 
Dodecahedron, 161 
Domain of definition, 20, 80, 104 
Double integral, 380 
applications, 383 
Dual system, 503 
Dyadic system, 503 
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Earth’s, circumference, 211 
radius, 211 

Ecircles, 142 
radii, 186 

Elementary, conjunction, 498 
disjunction, 499 

Ellipse, 232 
arca, 238 
center of curvature, 237 
circle on the major axis, 238 
circle on the minor axis, 238 
circumference, 239 
conjugate diameters, 237 
constructions, 239 
diameter, 236 
equations, 233 
evolute, 238 
focal distances, 232, 235 
length of normal to the, 236 
length of tangent, 236 
linear eccentricity, 233 
normal to the, 235 
numerical eccentricity, 933 
parameter, 233 
points of intersection of a straight 

line with the, 235 

polar of a point with respect to, 236 
radius of curvature, 237 
subnormal, 236 
subtangent, 236 
tangent, 235 

Ellipsoid, diametral plane, 272 
equation, 272 
polar plane, 272 
of revolution, 168, 239 
volume, 167 

Elliptical, cylinder, 276 
paraboloid, 274 
sector, 239 
segment, 239 

Envelope, 310, 401 

Epicycloid, common, 312 
curtate, 313 
prolate, 313 

Epitrochoid, 313 

Equating method, 95, 07 

Equation of the straight line, Cartesian 

normal form, 217 

general form, 218, 265 
Hessian normal form, 218 
intercept form, 217 
pointslope, 125 
polar form, 218 
in space in parametric form, 267 
two-point form, 125, 218 
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Equation of the straight line,in two 
projected planes, 266 
vector representation, 125 
Equations, 79 
addition method, 95 
algebraic, 81 
binomial, 87 
biquadratic, 84 
cubic, 84 
definition, 79 
equivalence, 81 
exponential, 88 
form of statement, 80 
goniometric, 88 
graphical solution, 93 
homogeneous, 100 
identical, 80 
insolvability, 80 
linear, 81 
logarithmic, 89 
of the nth degree, 87 
pure quadratic, 82 
quadratic, 82, 99 
range of validity, 80 
range of variables, 80 
solution set, 80 
statement, 80 
of the straight line, 217, 218 
symmetrical, of the third and of the 
fourth degree, 82, 83 
transcendental, 88 
Equator, 211 
Equivalence, 81, 497 
Error, calculations, 473 
integral, Gaussian, 363 
Escribed circle, 142 
Huclid’s theorem, 146 
Euler differential equation, 408 
Euler's, constant, 281, 362 
formula, 30, 177 
theorem on polyhedra, 156 
Events, 463 
incompatible, 463 
independent, 464 
opposite, 463 
Evolute, 310 
Excess, spherical, 204 
Exclusive OR, 496, 497 
Explicit functions, 104 
Exponential, equations, 88 
form of the complex numbers, 30 
function, 116 
function, period, 32 
integral, 363 
series, 433 
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Expression, 79 
linear, 79 
rational, 79 
whole rational, 79 
Expressions, equality of, 80 
Exterior angles, polygon, 149 
quadrilateral, 146 
triangle, 140 
Extraction of roots of complex numbers, 
in exponential form, 31 
in goniometric form, 29 
Extrema of functions, 293 


Factorial, 22 
Field, 18, 19 
vectors, 379 
Final amount, 53 
Fitted, parabola, 478 
straight line, 477 
Fourier integral, example of calculation, 
450 
Fourier series, and integral, 425, 436 
calculation of a, 440 
complex representation, 437 
special, 443 
spectral representation, 437 
symmetry conditions for, 439 
Fourier transformation, 438 
Full-wave rectification, 448 
Function, inner, 283 
outer, 283 
values, 104 
Functions, 20, 79, 103 
algebraic, 105, 112 
analytic representation, 104 
approximate representation, 109 
classification, 104 
continuous, 106 
definition, 108 
domain of definition, 104 
even, 105 
expansion of, in power series, 429 
explicit form, 104 
exponential, 116 
graphical representation, 112 
homogeneous, 106 
identical, 105 
image set, 104 
implicit form, 104 
inverse, 107, 117 
inverse trigonometric, 193 
irrational, 104 
linear, 112 
logarithmic, 117 
monotonic, 105 
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Functions, odd, 105 
parametric form, 104 
periodic, 107 
power, 114 
quadratic, 112 
range of values, 104 
rational, 104 
rational fractional, 104 
rational integral, 104, 112, 113 
real, 104 
transcendental, 105, 116 
trigonometric, 169 
Fundamental, theorem of algebra, 87 
terms, 499 


Gap of a function, 106 
Gaussian, algorithm, 98 
error integral, 363 
law of error propagation, 475 
number plane, 26 
Gauss-Laplace distribution, 471 
Gauss’s formulas, 206 
General equation of the second degree, 
as а circle, 222 
in х, y, 251 
in 2, y, 2, 277 
Geographical, latitude, 212 
longitude, 211 
mile, 211 
Geography, mathematical, 211 
Geometric mean, 39 , 
Geometrical, interpretation of the 
definite integral, 360 
sequences, finite, 52 
series, infinite, 58 
Geometry, 134 
Golden section, 138 
Gon, 134 
Goniometric equations, 189 
Goniometry, 169 
Gradient, 216 
Graphical, differentiation, 293 
integration, 363 
procedure of solution, linear opti- 
mization, 483 
representation of functions, 112 
representation of unit roots, 36 
representation of various trigono- 
metric functions, 178 
Great circle, 204 
Greek alphabet, 503 
Guldin’s rule, 157 


Half-angle theorems, 185, 206 
Half-side theorem, 206 
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Half-wave rectification, 448, 449 
Harmonic division, 136 
Helical lines, 317 
Helix, 827, 380 
Hermitian matrix, 72 
Heron's formula, 143 
Hessian normal form, of the equation of 
a plane, 128 
of the equation of the straight line, 218 
Hexagon, regular, 151, 159, 153 
Hexahedron, 161 
Hollow cylinder, 163 
Homogeneous, equations, 100 
functions, 106 
Horner's array, 88 
Hyperbola, 241 
asymptotes, 246 
asymptotic equations, 246 
center of curvature, 248 
conjugate diameters, 247 
constructions, 249 
diameter, 247 
equations, 242 
evolute, 248 
focal lengths, 244 
length of normal, 245 
length of tangent, 245 
linear eccentricity, 242 
normal, 245 
numerical eccentricity, 242 
parameter, 242 
point of intersection of a straight line 
with, 244 
polar of a point with respect to, 247 
principal circle, 248 
radius of curvature, 248 
rectangular, 246 
sector, 248 
segment, 248 
subnormal, 245 
subtangent, 245 
tangent, 245 
theorem on the constant parallelo- 
gram, 246 
theorem on the constant triangle, 246 
Hyperbolic cylinder, 276 
Hyperbolic functions, 169, 196 
behavior, 196 
calculation of one function from an- 
other with the same argument, 197 
of double argument, 198 
of half argument, 199 
inverse, 201 
of multiples of the argument, 198 
of negative arguments, 197 
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Hyperbolic functions period, 196 
powers of, 199 
products of, 200 
relations between exponential func- 
tions and, 201 
Telations between functions of the 
same argument, 197 
relations between trigonometrie func- 
tions and, 201 
series for, 434 
of the sum and difference of two 
arguments, 198 
sums and differences of, 200 
Hyperbolic spiral, 318 
Hyperboloid, 273 
of one sheet, 273 
of revolution, 168, 249 
Hypocycloids, 314 
Hypotenuse, 145, 169 
Hypotrochoid, 314 


Icosahedron, 161 
Identity of expressions, 80 
Image set, 20, 104 
Imaginary numbers, 25, 32 
algebraic sums, 25 
representation, 26 
unit, 25 
Implication, 498 
Implicit functions, 104 
Improper integrals, 364 
Incircle, 142 
radius, plane triangle, 186 
radius, spherical triangle, 207 
Indefinite integral, definition, 330 
Indeterminate expressions, 300 
Inequalities, 102 
Infinite convergent series, 427 
Infinite series, 425 
convergence criteria, 425 
Initial moments, 467 
Inner product of vectors, 121 
Input error, 473 
Integrability condition, 378, 397 
Integral, calculus, 330 
form of the normal form of normal 
distribution, 471 
Integrals, definite, 358, 365 
Integrals, definition, 330 
double, 380 
double, applications, 383 
of exponential functions, 355 
of hyperbolic functions, 351 
improper, 364 
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Integrals, indefinite, 330 
of inverse hyperbolic functions, 358 
of inverse trigonometric functions, 357 
of irrational functions, 344 
of logarithmic functions, 356 
multiple, 380 
particular, 401 
of rational functions, 341 
of trigonometric functions, 346 
triple, 386 
triple, applications, 387 
Integrand, 330 
Integrating factor, 398 
Integration, by conversion into partial 
fractions, 337 
by expansion in series, 362 
of a function with constant factor, 331 
graphical, 363 
by parts, 336 
tule for, by substitution, 331 
of a sum or difference, 331 
Interchanging matrix, 75 
Interest, calculation, 47, 48 
divisor, 48 
factor, 53 
number, 48 
Interior angle, polygon, 149 
quadrilateral, 146 
triangle, 140 
Intersection of two straight lines, 220, 
269 
Interval, closed, 299 
half-open, 299 
open, 299 
Interpolation, 42 
arithmetic sequences of the first order, 
50 
geometric sequences, 52 
linear, 42, 90 
Invariants, 277 
Inverse function, 107, 115 
graphical representation, 116 
Inverse hyperbolic functions, 201 
series for, 434 
sums and differences of, 203 
Inverse trigonometric function, calcu- 
lation with the help of another one, 
194 
Inverse trigonometric functions, 193 
of negative arguments, 194 
series for, 434 
sums and differences of, 195 
Inversion, 130 
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Inversion of curves, 131 
of a pointer, 130 
theorems on, 131 
Involute, 310 
Irrational, functions, 104 
numbers, 21 
Isoclines, 390 
Isosceles kite-shaped quadrilateral, 149 


Jump, points of, 466 


Karnaugh tables, 500 
Kepler’s barrel rule, 361 
Kronecker symbol, 68 
Kurtosis, 468 


Lagrange's, formula for interpolation, 
109 
remainder, 431 
Laplace, integral, 489 
transforms, 451 
Laplace transformation, 425, 439, 451 
caleulating rules, 452 
employment, 455 
Legs, 145 
Leibniz's, convergence criterion, 427 
formula, 292 
sector formula, 370 
Lemniscate, 316 
Length, measures of, 211 
of normal, 224, 304 
of polar normal, 305 
Lexigraphic order, 496 
L'Hospital's rule, 300 
L'Huilier's formula, 207 
Limita, 279, 280 
Line integral, of a complete differential, 
878 
in a plane, 377 
in space, 378 
of a vector, 379 
Line segments in space, 250 
Linear factors, 88 
Linear increase, 140 
Linear optimization, 481 
base solution, 485 
graphical procedure of solution, 483 
simplex procedure, 485 
Linearity, 452 
Logarithm, definition, 40 
Logarithmic calculation, 40 
equations, 89 


Logarithmic functions, 117 
integral, 363 
series, 488 
spiral, 317 
systems, relationship between, 40 
Logarithms, common (Briggsian), 40, 41 
of complex numbers, 32 
finding of, 41 
interpolation, 42 
natural, 40 
of negative numbers, 32 
rules for calculating with, 41 
Logic, calculus of, 493 
symbols of, 17 
Logical, addition, 493 
AND, 494 
interconnections, basic, 493 
negation, 494 
OR, 493 
product, 494 
Loxodrome, 213 


MacLaurin scries, 430 
Magnitude of vectors, 117 
Main, criterion for series, 426 
elements of plane curves, 303 
Majorant, 427 
Mantissa, 41 
Mapping, 20 
Maskelyne's rule, 281 
Mass moment of inertia, 376 
Mathematical, analysis of observations; 
463 
geography, 211 
model, 481 
signs and symbols, 15 
Matrices, 66 
antisymmetric square, 71 
applications, 77 
associative law, 74 
commutative law, 74 
conjugate complex, 72 
contragradient, 76 
definition, 67 
determinant from a square, 74 
diagonal, 68 
differential quotient of, 71 
distributive law of, 74 
equality, 70 
Hermitian, 72 
integration of, 71 
Kronecker symbol, 68 
multiplication by diagonal matrix, 73 
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Matrices, multiplication of row and co- 
lumn vectors, 75 
multiplication by unit matrix, 73 
notations, 66 
principal diagonal, 66 
product of, 73 
rank of, 69 
reciprocal, 76 
sum, 70 
theorems on, 70 
transpose of a product, 73 
triangular, 68 
unit, 68 
Matrix, interchanging, 75 
limit, 70 
multiplication by real numbers, 70 
null, 67 
powers of a, 75 
reciprocal, 76 
rectangular, 66 
row vector, 67 
singular, 74 
skew-Hermitian, 72 
square, 66 
subdeterminant, 68 
symmetric square, 71 
transposed, 71 
Maximum, 293 
Maximum points of a surface, 297 
with supplementary conditions, 297 
Maxterm, 499 
Mean, arithmetical, 39 
geometric, 39, 137 
harmonic, 39 
root mean square, 39 
weighted, 477 
Mean value, 39, 359, 468, 475 
arithmetic, of functions, 360 
of a distribution, 467 
root-mean-square of functions, 360 
theorem of the differential calculus, 
299 
theorem of the differential calculus, 
generalized, 300 
theorem for integral calculus, 359 
theorem for integrals, extended, 360 
Mean proportional, 38, 137 
Measured values, 473 
Meridian, 211 
degree of the earth, 211 
Method, of the indefinite coefficients, 
337, 420 
of multipliers, 297 
Methods of approximation for definite 
integrals, 361 
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Midpoint of a line segment, 216 
Mile, geographical, 211 
Minimum, 293 
Minimum point of a surface, 297 
with supplementary conditions, 297 
Minorant, 427 
Minor, 58 
Minterm, 498 
Minute of arc on the earth, 211 
Modulus, of common logarithms, 41 
of the complex number, 28 
of natural logarithms, 41 
Moivre, theorem of, 29, 200 
Mollweide's formulas, 185 
Moment of inertia, 375, 384 
axial, 384 
centrifugal, 376 
equatorial, 375, 376 
mass, 376 
of a plane arc of a curve, 375 
of a plane surface, 375 
polar, 376, 385 
Moment, static, 372, 384 
Moments, 467 
Monotonic function, 105 
Multiple integral, 380 
Multiplication, of complex numbers in 
arithmetical form, 27 
of complex numbers in exponential 
form, 31 
of complex numbers in goniometrical 
form, 29 
of determinants, 62 
of a vector by one scalar, 121 
of vectors, 75 


Napier’s analogies, 207 
Nautical mile, 211 
Negation, logical, 494 
Newton’s, formula for interpolation, 110 
method of approximation, 91 
n-gons, 149 
area, 150 
diagonals, 149 
regular, 150, 151, 152, 153 
regular, constructions, 152 
sums of angles, 149 
Nonbasic variables, 485 
Nonnegativity, condition of, 482 
NOR circuit, 497 
Normal, distribution (Gauss-Laplace 
distribution), 471, 472 
equation, 304, 477, 478, 479 
form of the linear optimization, 485 
form of the normal distribution, 471 
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Normal, forms, algebra of logic, 499 

length of, 224, 304 

parabola, 113 

parabola, cubic, 113 

parabola, of the nth degree, 114 

parabola, quadratic, 112 

plane, 322 

of plane curves, 304 

of space curves, 322 

to a surface, 325 

to a surface, equation, 325 
Normalization, 471 
Null, matrix, 67 

vectors, 67 
Number, sequences, 48 

series, convergent, 427 
Numbers, irrational, 21 

straight line formed by, 21 
Numerical eccentricity, 233, 242 


Obelisk, 161 
Objective function of linear optimiza- 
tion, 481 
Oblique, cone, 164 
cylinder, 162 
Oblique-angled triangles, calculation, 
140 
Obliquity, 468 
Observations, conditional, 478 
of different accuracy, 476 
of equal accuracy, 474 
intermediate, 477 
Octagon, regular, 151, 152 
Octahedron, 160 
Opposed angles, 135 
Opposite side, 144, 169 
Optimization, linear, 481 
normal form, 481 
target or objective function, 481 
Optimum programme, 482 
Ordinate, 214 
Original, set, 20, 104 
value, 46 
Orthodrome, 212 
Orthogonality of two vectors, 122 
Osculating plane, 321, 323 
Outer product of vectors, 122 
Outlier problem, 469 


Parabola, 225 
center of curvature, 230 
constructions, 231 
diameter, 229, 236 
directrix, 225 
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Parabola, equations, 226 
evolute, 230 
focal line, 231 
focus, 226 
graphical representation, 113 
length of arc, 230 
length of normal, 228 
length of tangent, 228 
normal, 228 
parameter, 226 
points of intersection with straight 
lines, 228 
polar of a point with respect to the, 
228 
radius of curvature, 230 
segment, 229 
subnormal, 228 
subtangent, 228 
tangent, 228 
vertex, 226 
Parabolic, arcs, Fourier series, 449, 450 
cylinder, 276 
Paraboloid, elliptical, 274 
hyperbolic, 274 
polar plane, 275 
of revolution, 167, 230, 274 
of revolution, truncated, 167 
ruling, 275 
tangential plane, 275 
Parallel lines, angles formed by trans- 
versal to, 135 
Parallel translation of the system of co- 
ordinates, 127, 214, 251, 258 
Parallelogramm, 147 
Parameters, 226, 233, 242 
Partial, derivative, 285 
differential equation, 421 
fractions, decomposition into, 337 
sum, 425 
sum, sequence, 49, 425 
Particular solution, 424 
Pascal’s triangle, 22 
Payments, beforehand, 54 
Pentagon, regular, 151, 152, 153 
Per cent, calculation, 46 
“on the hundred", 47 
per hundred, 46 
“within the hundred", 47 
Per mille calculation, 46 
Percentage error, 473 
Period, 32, 107, 171, 437 
Periodic functions, 107 
Peripheral angle, 154 
Permutations, 43 
even and odd, 44 
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Phase, 28 
position, 183 
Plane, angle-bisecting, with respect to 
two planes, 264 
curves, 303 
direction cosine of the, 262 
distance of a point from a, 129, 263 
equation of a, in the form of inter- 
cepts, 128 
equation of a, Hessian normal form, 
128, 263 
equation of a, through one point, 263 
equation of a, through three points in 
space, 127, 263 
parametric representation, 128 
perpendicular from the origin onto 
the, 262 
pointdirection equation of the, 128 
point of intersection of three planes, 
position vector, 128 1264 
in space, 261 
Planes, angle between two, 129, 265 
equations of two parallel, 265 
family of, 264 
four, through one point, 265 
two parallel, 265 
two perpendicular to one another, 265 
Planimetry, 140 
Point, of a compass card, 211 
direction equation of the plane, 128 
of division, inner, 137 
of division, outer, 137 
of similarity, 140 
slope equation of the straight line, 
125, 218 
Pointer, 28 
Points, and line segments of a plane, 259 
of inflection, 307 
sets, 18 
Poisson distribution, 470 
Polar, angle, 214 
axis, 214 
coordinate system, 214, 258 
line of a point with respect to the 
circle, 224 
normal, 305 
plane, 271 
subnormal, 305 
subtangent, 305 
tangent length, 304 
Pole, 106 
Polygon, open, 120 
Polyhedra, Euler’s theorem on, 156 
Polyhedron, regular, 160 
Position of similarity, 140 
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Power, determinant, 62 
functions, graphical representation, 
114 
line, 224 
plane, 271 
of a point with respect to the circle, 
224 
series, 429 
Powers, of hyperbolic functions, 199 
of trigonometric functions, 177 
Primeimplicants, 499 
Principal, 47, 53 
diagonal, 57, 66 
normal, 322, 324 
normal vector, 322 
value, 29, 32 
Prism, 157 
obliquely cut n-sided, 159 
obliquely cut three-sided, 159 
Prismatoid, 162 
Probability, conditional, 464 
statistical definition, 463 
theorem of multiplication, 464 
theorem of summation, 463 
total, 465 
Product, equation, 37 
logical, 494 
tule, 283 
scalar, 121 
vector, 122 
Products, of hyperbolic functions, 200 
of imaginary numbers, 25 
of trigonometrical functions, 176 
Programme, optimum, 482 
Projection, of a line segment onto the 
coordinate axes, 259 
of a plane surface onto the z,y-, y,z-, 
z,2-plane, 265 
Proportional, fourth, 38, 136 
mean, 38, 137 
third, 38 
Proportionality factor, 38 
Proportions, 37 
continued, 38 
continued, harmonic, 39 
continuous, 39 
Ptolemy's theorem, 148 
Pulse curves, 443 
Pyramid, 159, 160 
truncated, 159 
volume of the three-sided, 129 
Pythagoras, theorem of, 144, 146 
Pythagoras's theorem, magnitude of 
vector in space, 119 
Pythagorean numbers, 145 
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Quadrant, 26, 170 
Quadratic equation, 82 
mixed, 82 
pure, 82 
Quadrilateral, 146 
with circumcircle, 148 
with incircle, 149 
sums of angles, 147 
Quotient, criterion, 426 
rule, 283 


Radian, 135 
Radical axis, 271 
Radius, of curvature, 305, 325 
vectors, 214 
vectors, angle between two, 261 
Raising to a power of complex numbers, 
in arithmetical form, 27 
in exponential form, 31 
in goniometric form, 29 
Random quantities, 466 
Range of validity, 80 
Ratio, equation, 37 
of similarity, 139 
Rational functions, 104 
Rationalizing of denominators, 21, 27 
Ray theorems, 135 
Real, axis, 26 
numbers, representation, 21 
Rectangle, 147 
formula, 361 
Rectangular, curves, 443 
pulse, 444 
Rectification plane, 322, 825 
Redemption, 56 
Reduced form of the cubic equation, 84 
Reduction formulas for arbitrary angles, 
171 
Regula falsi, 90 
Regular, decagon, 151, 152 
hexagon, 151, 152 
n-gon, 154 
octagon, 151, 152 
pentagon, 151, 152 
polygons, 151 
quadrilateral, 151 
solids (polyhedra), 160 
triangle, 150 
Relations between inverse hyperbolic 
functions, and inverse trigonome- 
tric functions, 203 
and logarithmic functions, 203 
Relations between the inverse trigono- 
metric functions and the logarith- 
mic functions, 195 
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Relative error, 473 
Remainder, 430, 431 
Representation of one inverse hyper- 
bolic function by another one, 202 
Resonance, 412 
Resting vectors, 183 
Resultant vector, 120 
Rhombus, 148 
Riccati differential equation, 401 
Right-handed system, 118 
Ring with circular section, 169 
Rolle’s theorem, 299 
Roman decimal system, 503 
Root, criterion of convergence, 410 
functions, 116 
mean-square, 360 
Roots, of complex numbers, 27, 29, 31 
of the positive unit and the negative 
unit, 29 
Rotation of the coordinate system, in a 
plane, 215, 252 
in space, 259 
Row vector, 67 
Rule of false position, 90 
Rules of integration, 331 
Ruling, 273 


Saddle point, 297 
Sarrus’s rule, 59 
Saw-tooth, curve, 446, 447 
pulse, 447 
Sealar, 118 
components, 118 
product, 121 
product of three vectors, 124 
Schwarz, theorem of, 286 
Secant, gradient, 282 
theorem, 138 
triangle, 282 
Secondary diagonal, 57 
Sector formula, Leibniz’s, 370 
Sense of rotation, mathematical, 144 
Separation of variables, 393 
Sequence, arithmetic, 50 
bounded, 50 
constant, 50 
difference, 49 
finite, 49 
geometric, 52 
of higher order, 51 
infinite, 49 
interpolation, 51, 53 
monotonic decreasing, 50 
monotonic increasing, 50 
negative definite, 50 
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Sequence, null, 50 
oscillatory, 50 
of partial sums, 49 
positive definite, 50 
quotient, 49 
strictly monotonic decreasing, 50 
strictly monotonic increasing, 50 
Sequences and series, 48 
Series, alternating, 427 
and sequences, 48 
arithmetic, 50 
comparison, method of, 427 
expansion of, by integration, 431 
geometric, 52 
Set, 18 
as field, 18 
elements of, 18 
image, 20 
original, 20 
Sets, calculating rules, 19 
cardinality, 20 
Cartesian product, 19 
cross product, 19 
difference, 19 
equivalent, 20 
intersection, 19 
one-to-one correspondence, 20 
theory, 18 
theory, fundamental notions, 18 
theory, operations, 19 
theory, symbols, 17 
unique mapping, 20 
union, 19 
Sheffer function, 498 
Side-bisector, 141 
Side-cosine theorem, 205 
Signs, 21 
mathematical, 15 
of trigonometric functions, 170 
Similarity, 139 
Simplex, procedure, 485 
table, 491 
Simpsons's rule, 156, 361 
Sine, 169 
curve rectified, 448 
integral, 362 
pulse, 448 
theorem, 184, 205 
theorem of plane trigonometry, 184 
theorem of spherical trigonometry, 
205 
theorem on triangle, 184 
Singular integral, 389 
points of a plane curve, 308 
points of surface, 329 


Skew-Hermitian matrix, 72 
Slope, 468 
of the binormal, 322 
of the principal normal, 322 
of the tangent, 322 
Small circles, 204 
Solid angle, 157 
Solids, bounded by curved surfaces, 162 
bounded by plane surfaces, 157 
Solids of revolution, surface-area, 371 
volume, 371 
Solution, basis, 485 
set, 80 
Space curves, 320 
arc element, 321 
arc element in cylindrical coordinates, 
821 
arc element in spherical coordinates, 
821 
in parametric representation, 321 
representation in rectangular coordi- 
nates, 320 
representation in vector form, 321 
Spectral function, 438 
Sphere, 165, 270 
equations, 165, 270 
polar plane, 271 
power of a point with respect to the, 
271 
tangential plane, 271 
Spherical, cap, 167 
coordinate system, 258 
defect, 204, 208 
excess, 204 
lune, 167, 204 
Sector, 166 
segment, 166 
segment of two bases, 166 
triangle, 167, 204 
triangle, oblique, 205, 208 
triangle, right, 204 
zone, 166 
Spheroid, 239 
Spiral, Archimedean, 317 
hyperbolic, 318 
logarithmic, 317 
Square, 147 
root of a complex number, 27 
root of a negative number, 25 
Standard deviation, 467 
Standard form of an equation, 81, 82, 83, 
84 
Static moments, 372 
Statistical coefficients of measure of a 
sample taken at random, 468 
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Statistics, 463, 468 
Steiner, theorem of, 375 
Stereometry, 156 
Step, angles, 135 
function, 466 
heights of, 466 
Stirling’s formula, 281 
Straight line, angle between a, and а 
plane, 269 
angle between a, and the axes, 267 
condition for three points on a, 217 
formed by real numbers, 21 
point of intersection with a plane, 268 
in space, 265, 267 
through the origin, 219 
through two points, 125 
through two points in space, 268 
Straight lines, angle between two, 220 
distance between two skew, in space, 
270 
intersecting angle of two, 126, 269 
parallel, 220 
pencil of, 221 
perpendicular, 220 
point of intersection of two, 220, 269 
three, through one point, 220 
Strophoid, 320 
Subdeterminants, 58 
Subnormal, 224 
Subsequence, 49 
Subsequent payments (at end of year), 
54 
Subseries, 427 
Subset, 18 
proper, 18 
Substitution, 331 
method, 94, 96 
rule, 331 
Subtangent, 224 
Subtraction of complex numbers, 27 
Sum, convention, 474 
vector, 120 
Superposition of trigonometric func- 
tions, 179 
Superseries, 427 
Supplementary angle, 134 
Surface-areas of solids of revolution, 
871 
Surfaces, curved, 828 
degeneration of, 277 
of the second order, 270, 277 
Switching availabilities, table of, 493, 
494 
Symbols, of logic, 17 
of set theory, 17 


Symmetry, 135 
axial, 135 
axis of, 135 
center, 135 
central, 135 

Systems of equations, 64, 93 
of the first degree, 101 
graphical solution, 101 
homogeneous, 66, 78 
inhomogeneous, 66, 77 
of the second degree, 102 


Table of correspondences, 460 
Tangency of two curves, 305 
Tangent, 169 
approximation method, 90 
equation of, to a plane curve, 304 
equation of, to the space curve, 323 
formula, 361 
gradient, 282 
length, 224 
plane curve, 303 
secant theorem, 138 
space curve, 321 
theorem, 185 
triangle, 282 
vector, 322 
Tangential plane, 273, 276, 324 
Taylor series, 429 
"Tetrahedron, 160 
Thales, theorem of, 154 
Theorem of attenuation, 453 
Theorems, of limit values, 455 
on similarity, 139 
Theory of probability, 463 
Three-phase current, rectified, 440 
Torsion, 326 
angle of, 326 
radius of, 326 
Torus, 169 
Total, differentials, 286 
probability, 465 
'Tractrix, 319 
Trajectories, isogonal, 391 
orthogonal, 391 
Transcendental, equations, 88 
functions, 105 
Transformation, equations of, 258, 259 
of а rectangular coordinate system, 
258 
parallel translation, 215, 258 
rotation, 215, 259 
Transient state, 450 
Transition, equations of, 215 
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Transposition, 43 
Trapezium, 148 
Trapezoidal, curve, 444 
formula, 361 
pulse, 445 
Trials, independent, 465 
Triangle, 140 
altitudes, 141 
angle-bisector, 142 
angle theorems, 141 
area, 148, 217, 261 
basic problems, 144 
calculation by trigonometrical pro- 
cedures, 187 
circumcircle, 142 
ecircles, 142 
equilateral, 146 
incircle, 142 
oblique spherical, 205 
regular, 150 
right-angled, 145 
right spherical, 204 
side-biscctor, 141 
side theorems, 141 
Triangular, curve, 445 
matrix, 68 
pulse, 446 
Trigonometric formulas for the oblique 
triangle, 184 
Trigonometric functions, 169 
addition theorems, 173 
behavior, 171 
calculation from another function of 
the same angle, 173 
complementary relations, 170 
curves, 171 
definition, 169 
differences, 173, 175 
double argument, 174 
graphical representation of various, 
amplitude variation, 178 
graphical representation of various, 
frequency variation, 178 
half argument, 174 
imaginary arguments, 178 
inverse, 193 
of multiples of an angle, 175 
periodicity, 171 
powers, 177 
products, 176 
reduction formulas, 171 
relations between, 172 
relations between, and the exponen- 
tial-function, 177 
series for inverse, 434 
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Trigonometric, signs, 170 
special values, 172 
sums, 178, 175 
superposition, 179 

Trigonometric series, 433 

‘Trigonometry, plane, 169 
spherical, 204 

Triple integrals, 386 

‘Trochoid, 312 

True value, 475 

Tube, 163 


Unit, circle, 37, 170 
matrix, 68 
vector, 117 


Values, range of, 20, 104 
Vandermonde's determinant, 62 
Variable, 69, 104 
dependent, 104 
independent, 104 
Variables, range of, 80 
Variance, 468 
Variation, coefficient of, 468, 469 
of constants, 396 
range of, 469 
Variations, 45 
Vector, calculus, 117 
calculus, geometrical applications, 125 
components, 118 
diagram of sine functions, 182 
function, 292 
product, 121 
product, multiple, 123 
product, represented in terms of com- 
ponents, 123 
theorem of expansion, 124 
Vectors, addition and subtraction, 120 
bound, 118 
collinear, 118 
coplanar, 118 
cross product, 122 
differentiation, 292 
free, 118 
geometrical applications, 125 
inner product, 121 
in matrices, 66 
multiple products, 123 
multiplication, 121 
null, 67, 117 
outer product, 122 
radius, 117 
representation in terms of their com- 
ponents, 118 
resultant, 120 
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Vectors, scalar product, 121 
scalar product of three, 124 
sum of, 120 
unit, 117 
Versor, 31 
Vertically opposite angles, 134 
Vieta’s theorem of roots, 87 
Volume, of a cylinder (double integral), 
385 
of a solid, 387 
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Volume, of a solid of revolution (cuba 
ture), 371 
a of tetrahedron, 261 


Wallis’s product, 281 
Wedge, 162 
Work, 372 


Zero, of a function, 106 
meridian, 211 


